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Abstract

A standard Cobb Douglas labour market model is use&xamine the role of
changes in prices and productivity on the stabilitys shown that in this walrasian
labour market deterministic endogenous economutiktions, which are seemingly
stochastic, emerge. Therefore it may be arguddftea controversial - in empirical
as well as theoretical recent literature — co-mo@nbetween variables does not
necessarily ground on stochastic shocks on priosdstechnology as retained in the
prevailing business cycle theory. In particulae show that negative shocks on

prices and productivity are always destabilisingd atrigger robust chaotic
fluctuations.



1-Introduction

Recent contributions have focused on the analykith® co-movement between
productivity and labour input at business cycl@frencies, useful to obtain empirical
tests of alternative models of economic fluctuatiom the frame of stochastically
driven business cycle theory. The results are owatsial because, after a positive
technology shock, employment and output resulteeithcreased or reduced. The
increase and the reduction may be interpreted iaemse in favour either of sticky
price models or of standard flexible price modetspectively (e.g. Gali, 1999;
Francis-Ramey, 2002; Marchetti-Nucci, 2005).

The motivation of this paper stems from the impaectaof evaluating whether and
how deterministic endogenous economic fluctuatiomgiich are seemingly
stochastic, may occur in a standard textbook wialnasabour market, therefore
arguing that the controversial - in empiricamvasl as theoretical recent literature —
co-movement between variables not necessarily giown stochastic shocks on
prices and technology as retained in the prevarkad business cycle (RBC) theory.
More in detail, the purpose of this paper is toestigate the effect of changes in
product prices and in the productivity index inyamamic walrasian labour market, by
using the simple standard textbook formulationprafferences and technology (the
Cobb-Douglas ones). Although a vast literature bagn developed with this
simplified “well-behaved” economy, its dynamic pespes have not been entirely
investigated under some realistic circumstancef siscthe occurrence of negative
shocks on prices and/or on productivity. Althoudie tanalysis regards only the
labour market, we note that it is at the “core” thfe modern neoclassical
macroeconomics, and therefore irregular economatdhtions arising in this market
(namely fluctuating wages and employment) may ednaore general business

cycles.

! The term “walrasian” in this context means thdtes adjust for eliminating a possible excess

demand.



We will show that negative shocks on prices as vesll on productivity may
destabilise a walrasian labour market.

The result of a possible instability in a “walrasiamarket may seem hardly
surprising at the light of the Sonnenschein (194Zantel (1974) —Debreu (1974)
theorem? Nevertheless, the novelty is that a persisteabtib fluctuation may be
the rule in the very basic textbook walrasian labmarket with “well-behaved”
agents’ functiong:any (temporary) sufficiently negative productivigyrice) shocks
will cause the convergence not back to the sameome that prevailed before the
shock but to a long term irregular trajectories @et. the seemingly stochastic

business cycles).

We will also show that persistent chaotic fluctaai emerge for a large sets of
realistic economic parameters. The economic ing¢apion is the following: negative
changes of prices and productivity, on the one,sidduce both labour input and
output, and as a consequence, on the other sclease real wages as well as wage
share, determining an “overshooting” of the norhwages dynamics and the trigger
of persistent irregular economic fluctuations. Thiso means that a negative shock
on productivity is followed by both increases anecrmases of the (fluctuating)
labour input, thus embodying both behaviours ptediby the seemingly alternative
models postulated by RBC theory and providing astbs endogenous deterministic
explanation of the controversial nature of the aovement between productivity and

labour input.

%In a nutshell: since the excess demand functinafoeconomy is not restricted by the usual
rationality restrictions on individual demands, nhaggregate demand functions can have "any
shape”, and this means, among other consequencethegomicroeconomic theory, that both
uniqueness and stability of the equilibrium ardarger guaranteed.

% Recently Fanti and Manfredi (2010) have shown it continuous time dynamics of a
“walrasian” labour market may lead to a limit cydat only if the labour supply is not “well-

behaved” (i.e. there is a negative relationshigvbet labour supply and wage).



Furthermore, the paper is also a contribute to dtnend of the literature, that,
traditionally, in economic dynamics has discoveot@otic behaviours in market
models. However we note that the present labourk@amodel is entirely
microfounded, in contrast with, for instance, thegkly investigated cobweb model
(generally with ad-hoc — that is not microfoundedon-linearities) in which, in some
cases, the possibility of chaotic price fluctuatidms been shown (e.g. Chiarella,
1988, Hommes, 1994).

To conclude, a main message is that the beliefstlale labour market as “core” of
the entire walrasian macroeconomics may be strongigkened even in the very
usual frame of Cobb-Douglas preferences and teoggolvhen the possibility of
negative shocks on prices and productivity arertak® account.

The plan of the paper is the following. Sectione2elops the model, section 3 shows
the dynamical analysis, section 4 shows graphicdlraumerical results. Concluding

comments follows.

2. The model.
We consider a one-good economy with a single reptesive firm and a single

representative worker-consumer.

2.1 Individuals

As usual an individual derives utility from the cmmption of two goods,
consumptionC, and leisureR.* Let's defineL=supply of labourW= money wage
per unit of time worked,Y= money income,p= price of consumption good,
w=W/p=real wage. The time constraint B+L=d, whered is the fixed time which
can be shared between leisure or labbufhe expenditure constraint YssWL=pC.

By substituting from the time constraint forthe budget constraint i€+wR=wd

* A complete analysis of labour supply is shownifistance in Barzel-McDonald (1973).
> Notice that Barzel-McDonald (1973) argue that suaV considerations may dictate a cer-

tain minimal level both of leisure time and of samption and moreover that “the roles played
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Denoting withs the elasticity of substitution between consumptowl leisure, it is
easy to see thaign dL/(dw)= sign [C(s-1)]that is the slope of the supply curve
depends on the sign ¢4-1). If sis a not constant value (in genesakill vary with
the ratio C/R), then “the supply curve can assume virtually ahppe” (Barzel-
McDonald, p. 624). Even by constrainirggto a constant value, nine different
diagrams of the curve may be drawn (Barzel-McDondid. 1, p. 625):
monotonically rising and falling, perfectly inelastand both backward and forward
bending.
For the sake of analytical tractability and for h@pose to derive our results in the
textbook “core” of a walrasian market, we focus the usual Cobb-Douglas
preferences (i.es=1).°
The individuals maximise the following utility fuhon

U =C*R", O<a<l1 (1)
under the constraints above described.
Standard calculations provide the labour supplygtion:

L =da (2)

2.2 Firms
Labour employed is the only input. The technology is representgdhle following
Cobb-Douglas production function:

Y = AD", 0<b<l A>0 (3)

by the two survival requirements are not symmetimnce all individuals are endowed with more
time than is needed for survival but not all hav#icient assets for survival.”(Barzel-McDonald, p.
622). However the introduction of survival consatens is beyond the scope of this paper and is
left for future research.

® The empirical validity of Cobb-Douglas functiorfarms are largely documented: for instance,
Barzel-McDonald (1973, p.29) investigating the tiela between the number of weekly hours of
work and the corresponding real hourly wage br.S. 1901-61 time-series, argue that “ this
corresponds to the Cobb-Douglas utility functiorewéhthe supply curve approaches asymptotically

a positive number of hours.”



Let N andw respectively define the total profit and the waage. The profit function
is defined as
M = pAD° —wD 4)
A standard maximization of (4) gives the optimaingad for labourD :
_[ pAbs
D _{ 4 } (5)

As usual, atthe equilibriutc=D must hold.
3- The dynamic model: steady states and dynamiralais

We first derive the dynamical model from the equadigiven in the previous section
and secondly we will analyse some of the dynanoperties of the model itself.
Wage dynamics is governed by the following equatishich is the usual discrete
Walrasian adjustment process, according to whicpewadjust proportionally to the
excess demand of the current period (e.g. Chickiyret al., 1995):

Wy = f(w) =w, - dad - D,]=w, -~ qF(w,) (6)

whereq is the speed of wage adjustmént.

” In this model prices are exogenously given, alhgwfor the investigation of the effects of their
exogenous shocks. However it would be straightfodwa amend the model by adding the price
sector (for instance by means of a mark-up relatasin Fanti 2002). This would imply the
complication due to the introduction of the prieeter without modifying in a substantial manner
the structure of the model.

8 Note that the presence of finite adjustment speedsthe use of static maximization rather than
full intertemporal optimisation to derive demand #ind supply of labourconstitute departures
from the strict neoclassical equilibrium dynami¢sowever an unambiguous warning on the
intrinsic complexity of the standard, although niotertemporal, neoclassical model may be a
substantive result, as Baumol (2000) argues:h&f analysis demonstrates that a wage reduction,
while it may sometimes stimulate employment, canther circumstances exacerbate it and lead to
dangerous oscillations, the result is surely suibista. It is a clear and unambiguous warning to be

disregarded by policy designers at the economys.[jp.231).



3.1. The steady state analysis.
The existence and uniqueness of the equilibriuth@fmapf(w) is easily derived by
equationF(w*)=0:

_ Abp

 (ad)*™® (7)

We focus the analysis on the parameters of intardbkis paper, that is product price
and productivity. The effects of the parametgendA on the equilibrium points are
given by the following:

ow* _ Ab _ ow* _  pb
- 1-b >0; - 1-b >
op (ad) 0A (ad)

(8)
Result 1. Both increasing price and increasing productivitgriease the equilibrium

wage.

3.2 The dynamical analysis.

As regards the stability issue, the local stabdiydition of map (6) is

oW, : oF

_— t+ =fw =1-g— <] 9

el =l peady] ©

2-b
Result 2: Givenai:Lz_bw, then the stability condition (9) boils down to
(1-b)Apttb
2-b
the following : O<qg—\|,:v =g @D ) (10)
" 1-b)Aptth

and therefore a loss of stability of the equilibnwf (7) may occur only through a

flip bifurcatior? (i.e. wher(l-qg—vij -_1).
As regards the role of the paramet@&r&ndp on the local stability, the following
holds:

Result 3: Both increasing prices and productivity work foalstity.

® Broadly speaking, a flip bifurcation is a locéfiincation occurring when the derivative of the-uni

dimensional map is equal to -1.
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Result 3 straightforwardly derives from the folloiderivatives:

of', _q(ad)”@-b) _ of'y __ g(ad)™™
= >0 =

0 11
. >0 (11)

2-b

(L-b)2bAp*® " (- Db o
The condition for the local stability (i.e. the quality (10)) may be re-expressed in

terms of the parametepsandA in the following way:

1-b

S a>—de (12

2(1-b) ptob

Moreover a flip bifurcation at the equilibriuw® occurs when

1-b

_ _| g(ad)*® |2 _ _q(ad)*”
p= pFIip - { _ } ) A= AFIip - 2-b (13)
2(l-b)Ab 2(1-b) pﬁb

In the next section we resort to numerical simalaito illustrate the main results of
the steady state and dynamical analysis, showmnghdrmore, that an onset of

chaotic behaviours via a period-doubling routeltaas does exist.

4 - Numerical illustrations.

The simulations are performed to illustrate how dtrecture of the attractors evolve
as the bifurcation parameter is varied while al tther parameters are kept fixed.
We consider for illustrative purposes the followipgrameter sea= b=0.5, q=0.8
d=1.

The bifurcation diagram of a one-dimensional mapaghan attractor of the map as a
(possibly multi-valued) function of one chosen paeter. The first bifurcation
diagram is drawn with respect to the parampierith the other parameters fixed at
the values above in the text aAdl, and it is shown in figure 1. Figure 1 suggests
the following bifurcation scenario. If price is fafently high there exist a stable

equilibrium. If price decreases then the equilibribecomes unstable and period

10
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doubling bifurcations occur. After many period dbog bifurcations the wage

behaviour becomes chaoticis further decreased.

-8.82

Fig.1- Bifurcation diagram of w for p (0.30<p<0.Y(a=b=0.5, A=d=1, g=0.8)

The second bifurcation diagram is drawn with resge the parameteA and is
shown in figure 2. Figure 2 suggests a bifurcatsmenario very similar to that
regardingp. Indeed, if the index of productivity A is suffesitly high a stable
equilibrium does exist. If the value @& decreases then the equilibrium becomes
unstable and period doubling bifurcations occuriclvlrepresent the onset of wage

chaotic dynamics wheA is further decreased.

19 Note that the period 3 cycle has a particularlgenivindow (in fig. 1 as well as in fig.2).

11
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—i_ Qz2

Fig.2- Bifurcation diagram of w for A (0.30<A<0.Y(a=b=0.5, d=p=1, q=0.8)

As regards the evidence of chaotic behaviour dygglan the bifurcation diagram,
we note that simple constructive chaos conditioay tve determined resorting the
so-called Li-Yorke (1975) overshoot conditions.

Let’s invoke the following theorem:

Theorem 1 (Theorem 5.4, Day, 1994, p.8%)Let’s define Z as domain of definition
for the process represented by the map f and,|&) (be a closed continuous system:

If there exists a point x=z such that(z) <z< f'(2) < f*(2) or conversely such that

f3(22z= f!(2) = f*(2), then there exist a cycle of every order n=1,2,3in.Z.

X This theorem allows for a simple computationaktamnsisting in the computation of a finite
sequence and search for a pantith subsequent points satisfying the inequalitrethe theorem.
Obviously, although analytical conditions for whi¢he Li-Yorke conditions hold has been
provided for some classes of maps, such consteiconditions for chaos must make use of
numerical and graphical techniques for the most gfathe specific maps emerging from economic
problems, such as the present maphich are not belonging at well investigatedssks of maps.
Therefore such constructive results are subjecth&o round-off error involved in numerical

simulations of the non-linear map.

12
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Following Li and Yorke (1975) it follows that whehe mapf has a period 3 orbit
such a map is topological chaotic, in the sense thathere exist infinitely many
periodic points with different periods, and 2) thesxists an uncountable set of
aperiodic points, for which there is sensitive def@nce on initial conditions.

wit+l=iwii

wi3)=1 14

0,8 Wi)=075

0,87

witi=1.0

0,4:

wiZ)=074

DIE rrrrrrrrrrrrrrrrrT 1T 1T 1T 1T 1T 11T T T T1TT7TT1TTT
o2 o4 0,6 2,8 1 1,2 1,4
Wit

FIG. 3 - Orbits showing a period-three cycle aroutite unstable equilibrium
w*=0.54,(a=0.85, b=0.5, A=p=d=1, g=0.9)

Figure 3 neatly illustrates that the conditionstiforem 1 are satisfiédindeed,
starting from a value of the dependent variabtel.0, the values of the first three
iterates of the maparef(1)=0.75, f(2)=0.74, f(3)=1.14.

5- Conclusions

12\We note that the detection of period three suiralylies the presence of very complex transients
but not necessarily of a stable chaotic attractockvwould render chaos not only existing but also
observable (for instance the three period windofwi® map shown in figs. 1 and 2 do not appear
chaotic). Jointly considered, figs. 1, 2 and 3 shbwat the chaotic behaviour does exist and is

observable.

13
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The dynamics of a walrasian labour market modeh veitandard Cobb Douglas
supply of labour and demand for labour curves syaed. We prove that chaotic
dynamical behaviour can occur, even if both thepsumnd demand curves are
monotonic and “well-behaved”. In the spirit of thexent literature developed in the
different frame of (stochastically driven) businegsles theory, the dynamic effects
of exogenous changes of 1) product prices and rdgugtivity, have been
investigated, showing that: 1) negative changgwiogs as well as productivity play
a destabilising role and trigger persistent ecordhactuations which may be chaotic
and therefore seemingly stochastic as retainedhbybusiness cycle theory. The
interest of these results lies in the relevancéheir messages and in the simplicity
with which are obtained: 1) the most standard mofed. based on Cobb Douglas
functions) of the “core” market of the walrasimacroeconomics (that is the labour
market), may generate deterministic endogenousesssicycles; 2) negative shocks
on prices and productivity are always destabilisizngd trigger robust chaotic
fluctuations.

In particular, since in our model a negative shoclproductivity may be followed by
both increases and decreases of the (fluctuatamigoulr input, then it provides a
possible endogenous deterministic explanation ef nhture of the co-movement
between productivity and labour input in both dir@as, so reconciling the
controversial evidence emerged in the empiricaliegions of the RBC theory.
Finally, in order to investigate in a deep wayhe frame of our simple deterministic
walrasian market another main issue of the rddenature on (stochastically driven)
business cycles — i.e. if the comovement betwesor lmput and productivity shocks
Is also, and in what extent, significantly affectsdthe degree of price stickiness —
both, on the technical side, a codimension tworbition analysi§ and, on the
economic side, an extension to other markets ¢egds and money markets), would

be necessary. This seems to be a promising tapifuture research.

13 Broadly speaking, the analysis of the dynamicaliion when both prices and productivity are

simultaneously changing.
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