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Abstract

For utility functions U : Ry — R Kramkov and Schachermayer [KS99] showed that under a
condition on U, the well- known condition on the Asymptotic Elasticity

. xU'(z)
AFE = lims 1
= ime oy <

the associated utility maximization problem has a (unique) optimal solution, independently of the
probabilistic model (2, F, P).

What can we say about the relazed investor, i.e. the case AE(U) = 17 This was also treated
in [KS99, Theo 2.0], in the complete market case, but the optimal solution is characterized only for
sufficiently small initial endowments. Under an extremely weak joint condition on the probabilistic
model and the utility, we show by relaxation and duality techniques that the maximization problem
admits solution for any initial endowment. However, a singular part may pop up, that is the optimal
investment may have a component which is concentrated on a set of probability zero. This singular
part may fail to be unique.

1 Introduction

Consider a set 2, endowed with a topology 7", which makes it a Polish (separable, completely metrizable
topological) space. On Q2 we put the Borel o-algebra, denoted by B(2, 7), which is the smallest o-algebra
that contains the open sets of 7. A Borel set is thus any element of B(Q2, 7). Finally, let P and Q be
two equivalent probabilities on (2, B(Q2,7)). It is also assumed that P, Q give strictly positive probability
to all the open sets of 7, that is their support is the whole Q. As usual, the notations Ep[-] and Eq|]
indicate the expected value under P and @) respectively.
Given a concave function U : R — R U {—oo} with Dom(U) = {U > —oo} C [0, +00), consider an
optimization problem of the type
sup Ep [U(X)]
XeC
where C' is a bounded subset of Li(Q). A key point is that while the expectation is taken with respect
to P, the set of constraints is in L*(Q) which in general is different from L!(P).
If U is interpreted as the utility function of an agent, this optimization is the abstract version of the
utility maximization problem in the complete market case, when the unique pricing measure is Q). Given
such a context, one is concerned about domains of the specific form

Cx) = {X € LL(Q) : Eg[X] <z}

Thus the domain C(z) is the set of claims that can be financed with initial endowment z. For a shorthand,
Iy will denote the integral functional to be optimized, that is

Ip(X) = Ep[U(X)] = EQ[%MU(X(@)]
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Since the set of constraints lies in L'(Q), mathematically it would be natural to write the integral
functional as expectation under ). We will indeed do this in many occasions. However, we state
the main theorem and the main results with the P-expectation form Ep[U(X)]. In short, the specific
maximization problem faced is thus

sup Iy(X) (1)
XeC(x)

The above problem (the primal problem) may fail to have a solution, because maximizing sequences
are merely bounded sets of L!(Q) which in general are not relatively compact.

To recover existence of a solution, the first step is to look at a larger space where to embed L'(Q), in
such a way that L'(Q)-bounded sets become relatively compact (so any L!(Q)-bounded sequence finds
a cluster point). There are a few possible choices for the embedding of L!(Q). Since any X € L'(Q) can
be identified with the bounded measure p = Xd@, this larger space will be a space of bounded additive
set functions on B(2, 7). The most natural choice would probably be the space

ba(Q,B(2,T),Q)

(simply ba(£2, @) in the following) i.e. the Borel bounded charges v which vanish on the Q-null sets. In
this paper, while ”charge” indicates an additive set function v with the property that v(f) = 0, ”measure”
keeps its classical meaning. In other words, a measure is a countably additive charge (see [AB05, Section
10.1] or [DS67, Section III.1]). In fact, ba(2, Q) is a Banach space with the variation norm

|v| = sup {Z |v(E;)| | (E;); Borel partition of Q}
=1

and it is the dual of L>®(Q). So by the well-known Banach-Alaoglu Theorem norm bounded sets in
ba(R2, Q) are weak* relatively compact.

This approach mathematically would work well, but it has a heavy drawback in terms of financial
interpretation. A sketch of what goes wrong is the following. ba(£2, Q) admits the decomposition L' (Q)®
(LY(Q))*, so that any v € ba(£, Q) admits a (generalized) Lebesgue decomposition

V="Vq+ U

into a measure absolutely continuous with respect to @, v,, and a ”pure charge” part v, which has a
very unpleasant behavior as it is purely finitely additive. If an optimizer v* of problem (1) belonged
to ba(f2, Q) what would the "pure charge” component of the optimal investment mean? The lack of
countable additivity and consequent vanishing of part of the mass really would make it impossible to
interpret an element v of ba(€2, Q) with v, # 0 as an ”investment”.

Therefore our philosophy is that when possible one should avoid the use of charges and stick to
measures. In apparent contrast with this message, for our purposes the best selection of a larger space
where to embed L!(Q) turns out to be

rba(£2)

which is defined as the space of all bounded Borel-reqular charges on B(,7). Here the topology 7
comes into play. In fact, recall that a charge u is (Borel-)regular if it has the inner-outer approximation
property
EeB(Q,T)= sup F)=uE)= inf A
( ) {Fclosed,FgE}u( )= nlE) {Aopen, ADE} HA)
Like ba(2, @), the space rba(Q) is a Banach space with the variation norm. However, the fact that
rba(2) does not depend on the reference probability @ is crucial, as will be clear in a moment.
Since (£2,7) is a Polish space, rba(Q2) can be identified with a dual space [DS67, Section IV.6]

rba(2) = (Co(2))*

where C,(Q2) is the space of continuous bounded functions on 2. Cp(Q2) is a Banach space if endowed
with the sup-norm. Therefore, the norm-bounded subset of rba(Q2), like C(x), are relatively compact for



the weak™ topology o(rba(£2),Cp(€2)) by the Banach-Alaoglu Theorem. Recall also the lattice (Yosida-
Hewitt) decomposition of the space rba(2) as a direct sum of the bounded regular measures M plus the
purely finitely additive regular charges A/

rba(Q) = Mo N (2)

that is any v € rba(2) can be uniquely decomposed as a sum v = v, + v, where v, is the measure
component, countably additive, and v, is the purely finitely additive component. As any v, is a bounded
measure on a Polish space, it is also compact-inner regular (see [AB05, Theo 12.7]):

EeB=v/(E)= sup ve(K) (3)

K compact ,KCFE

Therefore M is nothing but the familiar space of the Radon bounded measures on 2. On the contrary,
any v, € N has the fundamental property

vp(K) = 0 for any compact K (4)

which follows from [AB05, Theorem 12.4].
If the Lebesgue decomposition with respect to () inside M is taken into account one has

rba(Q) = M, ® M; N (5)

that is for any v € rba(f2), the measure component v, can further be decomposed into an absolutely
continuous part with respect to @, v,, and singular part v,, supported by a @ -null Borel set:

dv
V:I/CJer:VaJrz/erup:d—édQ+1/S+1/p

Remark 1.1. If (Q,7) is compact, then the dual of Cp(€2) is M.

Now that the right space and a good duality have been identified, let’s go back to the optimization,
which is solved through a mixed relaxation-duality technique.

Let

Clw) € (€ rba(Q)y : pu(Q) < 2}

indicate the weak* closure of the set C(z).

The problem is to find a new functional Iy : rba(Q2) — RU {—o0}, defined on the whole rba(), such
that the problem

max Iy (p) (6)
1eC (x)

is equivalent to (1), in the following sense:
i) max, .o, (1) = supxecs) Iv(X)

ii) if X,, € C(z) is a maximizing sequence for (1), converging weakly* to some p € C(x), then pu is a
maximizer for (6).

Such I is the relazation of the functional Iy and its explicit calculation is the main result of the paper.
As far as the authors know, the result is an extension of well- known relaxation results over M in Convex
Analysis (see the next Section and the reference there cited). The relaxation of functionals depends on
the selected topology. And as the one considered is the weak* topology on 7ba(f2), Iy is defined as:

Iy (p) = inf{G(n) | G : 7ba(?) — RU {—o0}, G weak*u.s.c.,G > Iy on LI(Q)} (7)

We will also prove that under a rather mild condition (A), the restriction of Iy to M is simply the sum
of two integrals, the expected utility from the a.c. part plus a singular term:

Iy(p) = Ep [U (ngﬂ +/s0dus, = fla + fs (8)



where ¢ is a suitably defined nonnegative u.s.c. function.

Under an additional condition (B), (both A and B are implied by the ones assumed in the current
literature on utility maximization to recover a primal optimal solution), we show that problem (6) finds
its maximum on C(z) N M. That is, any (possibly non unique) optimizer u* is a measure, even if not
necessarily absolutely continuous with respect to ). Therefore, the optimal investments may have a ”sin-
gular component”. Nevertheless, the financial interpretation is preserved because any p* is a measure
and no mass disappears. The singular part p; can be seen as a very risky bet, as the agent invests the
amount of money p*(£2) on the support of p¥ which is a @ (and P)-negligible set.

Assumptions on the utility function. U : R — R U {—o0} verifies (0,4+00) C Dom(U) C [0, +00).
We assume that on (0, +00) U is: i) strictly increasing; ii) strictly concave; iii) continuously differentiable
and iv) satisfies the Inada conditions

limU'(z) = +o00 , lim U'(z)=0
z|0 zT4+o00

Recall that the convex conjugate of U is defined as V : R — RU {+o0}
V(y) = sup{U(z) — yz}

V verifies: (0,+00) € Dom(V) C [0,+00); on (0,400) it is monotone decreasing and continuously
differentiable with derivative V'’ given by

V'(y) = -0

The following assumption is a first (rather weak) joint condition on the utility U (through V') and on the
probabilistic model.

Assumption 0. There exists an yo > 0 such that

Ep [v @Zgﬂ < 400 (9)

In other words, the relative generalized entropy of QQ with respect to P must be finite for some scaling vyq.

Remark 1.2. Since V is monotone decreasing on R, this assumption is equivalent to the existence of a
(positive) bounded, continuous go :  — Ry such that Ep [V (go%)} < 400 (take yo = sup,, go(w)).
Note also that from convexity of V', Assumption 0 amounts to asking Ep [V (yo %)} eR.

Remark 1.3. Assumption 0 is equivalent to that used in [KS99, Theorem 2.0], that is the problem (1)
has finite value

sup Iy(X) < 400
Xel(x)

It is much milder than condition (10) in KS2-nec&suff, Theo 2, where it is required Ep [V (yj—g)} < 400

for all y > 0. We will see that Assumption 0 already permits to recover an integral representation for Iy

over M.

2 The integral representation of the relaxed functional Ij;

2.1 Some preliminary Lemmata

In what follows, we assume Iy is defined on all rba(S2), with Iy (1) = —oo if p is not a.c. with respect to

Q.



Lemma 2.1. The concave functional Iy is proper, i.e. it never assumes the value +00.

Proof. We must only check what happens for X € L'(Q). Fix an yq satisfying Assumption 0. By Fenchel

inequality:
dq dq
X) - Xyo o2 < e
UE) = Xgp <V (yOdP>
Taking P-expectations, we obtain I/ (X) < yoEq[X]+ Ep {V (yo %)} < +o0. O

The proof above shows also that the definition of Iy in (7) is well- posed. In fact Iy is dominated by
the (weak*) continuous, affine functional G : rba(Q2) — R

G(p) = you(Q) + Ep [V <yo§gﬂ

Also, the infimum in (7) is attained, as the infimum of a family of u.s.c. functionals is u.s.c. The
minimum is

Iy (p) = max limsup Iy (1) (10)

peSp A

where the supremum is taken over all the nets (14 )o that weak™ converge to p (see e.g. [Buttazzo]).

The major difficulty in the computation of Iy over the whole rba(f2) is that Cy(2) is not necessar-
ily separable under our conditions (2 is not assumed to be compact), so that the weak* topology on
norm-bounded subsets of rba(f2) is not necessarily metrizable. That’s why nets must be used instead of
sequences in (10).

Luckily, some help comes from Duality Theory. The convex conjugate Jy : Cp(Q2) — RU {400} of Iy
is defined as

Jv(g)= sup {Iu(p) —p(g)} = sup {Ep[U(X)] - Eq[Xgl}
peETba(2) XeLll(Q)

Note that Jy (g) is nothing but the usual convex conjugate of the convex functional —Ij; at —g, i.e.

Jv(g) = sup {EQ[X(-g)] - Ep[-U(X)]} = (~1v)"(~g)
XeL'(Q)

Lemma 2.2. We have:
1. Jv(g) = Er |V (952)):

2. the proper domain of Jy, which is defined as

Dom(Jy) = {g €G(Q) | Ep {V (92%)} < +00}

is contained in Cp(Q)+ and it is directed downward;

3. The variable ¢ :  — R

w) = inf w
p(w) gEDom(Jv)g( )

is nonnegative, bounded, upper semicontinuous and can be monotonically approximated by a se-
quence (gx)x in Dom(Jy)
ge(w) | p(w) for all w (11)

Proof. L'(Q) is decomposable !, so Theorem 21 in [Roc74], part a) gives the formula for Jy-(g).
Since Dom(V) C Ry, then clearly Dom(Jy) C Cp(2)+ (and thus it is a set bounded from below).

LA space L of random variables on (Q,F, P) is decomposable if, whenever A € F and f is a bounded random variable
on A, then, for every g € L, g = fla + glac also belongs to L.



Therefore the pointwise infimum ¢ is well-defined, it is nonnegative, bounded and upper semicontinuous
as the inf of a family of continuous functions. Also, since the space C,(€2) has the countable sup property
(see Aliprantis-Border Th 8.22), there exists a sequence (gi)r in Dom(Jy) such that g, > ¢, gr — ¢
pointwise.

To prove that Dom(Jy ) is directed downward, note that if g, f € Dom(Jy ) then g A f € Dom(Jy).

n fact
d d d
Ep [V (g A fdg)] =FEp [V (9@2) f{g<f}} + Ep [V (fdg) I{f<g}] < oo

This property yields the selection of a monotone approximating sequence (g )x- O

Remark 2.3. When AE(U) < 1 holds in addition to Assumption 0, it is known (see [KS99]) that
E[V(yj—g)] < 400 for all y > 0. Therefore, p = 0.

Lemma 2.4. Let (Iyy)** be the biconjugate functional

(Ir)™ (1) = geicr;fm {u(g) + Jv(9)}

Then, o
Iy = (Iy)™ (12)

Proof. By definition (7), the relaxed functional Ir; is the smallest concave u.s.c. functional bigger than
I;. Now, the biconjugate of Iy verifies

(Tv)™ () = — GSCUIE)Q){*M(Q) —Jv(g)} =—(W)(=n) = —(=1v)" (-p) (13)

where (—Iy)*™* is the usual (convex) biconjugate of —Iy, that is (—Iy)™(u) = supgec,@){m(g) —
(—=Iy)*(g)}. Classic convex duality gives that (—Iy)** is the greatest convex, ls.c. functional which
is smaller that —Iy see e.g. [Bre83]. Hence, (Iyy)** is the smallest u.s.c. concave functional which is
bigger than Iy, thus it coincides with I;. O

2.2 The computation of I,

The line of the proof consists of the following three steps:

1. we show that in the relaxation Ir; (i) the contribution of the measure component . and of the pure
charge component yi, can be separated

2. then, the relaxation over M is explicitly computed

3. Assumption A that enables the financial interpretation is introduced and we finally get to the
formula that will be used to prove our main Theorem.

Due to the regularity of Q (Polish space), It (u) is equal to —oc if 4 doesn’t belong to 7ba(f2),. This
is the reason why in what follows the focus is on rba(2)4 only.

2.2.1 Step 1: Iy on 7ba(f)
Proposition 2.5. Let u € rba(Q)y. Then,

Iy (p) = Ty (pe) + fEDiOIIlrf(Jv)up(f) (14)

Proof. The inequality Iy (1) > Ty (pte) + inf gepom(y ) tp(g) follows immediately from Iy = (Iy)** and
from the inequality

dQ
Jap

EWV(552)] + ulo) = BV (952 i) 2 ()™ () + _int (1)

+ ue(g) + inf
>] . (g) f€Dom(Jy) f€Dom(Jy)



To prove the opposite inequality and thus (14), recall that p. is also compact-inner regular. In
particular, there exists an increasing sequence of compact sets K™ such that (P+ pu.)(Q\ K") < % Now,
from (4) p,(K™) is zero for all n. Fix n > 0. Borel-regularity of p, guarantees that there exists a closed

set C™ C Q\ K" such that

1

tp(C™) > pp(82) — o

As € is Polish (thus normal) there exists a continuous function o™ : Q — [0, 1] which is equal to 1 on K™
and 0 over C™. Up to a subsequence, a™ converges to 1 (P + p.)-a.s. Fix a pair f,g € Dom(Jy). Then,
set

B = atg+ (1-am)f

which still belongs to Dom(Jy ). Now by mere convexity,

BV )] 4 ) < Bl (g 32 + B~ 0"V (£92)] + ()
and ]
™) = eh) + () < pelB) 5 g+ Flloo + 1)
so that
BV (R T2 + (") < Bla™V (g 52)] + BI(1— a")V (F T2 + 1elh) + ~ g+ oo + 1)

Passing to the liminf,
lim inf,, B[V (A" %2)] + p(h") <
liminf,, { E[a™V (¢43)] + E[(1 — a")V(f )] + me(h™) + 5llg + flloo + 1p(f)} = EV(95)] + 11(9) + ()

as the liminf is in fact a limit everywhere in the second line above since the Dominated Convergence
Theorem can be applied as a™ converges to 1 (P + p.)-a.s. Therefore,

()™ + it ()= it BV o) + m()} = () (o)

O

Remark 2.6. Even if inf fepom(.sy, ) tp(f) = infr p1p(gr), where the gi are the approximations for ¢ in (11),
the inf and the expected value cannot be exchanged to conclude inf tcpom(sy) tp(f) = pp(ep) because ju,
is not countably additive.

2.2.2 Step 2: Iy over M

The great advantage of working on M only is that the trace of the weak* topology on norm bounded
subsets of M can be metrized (e.g. by the Dudley distance). So, the computation of the relaxed func-
tional is much easier on M, as sequences can be used instead of nets to characterize convergence and
all the arguments from standard integration theory with respect to measures do apply. Therefore, not
too surprisingly, the following Lemma proves the same result as that in [BV88], which was stated for Q
compact - or locally compact. We give a slightly different and self-contained proof.

Define the function

W(w,z) = §1<11; {U(z) + (z — z)gp(w);lg(w)} (15)

Note that W(w,-) is the so-called sup-convolution of the utility function U and of the linear, w-

dependent function z — ¢ (w) 9% (w).



Lemma 2.7. Let y € My. Then

To () = E[W (- f{gn + / pdpis (16)

Proof. In the proof, the operational definition (10) of Iy is used, but with nets replaced by sequences
(which is a consequence of the metrizability of the weak™® topology on bounded subsets of M) together
with the identity Iy = (Iy)**:

o) = max s (X,) = (1)) = int {uto) + EVGP)1}

Let us pick a maximizing sequence (X,,), for the value I;(11) and which is weak* converging to p. As
(X,,)n is weak* convergent, it is bounded in L'(Q). Then by Komlos Theorem there exists a convex
combinations of tails of the (X,,),, which we denote by (Y},), which converges Q-a.s. (and thus P-a.s)
to a certain nonnegative Z (and clearly still weak™ converge to p). From Lemma 2.8 below, necessarily
Z < dd“Q“ , with possibly strict inequality. Now, since convex combinations may only improve the concave
functional, (Y},),, continues to be a maximizing sequence for Ir; (). From Fenchel inequality, for any fixed
g < DOHI(J\/)

dq dq
_ % < i
U(Yn) = Yagom < Vg 5)
Integrating, taking the limsup over n and applying Fatou Lemma,
. dqQ dQ dQ
limsup E[U(Y,) = Yag 5] < BU(Z) = Zg35) < EV(955)

As the Y, still maximize the relaxed functional and F [Yng%} = Eq[Y,g] converges to u(g), the above
relation amounts to
— dQ dq

Lu(p) = plg) < EU(Z) = Zg 5] < E[V(9—5)]
or equivalently, adding p(g):

To() < BIU(Z) ~ Z952]+ plo) < BV (g 52)] + (o)

Splitting p as pq + fbs,

— dita dQ aqQ
< — < —_—
for all g € Dom(Jy ). Take now the inf over g € Dom(Jy) and use (11) to get

dQ

I W 20652+ al) < ()™ (1)

Io(w) < EWU(2) + (G5

so that equality must hold in the above formula. Getting rid of Z is not difficult, albeit a bit tedious -
the main tool being the Fenchel inequality. Fix x > 0. For any z < z,

dQ dQ _ (dQ
vap Yap = "\ap

for all g € Dom(Jy ). Therefore, for any g € Dom(Jy )

d d
gpdg <W(w,z): —igg{U(z)—F(ﬂ?—Z)(PdP} <V(g %

)—|—xg@

U(z) + (z = 2) 75

<U()+ (2 —2)

)+x9@

U(z)+ (x—2) 7P

dpia
dqQ

Substituting = with z with Z (which is smaller than ‘2‘5) and integrating give

e 2)p e < EW(, 9] < BV 78] + (o)

BlU(Z) +( G 95




and therefore

— dita dQ dpa dq
Iy (p) E[U(Z)+(dQ 2)ppl +us(e) < BV, a0 )+ 1s(0) < EV(g5)] + ha(g) + h1s(9)
and taking the inf over the g € Dom(Jy ), the conclusion (16) follows. O

Lemma 2.8. Let (X,,),>1 be a bounded sequence in LY (Q), such that X, converges to X almost surely,
and weak* to p € rba(QY). Then

dpig
X< —a.s.
—dQQ a.s

Proof. Note first that u > 0, X > 0 and an application Fatou’s Lemma to (X,,), gives X € LY(Q).
Thanks to the compact-inner regularity of u, + ps (see (3)), it is enough to show that

EQ [IKX] < (/u‘a + Ne)(K) for all Compacts K

In fact, the inequality above for all the compacts implies the inequality for all the Borel sets B, Eg[IpX] <
(tq + ps)(B) and clearly this gives X < % Q-a.s.

Fix then a compact K. As p, € N, with an argument similar to that used in Proposition 2.5, for any
h € N, there exists a closed set Cj, € K¢ with 1,(Cy) > p1,(Q2) — 4. And there is a continuous function
gff such that 0 < g,{( <1, g,{( =1lon K, gff = 0 on C}, and consequently g,{f — Ik pointwisely. Then
for all h

EqQlIx X] < Eqlgi X] < lim Eqlgi Xa] = u(gi)

where the first inequality is trivial, the second is a consequence of Fatou, the equality follows from weak*
convergence of X,,dQ to p. By construction, 1,(gf) < +4,(Q2) and then

BQlIxX] < ( + 1) (o) + 1 1p(©)

and the conclusion follows passing to the limit on h.
O

Remark 2.9. The inequality X < (38 can be strict. See [BM89, Example 2] where X = 0 while % =

2.2.3 Step 3: Assumption A and the final formula

Summing up the results from Stepl and Step2, we have shown the following general formula

— dpa )
o) = B () + [t int ()

However, our problem stems from a clear application - namely, utility maximization. In other terms, inside
the expectation one would like to see the utility function only, i.e. it should be for any x > 0, W(w,z) =

U(x) P-a.s. The following Lemma characterizes the situations where this financial interpretation of the
relaxation is preserved.

Lemma 2.10. For any fized x > 0 W(w,z) = U(x) P-a.s. if and only if ¢ =0 P-a.s.

Proof. The implication: if ¢ = 0 P-a.s. then W(w,x) = U(x) a.s. for any x is straightforward from the
definition of W. To show the converse, from W(w,z) = U(x) a.s. then there exists a Borel set B with
P(B) =1 such that W(w,q) = U(q) for all ¢ € Q4 and w € B. But both W(w,-) and U are continuous
on R4, so that W(w,z) = U(x) on B for all > 0. But from the very definition of W, this happens only

if
aQ

U'(z) = p(w) 5

(w)>0 forall z>0,weB



and using the Inada condition at +co on U, for w € B it holds

dQ

= i "(z) > —-=
0= lim U'(z) 2 pw) 5w
and given that Q@ ~ P, ¢ =0 on B.
O

Assumption A ¢ =0 P-a.s.
Corollary 2.11. Under Assumption A, the relazation Iy over M is given by

T})—Ewﬁmn+/ s+ inf  p(f) (17)

v\p) = a0 paps feDom(Jv)Mp

The following Subsection contains some consideration on ¢, given its importance for the integral
representation of ;. It can be skipped if one is interested in the utility maximization only (Section 3).

2.3 On the random variable ¢
The notation B(w,r),w € Q,r > 0 indicates as usual the ball of center w and radius r.

Definition 2.12. F' is the set of points which admit a neighborhood where % is a.s.-bounded, i.e.

dP
F= {w|3K>O,HV open s.t. Vaw,@ < K a.s. on V}

and the set of the poles of % is D = F°.

Remark 2.13. F is open (and thus D is closed) and it depends only on the class of % in L'(Q). The set
of the poles D can be described as

D ={w| 3en)n, (kn)n with €, | 0,k,, T 400 s.t. for all n3IA,, C B(w,€,), Q(A,) >0, % >k, a.s. on A,}

Lemma 2.14. ¢ is identically null on F'.

Proof. Suppose w* € F. Then, there exists an open ball B(w*, €) all contained in F' such that % < K as.
on B(w*,€). Take yg as in (9), for any § > 0, < yo consider the continuous function gs = da+ yo(1 — )
where

d(w, 2\ B(w”, €))

d(w, B(w*, £)) + d(w, 2\ B(w*,€))

a(w) =

By construction, g5 is such that
1. its range is the interval [d, yo);
2. g5'(8) = B(w", §);

3. g5 (yo) = 2\ B(w*,e).

To see that gs € Dom(Jy ), note

dQ\] _ dQ dQ
e[y ()] =2 (037 rapens] -2 |V (035) tsp ]
and therefore

)] 5 ()7 (2 ) £ 058 ] <



By definition of ¢,

w*) = inf w*
p(w”) QEDomUv)g( )

and since gs(w*) = § we get

< ) <infé =
0=l =0

O

Corollary 2.15. D D {¢ > 0}. Thus, if D is negligible, then Assumption A holds. In particular, this is

the case when % € L™ or, more generally, D is empty.

3 Utility maximization

3.1 The classic duality

Consider the restriction of Jy to the constant functions, namely the function v : R — R U {+o0},
dQ
=Ep |V
v(y) P { (y dP)]

L :=inf{y | v(y) < +oo}

and let

Note that L > 0. The next Lemma is a straightforward consequence of the definitions.
Lemma 3.1. Properties of v.

1. v is l.s.c. and monotone decreasing;

2. for ally < L, v(y) = 4o00;

3. fory > L, v is differentiable and

o) = o |v' (453 )|

4. if v/ (L) := limy | v'(y) is finite, then v(L) is finite as well.

Proof. Ttems 1, 2 are obvious as v is the restriction of Jy . In item 3, the formula for the derivative
when y > L can be proved by a classic argument based on convexity and Fatou Lemma. Item 4 is a

consequence of the l.s.c. and convexity of v.
O

The next Lemma provides the link between Jy and the function v which is typically seen as dual
function in the current literature.

Lemma 3.2. 1.
nt v (0) + lgllce} = int {o(y) + )
2. As in the lemma above, let v', (L) = inf, v'(y) € [-00,0) and set xpr = =2/, (L).
a- For any x < xp, the above infimum is reached and it is given by the unique solution of

v(y) -z =0, (18)

namely y(z) = (v')71(—x).
b- Ifxpr < 400 and x > xpp the infimum is reached by y(xzpr) = L.

11



Proof. 1. The inequality

. _
gelcrlfm{‘]"(g) + 29l } < ylgfL{Jv(y) + xy} (19)

is obvious. But V is decreasing, so for any g

Jv(9) + zllglle = v(llgllsc) + 2llglloo
From the previous Lemma, we can consider only y > L whence the equality in (19) follows.

2. The assertions in case x < xj; are immediate consequences of the previous Lemma. We are left
with the case s finite and > 7. When 3 = —v/, (L) < 400, then by the previous Lemma,
item 4, necessarily v(L) is also finite. As v(y) is infinite for y < L and when x > x); the derivative
of w(y) = v(y) + zy is strictly positive for y > L, the unique minimum of w is y(z) = L.

O

Here is the third main assumption of the paper.
Assumption B Take an approximating sequence g for ¢ as in (11), that is g, € Dom(Jy ), gr | . Let
h = limy, |gk|lec- If A > 0, then we require that there exist a £* and an €* > 0 such that the closed set

K* = {ge > h—c}
is compact.

This assumption is needed to ensure that any optimal p* in the relaxed maximization problem is a
measure. See Section 4 for an easy counterexample.

Remark 3.3. Tt is not difficult to see that Assumption B does not depend on the particular approximating
sequence (g ).

Remark 3.4. Assumption B is automatically satisfied when 2 is compact.

Lemma 3.5. Under Assumption B,
h =maxp(w) =L (20)

Proof. If h =0, the Lemma is obvious. Suppose then h > 0.
First let us show h = max . The inequality gr > ¢ implies ||gk|lco > sup, ¢(w), so that passing to

the limit on k, h > sup,, ¢(w). Outside K*, ¢ < h—¢* and as K* is compact and ¢ is u.s.c., it attains its
maximum on K*. Since K* contains all the non empty, closed sets with the finite intersection property:
Vie = {gr > h — €} for all k > k*, € < €*, the intersection Y := (), . Vi, is not empty and it consists of
all the points w* where limy, g (w*) = h. Therefore h = max ¢ and y = argmax (.

Now, let us prove h = L. Like in the proof of the first part of Lemma 3.2, L < ||gk|loo, S0 L < h.
But ¢ = inf{g | ¢ € Dom(Jy)}, in particular ¢ < y for all y € Dom(v), so ¢ < L < h and then
max ¢ < L < h. From the first part of this Lemma, (20) must hold. O
3.2 The maximization via duality

The next result is the key step to our main result (standing Assumptions 0+A+B).
Proposition 3.6. Let D(x) := {p € rbay | n(Q) < z}. Then,

Ty (i) = mi 21
Jmax v(p) = min{v(y) +xy} (21)

In addition, any primal optimal pu* satisfies
1o (Q) ==,
2. u* € D(x) N My,

3. supp(p}) C argmax ¢.

12



Proof. Let us call v the convex function (scaling of the norm) v(g) = ||g||co. Obviously: 1) v is finite on
Cp(€2) and 2) there exists a norm- continuity point (say, the constant yo + € ) for Jy in Cp(2). Fenchel
duality Theorem (alias, the Minimax Theorem) ([Bre83, Chapterl]) can be applied to obtain

geicrii;Q){Jv(g) +7(9)} = uel?b?fm{_(‘]")*(_“) =7 ()}

From (13), —(Jv)*(—p) = Iy(n). It is easy to see that

Y (p) = sup ){u(g) = lgllcz} = 6p ) (1)

gECb(Q

where 0p(,) is the function equal to 0 on D(x) and +oo outside. So,

inf {J + z} = max Iy
gecbm){ v(g) + llgllec} max v(p)
Together with Lemma 3.2 (which also states that the inf is attained), this gives (21).
In the second part of the proposition, item 1, i.e. the fact that the constraint is binding, is a simple
consequence of the monotonicity of I;;. To show item 2, that is any p* is in fact a measure, let us rewrite
the expression derived in (17) for the relaxation

T * d :; * . *
o) = EWCga N + [ wdis+ | _int - i(6)

Suppose that % # 0, say 0 < 15(Q) = 2’ < x. The contribution of p to the (optimal) value Iy (1*) can
be easily majorized
inf “(f) < (L—¢€")a
e () = )
which is a consequence of (4), Assumption B and (20). Define g = pf + u* + 2'v,, where v; is any
probability with support contained in argmax ¢ (and therefore singular with respect to @ thanks to
Assumption A). f is thus in D(x) N M and

To = BWC ) + [ s +'v) = BUCED + [ ot + La' = To(u) + ' > Tl

dQ dQ
which is a contradiction. A similar monotonicity argument shows that the support of any optimal u? is
contained in argmax . O

Remark 3.7. C(x) C D(x), but it is not difficult to prove that (Q Polish, Q with full support) that
Cz)N My = D(x) "My = {p € My | u(Q) < x}
Finally, here is our main result (standing Assumptions 0+A+B).

Theorem 3.8. Define u to be the optimal value function u(z) := supxec(y) E[U(X)]. Then

a- for x >0, u(x) is finite, concave and monotone non decreasing and

u(z) = max Iy(p) (22)
reC ()

b- u(x) is also equal to max,,cp(s) Ty (1), so that all the results in Prop. 3.6 apply. In particular,

_ diia .
o) = {E[U( B+ | wdus} = min{v(y) + 2y)

c- Further results on the solutions structure.

13



1. case r < xpr < 400.
There exists a unique solution X*(z) € LY(Q) to the maximization problem (i.e. p* =
X*(z)dQ is unique) and it is equal to

x(0) = @) (053 ) (23)

where y(x) = (v')~Y(—x). This implies that u is strictly concave on (0,z);

2. case xpr < 400 and x > x)p.
If x coincides with xpr we still have a unique solution X*(xar) given by (23) with y(x) = L > 0.

If x > xp, a singular part is always present in the (possibly non unique) solution p*. The
optimizers u* are characterized by:

— = X () = (U)H(LED), unique;
— ui(Q) = x — xp and supp(pk) C argmax{y}.

As a consequence u(x) becomes linear with slope L after xps:

u(x):{ EU(X"(z))] if 0<z<ay
u(znr) + Lz — 2ar) otherwise

Proof. Item a). The value function u is finite for all z > 0 thanks to Assumption 0. Monotonicity is
clear. Since C(tz1 + (1 —t)z3) 2 tC(x1) + (1 —t)C(x2) for all 1,29 > 0 and ¢t € [0,1] and Iy is concave,
u is also concave. Therefore, it is continuous on R .

Let us prove (22). The maximization domain C(z) is weak* relatively compact and C(z) is its closure
so the u.s.c. Iy attains its maximum on C(z), say @(z). If in turn X™ € C(z) is a maximizing sequence
for u(x), then by Banach-Alaoglu there exists a u* in C'(z) which is a weak* cluster point of (X™),,. By
w.s.c. of Iy,

u(z) = lim Ep[U(X™)] < limsup Ty (X") < T (") < ()

On the other hand, if 7 is any optimizer of u(x), by definition of relaxed functional

u(z) = Iy(g) = max limsup Iy (X,)

Xa>T «

Select a maximizing net (X7), for Iyy(f). By weak* convergence, Eg[X}] — f(Q2) and () < x. Fix
then € > 0: definitely Eq[X}] < () + ¢ < z + ¢, so definitely X} € C(z + ¢€). Clearly

w(x) =limsup Iy (X2) < u(z +¢€)

e}

so that
u(z) <u(x) < lilrgl u(x + €)

By continuity of u, we get the equality u(x) = u(x) and that the cluster point u* of the original maximizing

sequence X™ is also an optimizer for Iy over C(z). 2
Item b). This follows from item a), Proposition 3.6 and Remark 3.7.
Item c). Characterization of the optimal solutions.

1. Case x < xps. By Lemma 3.2 the equation v’(y) = —z has a unique solution, y(z) > L. Writing it
down,

V) = B |V ()52 )| ==

2Tutto questo e’ per dire che il rilassato del funzionale + il vincolo: I (X) — 00 (z)(X) € esattamente Ty (p) — 55(m)(u)
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so the candidate primal optimum is X*(x) = —V’(y(x)i—g) = (U’)_l(y(x)‘i—%) and Eg[X*(z)] = .
From the elementary Fenchel duality formula,

U(X* () — yla)X* () T2 = v (W)Zg)

Taking the expectations, from (21) we conclude that X*(x) is indeed a solution. It is also unique
as shown below.

Uniqueness Suppose u° is another solution. First we show that its a.c. part u? must be non zero.
The reason is clear if U(0) = —oo. To check it in case U(0) is finite, let us suppose u® = u2.
We have

101 = V() + [ ¢l = U () + Lo = ulz)
by optimality. But then a contradiction would follow:
u(z) = v(y(z)) +zy(z) 2 V(y(z)) + zy(z) > V(+00) + 2L = U(0) + 2L = u(x)

in which the first inequality is due to Jensen’s and the second by strict monotonicity of V'
plus y(x) > L. Therefore 0 # 0 and taking the convex combination p; = tX*(2)dQ + (1 —
t)u® € C(z) with t # 0, a contradiction follows again as a standard concavity argument shows
T (o) > Tp(X* (2)dQ).

2. We are left with the case xp; < +o00 and & > zp. If @ = zp, by Lemma 3.2 v(L) is finite and
y(x) = L, with optimal X*(zp) = (U’)*l(L%). This solution is also unique, as the argument
above still applies.

If > xps, by Lemma 3.2 again the dual minimizer is still y(z) = y(zps) = L which is then strictly
positive3. Indicating with p* any optimizer and with X* its a.c. part, by duality

— d
w(e) = Ty (i) = E[UX*)] + / odu: = E [V (Ld?,ﬂ + Lz (24)
By Fenchel inequality,
. . 4Q dQ
_ < =
U(X™) XLdP_V(LdP>
Taking expectations and rearranging,
. dQ .
ElUX"))<E|V Lﬁ + LEg[X™]

and equality holds iff X* = X*(z).

On the other hand, by Proposition 3.6, [ ¢du: = Lu%(Q) so that equality (24) implies that X* =
X*(xum). Since Eg[X*(xpm)] = xu, the mass of the singular part p} is ( — xar) > 0 and therefore
its contribution to the optimal u(z) is L(z — xpy).

O
4 Examples
In all the examples below, the function V' is
v >0
ey
V(y) = v
400 otherwise
3 Argomento: Now, we show that I must be strictly positive. Since V’/(0) = —oco, if L = 0 we would have by monotone

convergence v', (0) = limy o Eq [V’(y%)] = —oo which is a contradiction as z; = —v/, (0) is assumed finite.
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The derivative V'(y) = — -1 ev,y > 0 satisfies V{(0) = —o0, V’'(4+00) = 0 and consequently the conjugate

Ty
utility U
U(z) = inf{zy + V(y)}

verifies the Inada conditions and U(4o00) = +o00. but U does not have an elementary expression, as
V'(y) = —x cannot be analytically inverted. This doesn’t affect by any means the examples, since we will
work on the dual side. Thanks to the dual characterization of AE(U) provided by [KS99, Cor 6.1(iii)]:

Let U be a utility function with the Inada conditions and U(+00) > 0. Then U has AE(U) iff there
exists yo > 0, A < 1 and C < +o0 such that V(A\y) < CV(y) fory < yo

it is clear that with such a choice of V, U does not satisfy AE(U).

Also, the spaces (£2,7) considered are elementary, so that the technicalities are minimal and a full
description of the involved quantities is nearly straightforward. In fact, in almost all the examples, (2,7)
is compact, so that the dual of Cp(2) is just M and Assumption B is automatically satisfied. However, in
Example 4.4 we show why Assumption B is necessary in the general case to recover primal optima that
are in M.

Ezample 4.1. Pick a bounded sequence {w), }»,>1 in R monotonically decreasing to ws,. Let © be the set

{w1, "+ ,ws } endowed with the euclidean topology and thus compact. Define P as:
= Plw) = ——— p = Plwa) = 0
pn— n _(e_l)e/,L?pOO_ o0 -
and @ as
dQ c
apn =5,

where ¢ > 1 is the normalizing constant (the value at wy is irrelevant). Assumption 0 is verified, since

1
E[V(yji)} <—|—ooiffy>g

so that L = max, ¢(w) = . For any y > 1, v/(y) is finite and it is equal to

1

1 n
! o § : =—1)n
U(y)__yg C(e—l)ey
n>1

and then )
zy = -0 (L) = fvg_(g) = +o00
Note also that the set of the poles of f% is the singleton {wy}, which is negligible, so by Corollary 2.15
¢ = 0 a.s. and thus Assumption A holds. Also, Assumption B is automatically satisfied, as 2 is compact.
All the hypotheses in Theorem 3.8 are then fulfilled. Since x); = 400, the expression of ¢ is irrelevant,
since for any x > 0
u(z) = sup E[U(X)] = max E[U(X)]
C(x) C(=)
with X*(z) given by (23). The optimal value u(x) satisfies the Inada condition at 0, but u'(+o00) = 1.
For completeness’ sake, note that it is evident that

1

o(wp) =0 if n < 400 while Y(ws) = —

c
Example 4.2. Here we give an example with z; < 400 and optimal pf non unique when the endowment
x > xpr. The idea is the same of the example above, but with slightly modified €2 and the probabilities,

so that there are two (optimal) poles of % and v/, (L) is finite.
Let Zg be the set of non- null integers. Consider a monotone increasing mapping from Zg to R, say
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{wz}zez, so that 1) w, | w_o €ERif 2 — —00 and 2) w, | wieo € Rif 2 T 400. Q is then the compact
{wz}zezy U{w—_co,wioo}. Define P as:

k
p: = Plw:) = 377P({w—omw+oo}) =0
[2Pel
and @ as
@( )= 2
dP " T 1

where k, ¢ are the normalizing constant. By straightforward computations, v(y) is finite iff y > % =1I,
v’y (L) is finite as well and equal to

1
v (L) = —2kcz s

n>1

By construction, the set of the poles D = {w_qo,wi00} is negligible, so ¢ = 0 a.s. Of course, this implies
p(wy) = 0 for all z. The maximum of ¢ is L and by symmetry ¢p(w_o0) = @(Wioo) = L. We can apply
Theorem 3.8, case z); = —vﬁr(L) finite. So, for any x < xj; the optimal solution is unique and

' (2) = max EplU(X)]

with X*(x) given by (23). If & > x,s, the optimal value

_ _ dita
o =g Erlo 00l = e {5 [0 (G5)] + [ o)

and the optimal solutions are of the form
pr (@) = X" (2a)dQ + pg = X" (2ar)dQ + (x — war) (tew_ + (1= t)ew, )

where the last expression indicates any convex combination of the two Dirac probabilities in w_ o, Wi oo-
The optimal value is thus

u(z) = B[U(X"(za))] + /cpdu;‘ = E[UX"(zm))] + Lz — 20)

As it will be useful in the next (counter)example, note also that ¢ can be approximated by the
functions

gk(wz) -

which are in Dom(Jy) for all k£ > 1.
Remark 4.3. Tt would be rather easy to modify €2 in order to have a number of poles, not all optimal.

Ezxample 4.4. This is to show that Assumption B is necessary in the general case to obtain measures as
primal optima. The setup is the quite the same of Example 2 above, only remove the points w_ o, w4 oo
from Q (which now is not compact anymore). As before,

1 if |z] <k
= k ! -
wed={ by 50

are in Dom(Jy ) and gi | 0, so that ¢ is identically null. But Assumption B is not satisfied, as no nonempty
superlevel of the g, is compact. Note that (20) does not apply: ¢ = 0 but h = limy, ||gk||c = 2. The
value function wu is clearly the same of the example above, so in particular for x > x s
u(z) = sup Ep[U(X)] = EU(X"(zm))] + L(x — xar)
C(z)

and it is also evident that we have the same maximizing sequences in C(x) for u(z) as before. These
do have a weak*-cluster point, but it is an element of rba(2)4, not in M. A primal optimum is
of the form p* = X*(xp)dQ + (x — xpr)v where v € N, is any normalized pure charge such that
v(g) =lim,yoo g(w,) +lim,,_ g(w,) for any g € Cp(Q2) which admits limit to the extrema of .
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We conclude this Section with an exemplification of the necessity of Assumption A. When Assumption
A does not hold, that is ¢ > 0 has positive P and @- probability, the relaxed integrand W in (15) is
different from the utility U.

Ezample 4.5. Let € be identical to the one in Example 4.1. Only, we shift some weight on the pole wq.
Precisely, fix 0 < § < 1 and define

1-9

m,pm = P(we) =0

Dn :P(wn) =

and Q) as
dQ 1 .dQ 1= Pay
ap\“n) = 5 gplem) = — >0

D = {wuo} has now positive probability. v(y) is finite iff y > 1, so L = 1. Since the continuous function

(wn) = % ifn<k
TG =V 14L i +oo>n>k

is in Dom(Jy ) for all k > 1, ¢ is identical to that in Example 4.1 with ¢ = 1. So the problem is only at
the pole weo. Let’s write down W(we, -):

d
W s ) = max {U(3) + (2 = () 2 ) |
and consider the derivative 0
U/(x) - @(wm)d?(wm)

Ife>a*= (U’)’l(w(wm)%(wm)), the max in the expression for W is attained at 2*, so that

B U(x) if v <a*
Wiweo, ) = { U(z*) + (x — z* @(ww)%(u}o@) if x> z*
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