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1. Introduction

One of the most fascinating results in the overlapping génas (OLG) literature is the possibility
of endogenous fluctuations (Grandmont, 1985; Farmer, 1986; Reid9i86; Azariadis, 1993).
Typically, however, cyclical behaviour emerges at loduea of the elasticity of substitution in
production, in particular for values well below unity. Intparar, Farmer (1986) showed, for the
CES case, that Hopf bifurcations may occur only wherhriglogies exhibit lower factor
substitutability than the Cobb-Douglas function. On thesiotiand, with myopic foresight, the
steady state equilibrium may be oscillatory and evdribé deterministic complex cycles (Michel
and de la Croix, 2000, de la Croix and Michel, 2002; Fanti grata®o, 2008) when the inter-
temporal elasticity of substitution is higher than thithe Cobb-Douglas function.

Therefore, although it is well known that overlaggpigenerations economies with myopic
expectations and elasticity of substitution in producséiod in the utility function relatively low and
high respectively (and then necessarily different frowat ©f the Cobb-Douglas functions), may
show cyclical (and even chaotic) dynamics, in this papeishow, in the standard case of Cobb-
Douglas functions, that the size of pay-as-you-go (PAY®®hsions plays a crucial role in
determining the stability of the economy and, in particularge PAYG pensions causes the
appearance of persistent cycles and even determinisiis ¢hay also emerge when individuals are
myopic foresighted.

Moreover, the importance of fertility in deternmgithe macroeconomic performances is well
established at least starting from the seminal paper bkeB€1960). Therefore, in accord with the

recent body of literature arguing that fertility in @economic choice variable rather than an

! The debate on the role of PAYG pensions in OLG ecoe®riti presence of demographic changes has recently
increased due problems of sustainability as well asgtimality purposes (see, e.g., van Groezen et al., 2008;eA
al., 2004; van Groezen and Meijdam, 2008). However, lesstiattchas been paid to the role of PAYG pensions and

endogenous demographic changes on stability, which is teet afjthis paper.
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exogenous event (Becker and Barro, 1988: Barro and Becker, B88er et al., 1990), we also
consider endogenous fertility and compare the dynamiatires of this setting with those obtained
in the standard exogenous fertility economy. Howevergesicosts of children undoubtedly exist
irrespective of whether the size of the family ihei based on comparison of economic constraints
and incentives or is exogenously given (due, for instanaligion belief, customs and so on), we
assume that child bearing is costly even when ferigityot an economic decision variable. In this
paper, therefore, we analyse the dynamical propertias @conomy with endogenous fertility and
public PAYG pensions and compare them with those obtam#tticase of exogenous fertility.

Our results reveal that while the same unique stetdy is achieved, the dynamic adjustment
processes towards the steady state are dramaticidiyedi according to whether or not fertility is
endogenously chosen by individuals, and this different dymbaehaviour is due to the presence of
public PAYG pension$.Therefore, whether the number of children is thelresua rational choice
of individuals rather than an exogenous event signifiganatters for stability. In particular, when
fertility is endogenously determined, the destabilisingatfiof PAYG pensions is stronger than
when it is exogenously given. The economic reasorthisrresult is the following: the negative
impact of public pensions on savings is mitigated by thecefédé the individual degree of
parsimony in both cases of exogenous and endogenousyfésdé Eqs. 7 and 24 in the sequel of
the paper). However, when fertility is endogenous, tlyredeof parsimony has a negative impact
effect also on the demand for children. Therefore,egmrds capital accumulation per worker,
which is the ratio between savings and fertility, weeobs that when fertility is endogenous, a rise
in the individual degree of thriftiness negatively affeotthe same way savings (through the public
pension component) and the number of children, so thatdffetts exactly cancel each other out

on capital accumulation. The final effect, therefasethat the negative impact effect of public

2 Note that in the absence of PAYG pensions the dymaehaviour is the same with exogenous and endogenous

fertility.



pensions on capital accumulation is stronger with enumggefertility than with exogenous fertility,
and thus the destabilising effects of PAYG pensions is filaly to occur in the former case.

The essential message of this paper consists awirshy that different dynamic adjustment
processes emerge in OLG models with PAYG pensions, depemdi whether the number of
children is either exogenous or endogenous to the modekfdhe we argue that to the extent that
fertility choices are based on an economic comparksetveen benefits and costs of children,
which is considered going hand to hand with the stagesoobetic development- as suggested
by the home economics literature (see Becker, 1960) -madhe likely large PAYG pensions plays
dramatic effects on the stability of the economy.

This paper contributes to three strands of liteeatiy the business cycles analysis framed in the
OLG context; {i) the endogenous population economics, @ndtfie economics with public PAYG
pensions, and shows that considering together all #ssexts gives rise to some new results which
may have interesting policy implications.

The remainder of the paper is organised as followSeftion 2 (Section 3) we analyse the local
stability properties of an OLG economy with exogenousiggenous) fertility. In Section 4 we
show that the dynamic adjustment processes towardgatienary state are different in exogenous
and endogenous fertility economies despite the long-guililrium is the same, showing, in
particular, that the risk of cyclical instability due tarde PAYG pensions is higher with

endogenous fertility. Section 5 concludes.

2. Exogenousfertility

% In fact, as argued by van Groezen et al., (2003, p. 237) leaat in western countries, people are to a very large
extent able to freely choose the number of childhay tesire. The rate of fertility should thereforetteated as an
endogenous variable, that is, as the result of a r&tidmzice which is influenced by economic constraintd an
incentives. Economic theory can thus help in explginitny the observed decline in the (desired) number ddireimi

would occur.”



2.1. Firms

Firms are identical and act competitively on the markggregate production at time(Y,) takes

place according to the Cobb-Douglas technol¥gy AKt”Ltl‘” , whereK, and L, = N, are capital
and labour hired by the typical firn, is the number of young workers in the econory; 0 is a

scale parameter an@<a <1 the output elasticity of capital. Assuming that cdptiatally
depreciates at the end of each period and a unit priieadfoutput, profit maximisation implies

that factor inputs are paid their marginal products,ithat
r=aAk’ " -1, (1)
w, = (L-a)AK?, (2)

wherek, := K,/ N, is capital per worker, is the interest rate ang, the wage rate.

2.2. Government

The government redistributes from the young to the atld wnfunded public pensions. Therefore,
at timet the public pension budget in per worker terms reads as:

p = 6wn, ®3)
the left-hand side being the social security expenditung the right-hand side the tax receipts,

where p, > Ois the pension benefi0 <8 <1 is the fixed contribution rate and is the exogenous

number of children in the whole economy.

2.3. Individuals



Young population of measurd, grows at a constant rateand agents are assumed to belong to an
overlapping generations economy where life is divided®ein youth (working period) and old-age
(retirement period), as in Diamond (1965).

Only young individuals join the workforce and suppiglastically their whole time endowment
(normalised to unity) on the labour market, while receivengunitary wage income at the
competitive ratew,, which is used to consume, to save, to bear childrert@afidance material
consumption of the elderly through the public pension seheq (3).

Starting from the seminal papers by Diamond (1965), Saowé€l975) and Deardorff (1976),
the economic literature did not consider children castaadels with exogenous fertility. However,
it is natural to conjecture that child-rearing activities eostly (either time-based or income-based,
or both) even when fertility is not an economic degisvariable. In particular, in this paper we

assume that the amount of resources needed to carecabldign is given by a monetary cogw,
per child, whereD< g <1 is the percentage of child rearing cost on themtat working incomé.
Old individuals are retired and live o (he amount of resources saved when yousy lus
the expected interest accrued at the réte, and (i) the expected pension benefif:..
The representative individual borntahas preferences towards young-aged consumptioh (
and old-aged consumptioB,.,, ), and chooses how much to save out of disposabtarie in order

to maximise the lifetime utility functiot, subject to each period budget constraint, that is

max{s[} Ut = ln(cl,t ) + /Bln (C2,t+1)’ (4)
subject to

c. +s +awn=w(1-6)

Cote1 = (1+ re“l)st + piin

(5)

* Note that this child cost structure is similar to thdbpted, amongst many other, by Wigger (1999) and Boldrin and

Jones (2002).



where0< S < 1is the subjective discount factor.

The saving rate, therefore, is

_Bw(-6-an)_ pa
1+ 1+ B)a+ree)

S (6)

where q <(1—9)/n must hold to guarantee Eq. (6) to be positive. Nmserting the one-period-

forward pension accounting rule Eg. (3) into Eq.w@ get:

:,Bwt(l—e—qn)_ ng D\/\/"m
1+ 3 1+ 8 1+r%.

§ (7)

From Eq. (7) we see that savings are divided m@ ¢components: thprivate saving component
(the first term on the right-hand side of Eq. 74 &nepublic pension componefthe second term

on the right-hand side of Eq. 7).

2.4, Equilibrium

Given the government budget Eq. (3) and knowing g, =nN,, market-clearing in goods and
capital markets is expressed by the equality:
nk.,=§. (8)
Using Egs. (7) and (8) equilibrium implies:

_pw(-6-aqn)_ @ o W

Koa (1+ B)n 1+ 8 1+r%:

(9)

The dynamic evolution of capital is different degigiry on whether individuals are perfect or short
sighted. In particular, while in the case of ratibaxpectations the economy does not exhibit any
interesting dynamical feature (i.e. the steadyestatlocally stable and the dynamics is always
monotonic), in the case of myopic expectationsdyngamics may be non-monotonic and cyclical
instability may emerge when the public pension congmt dominates the private saving

component, and this depends on the size of the P8ct®me as well as on the mutual relationship



between preference and technological parameteeseidre, below we concentrate on the case of

short-sighted agents to study the complex dynarpicglerties of this simple economy.
2.5. Exogenous fertility: local stability with myogoresight

With myopic expectations both the expected inteaest wage rates depend on the current value of

the stock of capital per worker, that is

{“ s = aAKT (10)

W = (1-a)AK”
Therefore, exploiting Egs. (1), (2), (9) and (188 tdynamic path of capital accumulation is given

by the following non-linear difference equation:

BA-6-agn)1-a)A

7] -a
(1+ B)n &

kt+1: kta_l_l_lB a

K- (11)

Steady state implie&,,, =k =k . Therefore, the steady state stock of capital ¢ivhs the same

with both perfect and myopic expectations, see klieimd de la Croix, 2000) is

. (pali-a)A1-6-qn)|==
‘ _{ a1+ B)+6(1-a) } ' (12)

The analysis of Egs. (11) and (12) gives the follmaproposition:

Proposition 1. The dynamics of an OLG economy with exogenousitierPAYG pensions and

myopic foresighted individuals is the following.

(1) LetO<a <a, hold. Theng < g, <1, and

(1.1) if 0< @< g, the dynamics of capital is monotonic and convergek’ ;

(1.2) if 8 <8 <4,, the dynamics of capital is oscillatory and comesrt tok” ;
9



(1.3) if @=4,, aflip bifurcation emerges;

(1.4) if 8, <8 <1, the dynamics of capital is oscillatory and divengto k" .

(2) Leta,<a<a, hold. Theng, <1, 6,>1, and

(2.1) if 0< @< G, the dynamics of capital is monotonic and convergek ;

(2.2) if 8 <8 <1, the dynamics of capital is oscillatory and comgesit tok .

(3) Leta, <a <1 hold. Thend, > & >1 and the dynamics of capital is monotonic and cogeseat

to k™ forany0<6<1,

where
@=@w¢ﬂ:%£%§?, (13)
_ _all+a)i+p) _ ,1+a
92 —92(0’,,3) = (1—0')2 _91 a ' (14)
a, = az(ﬁ):z_“T VB S0 0<a, <12, (15)
a, =a,(B):= ~B+B)+ VZZ’Z *108+9 S0, 0<a, <1/3. (16)

Proof. Differentiating Eq. (11) with respect t¢ and using Eq. (12) we get:

Ok| _,_ 0 f1-af

ok v+ "1 p " 4 a7

Monotonic and non-monotonic dynamics with exogehensity
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From Eq. (17), the conditiogakl;—+1 - ZO implies
_ 2
a- 0 Mio - 9591, (18)
1+ a < >

so thatd, < 1(g, >1) foranyO<a<a, (a,<a<1). Moreover,g < lifand only ifa, <a <a,,

where a, = a,(8) = _1_7 15 0 ando< a, < 1/2is given by Eq. (15). Since, < ®is ruled

a-—2 Mq:w—”(l_*ﬂ). (19)

_1+,3 a l-a

. <1 and thus the dynamics of capital

Therefore, in the case of monotonic behavidix, a;tk:1 -

is always convergent to the steady state.

Non-monotonic dynamics: stability analysis withgemwous fertility

The condition% - z—1 implies
ok, "7 <

8 (1-af>

a- Z- 1636, (20)
1+ a < >

where 6, > g, so thatd, < 1(6, >1) for any O<a<a, (a,<a<1), with a,<a,. Moreover,

_ _ 2
6,<1 if and only if a,<a<a,, where a,=a,(8):= 5+A) 2“; *108+9 4 and

0<a,<1/3 is given by Eq. (16). Since, < 0is ruled out.

Therefore,
11



. <1 for any 0<6<4, (1.2)

(i) if O<a<a, then §,<6,< 1and (1_1)0<aak£1 .

Ok
0

:w<0kwqu<9<@41$%%i

k = ——Lifand onlyif 6=6,, and (1.4)

OKyiy
oK,

e S -1 for any 8, <8< 1 This proves point (1);

(i) if a,<a<a, theng <1 6,>1 and (2'1)O<aaklzl e <1 for any 0<8<4g and

(2.2) -1< aak;(':l o < 0 for any & <8< 1 This proves point (2);

(i) if a,<a<1thend, > > land0< aakgl e <1 for any0< @ <1. This proves point

(3).Q.E.D.
3. Endogenous fertility

In this section we assume that individuals alsevdrality from the number of children they wish to
raise and, hence, choose fertility on the bass rational comparison between benefits and costs of
children (i.e., the so-called weak form of altrujseee Zhang and Zhang, 1998). The model is

outlined below.
3.1. Government

The public pension budget is now

P =6wn, (21)

12



where n, is the endogenous number of children at time

3.2. Individuals

Individuals draw utility from material consumpti@ver the life cycle and the number of children,
see Eckstein and Wolpin (1985) and Galor and WI€96). The representative individual entering
the working period at solves the following problem:
max, 1Y, (G Cornt) = IN(e, )+ BIN(c,0n) + @n(n), (22)
subject to Egs. (5), where> dcaptures the parents’ taste for children.
The constrained maximisation of Eqg. (22) givepon substitution of the one-period forward

pension accounting rule Eq. 21 for,,) the demand for children and the saving rate aetsgely:

1-6
= - 0) W (23)
1+ B+ glaw - 90 .
5= wi-o) " (ﬂqua e j (24)
(1+,3+(0)qV\4 _(09 t+1 1471t

3.3. Equilibrium

Given the government budget Eq. (21) and knowirad t,,, = n,N,, equilibrium in goods and
capital market is

NK. =S .- (25)
Using Egs. (23)-(25) the equilibrium condition reaxs:

B Woiaa
=FPaw -6 .
s ¢th 1+71%

(26)
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3.4. Endogenous fertility: local stability with npio foresight

Exploiting Egs. (1), (2), (10) and (26) the dynarmpath of capital accumulation with short-sighted

agents and endogenous fertility is given by thiafahg non-linear difference equation:

_B o _pl-a
o= ol a)AK” -6~ Tk (27)
Steady state implies
a+61-a)l| -

The analysis of Egs. (27) and (28) gives the follmaproposition:

Proposition 2. The dynamics of an OLG economy with endogenoustyelPAYG pensions and

myopic foresighted individuals is the following.

(1) LetO<a <1/3 hold. Theng, < g, <1, and

(1.1) if 0< 8 < 4,, the dynamics of capital is monotonic and convergek ;
(1.2) if 8, <8< 6,, the dynamics of capital is oscillatory and corgent tok” ;
(1.3) if =6,, aflip bifurcation emerges;

(1.4) if , < <1, the dynamics of capital is oscillatory and divengtok” .

(2) Let1/3<a <1/2 hold. Theng, <1, ,>1, and

(2.1) if 0< 8 < 4,, the dynamics of capital is monotonic and convergek ;
(2.2) if 8, <8 <1, the dynamics of capital is oscillatory and comgest tok” .

14



(3) Let1/2<a <1 hold. Theng, > g, >1, and the dynamics of capital is monotonic and eogent

to k™ forany0<6<1,

where

all+a 1+a
6,=6,(a)= (1(_a)2) =6,==.

Proof. Differentiating Eq. (27) with respect ¢ and using Eq. (28) gives:

_g_gli=af
e —a—0 pat

Ok,.y
ok

Monotonic and non-monotonic dynamics with endogsfieniility

Therefore,akt+1 - zO yields
ok, I <

1-af >

Y o) 6=a,,
a < >

so thatg, < 1(4, >1) foranyO<a <1/2 (1/2<a <1).

oK., ,
Now, ok ket <1yields

2
_pl-af . a
1-a
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Therefore, in the case of monotonic behaviolig ag“l o <1 and the dynamics of capital is

always convergent to the steady state.

Non-monotonic dynamics: stability analysis with @gpehous fertility

> .
Moreover,akt+1 e — ~1yields
ok, 1 <

_ 2
A Sl) RSP (34)
4
a < >

where g, > 4,, so thatg, < 1(g, >1) foranyO<a <1/3 (1/3<a <1).

Therefore,

(i) if 0<a<1/3 then ,<f,<1and (1.1)0< aak”l

- <1 for any 0<6<86,, (1.2)

_1<% - <0 foranyg,<6<@,, (1-3)%

+1
ok,

k = ——Lifandonlyif 6=6,, and (1.4)

0K
oK,

e S -1 for any 8, <8< 1 This proves point (1);

(i) if 1/3<a<1/2 theng, <1 g,>1and (2.1)0< aakgl e <1 for any0<6@<g, and

(2.2) -1< aak;(':l - < 0 for any 8, < @< 1 This proves point (2);

(i) if 1/2<a<1 theng,>6,> 1and 0< aakgl e <1 for any 0<@<1. This proves

point (3).Q.E.D.
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4. Exogenous ver sus endogenous fertility with myopic expectations

In order to compare exogenous and endogenoustyjeelonomies we now assume that the same
number of children is raised in both contexts. \iiel that when PAYG pensions exist, the same
unique positive steady-state is achieved but with tlifferent dynamic adjustment proceses.

Moreover, the risk of cyclical instability due tarje PAYG pensions is higher with endogenous

fertility.

Proposition 3. If the number of children is the same in both exoge and endogenous fertility

economies, then the same unique positive steadyistachieved.

Proof. Assume that in the long run fertility is the saiméoth contexts, that is=n". Then

n=

(0(1—0’)A(k*)a(l— 9) _ (35)
@+ B+ galt-a)alc J -po™ Tk

Substituting Eq. (35) into Eq. (12) to eliminateand solving fork” we get Eq. (28)Q.E.D.

Proposition 4. (1) The existence of public PAYG pensions causémsglaer risk of cyclical
instability when fertility is endogenously deterednrather than when it is an exogenous event.
Moreover, (2) while in an economy with endogeneuslity the individual degree of thriftiness is

stability-neutral, when fertility is exogenous dig as an economic stabiliser.

®> Of course, when PAYG pensions are absent and the nuafibehildren is the same in both exogenous and
endogenous fertility economies, the dynamic pathspifaleaccumulation and the steady states stock of capitiagse

scenarios coincide.
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Proof. When fertility is exogenous (endogenous), cytlicatability emerges only in the case

O<a<a, whend, <0< 1(0<a <1/3 whend, <6< 1. Sincea, < 1/3and 6§, <8, :=6,(1+ ).

This proves point (1). Moreove% =6,>0 and%—l%1 =0. This proves point (21Q.E.D.

Comparison of Egs. (11) and (27) makes clear tlasore why cyclical instability more likely
emerges when individuals choose endogenously thebeu of children. When fertility is
exogenous, in fact, a rise in the individual degoé¢hriftiness reduces the relative weight of the
public pension component on savings and capitalirma@tion (see Eq. 11) and this, therefore,
tends to mitigate the negative impact effect ofighér contribution rate on the accumulation of
capital. In contrast, when fertility is endogenotng subjective discount factor does not affect the
public pension component (see Eq. 27) becausgydtively affects in the same way both savings
and the demand for children and, hence it is newmathe public pension component of the
dynamic path of capital accumulation. Therefore, tgclical unstable region is larger than with
endogenous fertility.

To illustrate the different dynamic adjustmembcesses in both exogenous and endogenous
fertility economies with PAYG pensions, we take théowing parameter se&A=10, a = 020,

B =040 and k, =0. 568 (the initial condition) for both economies. Fomgiicity, we assume
stationary population in the model with exogenocerility. i.e. n=1. Then we choose& = 030
and calibrateq=0. 112430 obtainn = 1in the model with endogenous fertility. This pasien
set generates the following flip bifurcation valwsgsthe contribution rated, =0. 52%xogenous
fertility) and 8, = 0. 375 (endogenous fertility). Then we assuiie 046. Despite the steady state

stock of capital is the same in both economi€és; 0.  434@ dynamic adjustment processes are

dramatically different. In particular, endogenoesrifity is a source of cyclical instability.

18



The cobweb depicted in Figure 1 shows the staf@n-monotonic trajectory towards the
stationary state when fertility is exogenous. Intcast, Figure 2 shows the unstable non-monotonic
trajectory in the case of endogenous fertility. Tikerence is explained by the stabilising effect
exerted by the subjective discount factor in redgdhe relative weight of the public pension
component in the PAYG-exogenous-fertility economyhich is instead absent in the PAYG-
endogenous-fertility economy. In fact, when fetilis an economic decision variable, individuals
accumulate less capital because the negative effleBAYG pensions on the public pension

component of the phase map Eq. (27) are not mieby the coefficienis, and this also causes a

reduction in the transitional rate of economic gifowf herefore, to the extent that the steady state
equilibrium is stable, the capital stock more rpmbproaches its stationary state when fertiity i

exogenously given than when it is endogenouslyraeted to the model.
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Figure 1. (Exogenous fertility). A pictorial view of cyckd stability.
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Figure 2. (Endogenous fertility). A pictorial view of cychl instability.

Since the focus of this paper is on the stestale effects of public pensions, in Figure 3 wiyon
sketch a numerical illustration to show that thelical behaviour depicted in Figure 2 as regards
the endogenous fertility economy is chaotic.

Define the right-hand side of Eq. (27) aékt) As known, the standard version of the Li and

Yorke's (1975) theorem predicts that a sufficieondition for the occurrence of deterministic

chaos isf(3)>k, > f(1)> f(2), where f () indicates the number of iterates of the functioni.e.

period three impliesopological chaoqfor an example of an application of the Li andrkess

theorem in a one-dimensional OLG economy see, astatbers, Zhang, 1999).
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Figure 3. A pictorial view of three iterations that satigfe Li and Yorke’s (1975) theorem in the

model with endogenous fertility.

Figure 3 displays three iterations of the phase rﬁép) that satisfy the Li and Yorke’s theorem.
Assume that the initial condition i%, =0. 568Then we find f(1)=0529, f(2)=0.081,

f(3)=0.576. Therefore, the non-monotonic dynamics of Figuris Zhaotic and the following

result holds.

Result 1. Ceteris paribus, in an economy pay-as-you-go pupéosions, the endogenisation of

fertility rates gives rise to deterministic chaos.

Result 1 may have interesting policy implicationgeg the importance of fertility on economic
growth and development (see, e.g., Becker, 196€ké3eand Barro, 1988: Barro and Becker, 1989;
Becker et al., 1990). In fact, the more people tendcquire a rational wisdom of the choice of the
number of children to raise, and this especiallyards developed countries, the more likely the
financing of public PAYG pensions creates highsiskcyclical instability.
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5. Conclusions

In this paper we analysed the dynamics of a Cobbglas overlapping generations economy with
public PAYG pensions by comparing exogenous and@saous fertility settings. Despite large

PAYG pensions may generate cyclical instabilitgspective of whether the number of children is
either exogenously given or endogenously determimetthe latter case the economy is much more
prone to be exposed to endogenous fluctuations d@vidre stationary state is the same. This
because with endogenous fertility individuals skegs and the relative weight of the public pension
component on capital accumulation is higher in tbase,ceteris paribusas regards the key

parameters of the problem. Therefore, the dynamjesément processes are different due to the
endogenous fertility hypothesis, and when the stastate equilibrium is stable the transitional rate

of economic growth is lower in that case.
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