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Abstract

We deal with a class of generalized fractional programming problems
having a polyhedral feasible region and as objective the ratio of an
affine function and the power p > 0 of an affine one. We aim to pro-
pose simplex-like sequential methods for finding the global maximum
points. As the objective function may have local maximum points not
global, we analyze the theoretical properties of the problem; in par-
ticular, we study the maximal domains of the pseudoconcavity of the
function. Depending on whether or not the objective is pseudoconcave
on the feasible set, we suggest different algorithms.
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I. Introduction

Fractional programming (FP) problem is a special class of nonlin-

ear programming which optimizes one or some ratio objective func-
tions over a feasible region. FP problems usually arise for modelling
real life problems such as production planning, financial, health care,
and engineering (see for instance Frenk and Schaible (2005)).
Motivated by the interest on FP in the literature (see for instance
the extensive bibliography in Stancu-Minasian (2006)), this paper
considers a class of generalized fractional programming problems
whose feasible region is a polyhedron and whose objective is the ra-
tio of an affine function and the power p of an affine one. With the
aim of solving the problem, we will give an algorithm based on the
so called optimal level solutions method. This approach has been
proposed, for the first time, for solving a linear fractional prob-
lem Cambini and Martein (1990), and then, it has been used for
generalized class of FP (see for istance Cambini (1994), Carosi and
Martein (2008),Cambini and Martein (2012),Ellero (1996)). Even if
the analyzed problem may have several local optimum points which
are not global, the theoretical results stated in the paper allow us
to solve it by means of a simplex-like algorithm.
The paper is organized as follows: in Section II. the problem is
stated, Section III. is devoted to determine the maximal domain
of pseudoconcavity of the objective function; according with the
different specification of problem parameters, different theoretical
properties and sequential methods are proposed in Section IV. and
in Section V. In order to clarify how the algorithm works, in Section
6 some easy examples are illustrated.

II. Statement of the problem

We consider the following optimization problem:

. B ch+co
P sup f(ﬂf) — (de+d0)p (1)

st. reX={zeR": Axr=b, >0} C D,
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where D = {x € R" : d"x +dy > 0}, p > 0, Ais a real m x n
matrix, with rank[A] = m < n.

We aim to establish conditions under which Problem P has optimal
solutions and to propose sequential methods for finding them. A key
tool of our analysis is the pseudoconcavity of the objective function.
It is well known that if the objective function is pseudoconcave, then
local maximum points are global ones and therefore, Problem P can
be solved more easily with respect to the general case. Since f is not
in general pseudoconcave (see Example 4), in Section 1. we will
characterize the maximal domain of pseudoconcavity. The stated
conditions are related to the values of the objective function param-
eters ¢, d, ¢y, dy, and p. In particular, we are going to distinguish the
cases rank|c, d] = 2 and rank|c, d] = 1; we will derive different char-
acterizations for the pseudoconcavity. The value of rank|c, d] bears
on the theoretical properties of Problem P and consequently, we
will propose different sequential methods accordingly. Therefore,
Section IV. deals with the case rank|c,d] = 2, while Section V. is
devoted to the case rank|c, d| = 1.

Regardless the parameter specifications of function f, if an op-
timal solution exists, it belongs to a feasible edge. Furthermore, if
the supremum is not attained as a maximum, then there exists an
extreme direction along which the function converges to the supre-
mum. With this regards, the following theorem holds. We omit its
proof since it is similar to the one given for Theorem 3.1 in Carosi
and Martein (2008).

Theorem 1 Let L be the supremum of Problem P.

i) L is attained as a mazimum if and only if there exists a feasible
point 2° belonging to an edge of X such that f(a") = L;

ii) If L is not attained as a mazximum, then there exists an extreme

direction u and a feasible point 2° such that L = ﬁli{rn f(2 +tu).
— 100
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III. On the maximal domain of pseudoconcavity

We study the pseudoconcavity of the function

'z + ¢

(@t dy @

on the domain D = {z € R" : d'z + dy > 0}, p > 0. Throughout
the paper, we will assume p # 1 and ¢ € R" \ {0} since it is well
known that, when p = 1 or ¢ = 0, f is both pseudoconvex and
pseudoconcave on D.

In what follows V f(z) and H(z) will denote the gradient and the
Hessian matrix of f evaluated at x, respectively.

fx) =

For the sake of completeness, we recall the definition of a pseudo-
concave function.

Definition 2 Let f be a real-valued differentiable function defined
on a convex set C C R". f is said to be pseudoconcave on C' if and

only if
Vel 2?2 e C, f(2') < f(2?) = (2® — 2TV f(2!) > 0

In order to characterize the maximal domain of pseudoconcavity of

f, we will use the following second order characterization (see for
all Cambini and Martein (2009)).

Theorem 3 Let f be a twice differentiable function defined on an
open convex set A C R"™. Then, fis pseudoconcave on A if and only
iof the following two conditions hold:

i)reAveR vIVf(r)=0= vTH(z)v <0;

i) If 2° € A is a critical point, then 2° is a local mazimum point

for f on A.

According to Theorem 3, we have to analyze the behavior of the Hes-
sian matrix on the directions which are orthogonal to the gradient
and we have to establish whether the critical points are maximum
points. The gradient and Hessian matrix are as follows:
v ~o(dTx + dy) — pd(cx + ¢)
flz) = (dTz + do)+! ,

(3)



6 L. Carosi, L. MARTEIN, E. VALIPOUR

H(x) = pl(d* x4+ dy)(—cd (;Ticﬁdt)fﬁ; D) (c'x 4 ¢o)dd ] ()

We will separately consider the case rank[c,d] = 2 and the case
rank|c, d] = 1.

Assume first that rank|c, d] = 2; the following example shows that
f is not in general pseudoconcave. The example takes a function
where p > 1, but similar examples can be constructed for the case
0<p<l.

—1’1—|—1’2—2

Example 4 Consider f(x) = T
I I9

, p>1 and its restric-

. . . —I
tion @ on the half-line o = 2 and r1 > —3, i.e., p(r;) = ——.
¥ f 2 1 o(r1) (21 1 3)7
3
It can be easily verified that x1 = 1 > 0 is a mimimum point for

w. Hence, ¢ is not pseudoconcave on the half-line and, therefore, f
15 not pseudoconcave on D, Vp > 1.

Taking into account (3), condition rank|c,d] = 2 implies the non-
existence of critical points. Thus, f is pseudoconcave on D if and
only if condition i) in Theorem 3 holds.
By setting

Di=Dn{zeR":c'z+c >0}

and
D' =Dn{zeR": 'z + ¢ <0}

the following theorem characterizes the maximal domain of pseudo-
concavity of f.

Theorem 5 Assume rank|c,d] = 2.
i) If p > 1, then f is pseudoconcave on D}r.
i) If 0 < p < 1, then f is pseudoconcave on D' .

Proof Let us first observe that the linear independence of vectors ¢
and d implies that both D! and D! are non-empty sets. From (3),
rank[c, d| = 2 implies V f(z) # 0,Vx € D. Let v # 0 be a direction
p(cfa + cp) Ty

such that Vf(x)Tv = 0. It implies that cfv = (@ + do)
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e (1= P + @)@ Then

vIH(z)v < 0 for every o € D if and only if (1 — p)(cfa + ¢y) < 0.

Consequently, from condition i) of Theorem 3, f is pseudoconcave

on IntD! if and only if p > 1 and f is pseudoconcave on IntD! if

and only if 0 < p < 1.

Consider now, z € DI N DL.

For every z* € IntD! | we have f(x) < f(2?), and (2? —2)'V f(z) =
cla? + Co

and vIH(z)v =

> 0. For every z? € IntD!, we have f(z) > f(z?) and

(dTx + dy)P

T2
(x — )TV f(2?) = —m > (. Consequently, taking into
account Definition 2, the proof is complete. 0

The particular structure of the function allows us to easily char-
acterize the maximal domain of the pseudoconvexity too.

Theorem 6 Assume rank|c,d] = 2.
i) If p > 1, then f is pseudoconvex on D! .
i) If 0 < p <1, then f is pseudoconvex on D! .

Proof Since f has no critical points, f is pseudconvex on an open
convex set A if and only if for every x € A,v € R", itisv! Vf(z) =0
= vl H(x)v > 0.

Recalling that v H(z)v = i fdo)p“ (1 = p)(c'z + ) (d" )2,
the proof is obtained along the lines of the previous theorem. O

Consider now the case rank[c,d] = 1, i.e, ¢ = vd, v # 0. Then,
we have

 yd'z+
1@ =t aoy
and the gradient and Hessian matrix can be specified as follows:

V1) = (= D@+ ) = bl =10l (5)

dd”
(dT.T + d())

H(x) =

—p[v(p—1)(d"z +do) + (p+1)(co —vdy)]. (6)
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The following theorem characterizes the pseudoconcavity of f on D.

Theorem 7 Assume rank|c,d] =1 and ¢ = ~vd, v # 0.

Then, f is pseudoconcave on D if and only if one of the following
conditions holds:

Z) 7(1 _p) < 07'

i) y(1 —p) >0 and ¢y — ydy < 0.

v(z —dy) +

Proof Setting d” xz+dy = z, function f becomes n(z) =

(1 = p)z — pleo — vdo)
~p+l

Let 2',2> € D and set 23 = d'z' + dy and 2 = d'2z? + dy.
Then, f(z') < f(2?) if and only if n(z;) < n(22). Furthermore,
Vf(z) = n'(2)d and, consequently, Vf(z!)T(2? — 2!) > 0 if and
only if n/'(21)d” (2% — x') = 1/(21)(22 — 21) > 0. Therefore, f is pseu-
doconcave on D if and only if 5 is pseudoconcave on (0, +00).

Since 7 is a single variable function, 7 is pseudoconcave if and only

2P

and we have 7/(z) =

if its critical points are maximum points.

If v(1 —p) < 0, then either 7 is decreasing on (0, +o0) or it has
a critical point which is a maximum point. If v(1 —p) > 0 and
co—dy > 0, then n has a feasible critical point which is a minimum
point. If (1 —p) > 0 and ¢y — vdy < 0, then 7 is increasing on

(0, +00).
Consequently, n is pseudoconcave in (0, +o00) if and only if i) or ii)
holds. The proof is complete. O

Remark 8 Tuking into account (6), it is easy to verify that if ii)
of Theorem 7 holds, then f is concave on D.

As a direct conseguence of Theorem 7, we are able to characterize
the pseudoconvexity of the function.

Theorem 9 Assume rank|c,d] =1 and ¢ = vd, v # 0.
Then, f is pseudoconvex on D if and only if v(1 —p) > 0 and
Co — ’}/d() > 0.
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IV. Case ranklc,d] =2. Theoretical properties and se-
quential method

We consider the case rank[c, d] = 2. First some theoretical prop-
erties of problem P are established and, successively, a simplex-like
sequential method is suggested for solving the problem.

Theorem 10 Assume rank|c,d] =2, p > 1.

i) If XN{x € R" : cfo+cy > 0} # 0, then, the supremum L
of problem P is L = +oo if and only if there exists an extreme
direction u such that c'uw > 0 and d"uw = 0. In any other case, the
supremum is attained as a mazximum.

i) If X C {x € R" : ¢’z + ¢y < 0}, then, the supremum L of
problem P is L = 0 if and only if there exists an extreme direction
u such that d"u > 0. In any other case the supremum is attained
as a mazximaum.

Proof From ii) of Theorem 1, we have to study the behaviour of f
along every extreme direction v of X, i.e., d'u > 0.
Let ¢ be the restriction of f on the half-line x = 2% 4 tu, t > 0,
2’ € X, ie.,
ot) = L'z +tclu+ ¢

(dT20 + tdTu + dy)P”
We are going to prove i) and ii) separately.
i) Without loss of generality, we can assume that ¢’z + ¢y > 0,
Vo € X. Hence, ¢’u > 0 for any extreme direction w.
If d'u = 0 and cfu = 0, then ¢(t) = f(2), Vt > 0;if d¥u > 0,
then lim ¢(t) = 0.

t—+00
Consequently, L = +oo if and only if there exists an extreme direc-

tion u such that d’u = 0 and ¢’u > 0.

ii) Since ¢z + ¢y < 0, Vo € X, it results cfu < 0 for any extreme
direction u. If d*u = 0 and c’u = 0, then o(t) = f(z"), Vt > 0;
if du =0 and cTu < 0, then lim ¢(t) = —oo; if dfu > 0, then

t—-+00
lim ¢(t) = 0. Since f(z) < 0 Vz € X, L = 0 is the supremum if

t——+00

and only if du > 0. 0

(7)
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Theorem 11 Assume rank[c,d] =2, 0 <p < 1.

i) If X C {z € R": cTx+cy < 0}, then, the supremum L of problem
P is L = 0 if and only if there exists an extreme direction u such
that d™u > 0 and c'uv = 0. In any other case the supremum is
attained as a mazximum.

i) If X N {x : cTa+cy = 0} # 0, then, the supremum of problem
P is L = +oo if and only if there exists an extreme direction u
such that c"u > 0. In any other case the supremum is attained as
a mazrimum.

Proof Take an extreme direction u, i.e., d’u > 0 and the restriction
¢ of f on the half-line x = 20 +tu, t > 0, 2° € X. We are going to
prove i) and ii) separately.

i) We have c'u < 0. If c'u = 0 and d"u = 0, then p(t) = f(29),
Vt > 0; if cTu < 0, then lim ¢(t) = —oo; if cf'u = 0 and d'u > 0

t——400

then ltlim ©(t) = 0. Consequently, L = 0 if and only if c’u = 0 and

——400

dTu > 0.
i) If cTu < 0, then tliin ©(t) = —oo; if cf'u = 0 and du = 0, then

o(t) = f(2%), Vt > 0; if cf'u = 0 and d'u > 0, then tliin o(t) = 0.

Consequently, L. = +oo is if and only if there exists an extreme
direction u such that cTu > 0. .

When rank|c,d] = 2 and f is not pseudoconcave, the following
theorem shows that if Problem P takes the maximum, then it is
attained at a vertex.

Theorem 12 Assume rank[c,d] = 2, and one of the following con-
ditions holds:

i)p>1and X C {z € R": cl'x + ¢y < 0}.

W) 0<p<land X C{rx €R":clz+c >0}

If the supremum of problem P is attained as a mazximum, then there
exists a vertex of X which is a maximum point.

Proof From Theorem 6, f is pseudoconvex. The result follows from
the properties of pseudoconvex functions (see for all Cambini and
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Martein (2009)). Nevertheless, for sake of completeness we provide
an independent proof for the case i).

Let 2° be an optimal solution. Since Vf(x) # 0,Vo € X, 2V be-
longs to the boundary of X. If 2V is a vertex, then there is nothing
to prove. Otherwise consider the restriction ¢(t) of f on an edge
containing 2°, i.e., x = 2" +tu, t € (—¢,¢). We have

t(1 —p)cTud v + cTu(d¥a® + dy) — pdTu(cf 2 + cp)

/
t) = .
) (dT2 + tdTu + do)P™!
Since 2 is an optimal solution, then t = 0 is a local maximum
point for ¢ so that ¢’(0) = 0. If d'u = 0, then, necessarily, we have
o 'z + Co T T
c’u = 0, otherwise —— = p———— < 0 and (1 — p)clud"u < 0.

'~ Va0 + dg
Since p > 1, necessarily we have (1 — p)cludu = 0. Consequently,
f is constant on the edge so that there exists a vertex which is op-
timal. .

e Sequential method

We are going to propose a sequential method which allows to solve
the problem either the objective function is pseudoconcave on the
feasible set X or not. Referring to Theorems 5 and 6, we have to
analyze four different cases.

Note that, when function f is not pseudoconcave on X, solving
problem P on X means to look for a maximum of a pseudoconvex
function or, eqivalently, to look for a minimum of a pseudoconcave
function. This last problem, like finding a minimum for a concave
function, is a hard problem. Nevertheless, taking into account the
particular structure of f, we can suggest a simple sequential method
for solving P also in this case.

The proposed solution method extends the so called “optimal level
solutions” approach (see Cambini and Martein (1990)).

First observe that the denominator function d* z+d, is lower bounded
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on X. Thus, the linear problem

P;: min (de + d()),
reX
has optimal solutions. Let 6,,;, be the minimum value of P;. Con-
sider the linear program

P,:max (' +cy), v € XN{x:d"z+dy= O}

Assume that the supremum of P, is finite and let zy be a vertex of
X which is an optimal solution of P. (note that if P. does not have
solutions, then the supremum of problem P is +00). Starting from
xp, we suggest an algorithm for determining a local maximum point
(if one exists) of problem P.

Consider the linear parametric problem

P(#) : ¥(0) = max (c"z+cp), v € X(0) = XN {z : d"z = d"2¢+6}

and set © = {0 : X(0) # 0} = [0, Onax], where Oy may be +oo.
We have

max f(x) = max max f(x).

reX 0cO zeX(0)
Setting h(6) = it It
etting h(6) xren)?gg) f(x), it results
_ _ ()
T ) = ey O MO =

If h(0) increases (decreases), then the function f(x) increases (de-
creases) so that a local maximum of h(#) corresponds to a local
maximum of f(x).

The following sequential method determines (if one exists) a local
maximum point for h(f).

The idea is the following: corresponding to the vertex x(, which is an
optimal solution of P(6y), 6y = 0, denote by By the set of indices
associated with the basic variables and set g = (xp,,0). Apply-
ing sensitivity analysis, we find (xp5,(0),0) = (xp, + fup,,0) which
is optimal for P(0) for every 6 belonging to the stability interval
[00,01] =10 : xp,(0) > 0}. If A'(6y) < 0, then (zp,,0) corresponds
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to a local maximum point of P. If there exists 0 € [0y, 61] such that
W(0) = 0, then (z3,(d),0) corresponds to a local maximum point
of P which belongs to an edge of X. In any other case, for 6 > 6,
the feasibility is lost and it is restored by applying an iteration of
the dual simplex algorithm. We find a new stability interval and
we repeat the analysis. Proceeding in this way, we develop a finite
sequence of basis By, k = 0,1, ... and a finite number of stability
intervals [0y, Ox41], £ =0,1,....

With the usual notations, corresponding to the basis By, we have:

x(e) - (ka(e)a O) - (ka + euBm 0)?

(0) = ¢ ap, + 0cg up, + co, 0 € [0, O] so that

ek xp, +0ck up, + o

h(g) = B o fke)p .0 [0k, 051], (8)
(1—p)ch uBk9+ka

1) = ( emlfll TR 0 € [0, Or1). (9)

where &p, = Ominch up, — p(ch, B, + o).

A local maximum point 65 of h(f) corresponds to a global maxi-
mum for P if f is pseudoconcave, or when f is pseudoconvex and
h'(8) < 0 for every 6 > 0. In the other cases, we have to look for
another value 6y, of 0 such that h(@k) = h(0;). The uniqueness of
0, > 0 is guaranteed by the pseudoconvexity of h(60), together with
el—iinoo h(0) =0 (if p > 1) or GEEFnOO h(0) = +o0o (if 0 < p < 1).

We make a jump setting d” = + dy = Opin + @; + 6 and we find a new
optimal level solution by solving the problem
P): ¥(0) = T

() = (0) nax (¢ =+ c)
where X (0) = X N{x: d'z + dy = Opin + 0, + 0}.
Observe that if P(f) does not have solutions, then z(6;) is a global
maximum point for P.
As a final remark, let us observe that, with respect to the orig-

inal problem P, the parametric problem P(#) has the additional
constraint d'x = d¥xy + 6. This leads to the introduction of an
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additional slack variable z,, 1. According to the idea of the optimal
level solution method, for any value of 8, every optimal solution of
P(0) is binding to the parametric constraint, so that there exists a
basic optimal solution (x,, 0) such that x,1 is a non-basic variable.
Therefore, with a little abuse of notation, we will refer to (xp,,0)
as a basic solution of the original Problem P.

As it has been outlined before, we have to deal with four differ-
ent cases, i.e., we have four different procedures inside the main
algorithm. With respect to the case p > 1, Procedure A is related
to the pseudoconcave case, while Procedure B to the pseudocovex
case; with respect to the case 0 < p < 1, Procedure C' is related to
the pseudoconcave case, while Procedure D to the pseudocovex case.

The main algorithm

Step 0. Compute Cya = sup(clz + ¢). If p > 1, then go to Step
rzeX
1, else go to Step 2.

Step 1. If Ci.x > 0, then Procedure A, else Procedure B.

Step 2. If C.x = +00, then STOP: the supremum of Problem P
is +00 too, otherwise go to Step 3.

Step 3. If Chax < 0, then Procedure C, else Procedure D.

Procedure A: pseudoconcave case, p > 1

Step 0. Solve problem P, and let 6., be its optimal value. Solve
Problem P.; if P. does not have solutions, STOP: the supre-
mum of P is +o00. Otherwise let xy be an optimal solution
of P. which is also an optimal solution of Problem P(6,) with
6o = 0. Set £ =0 and go to Step 1.

Step 1. Determine the stability interval [0, 05, 1] associated with
the optimal solution z(6y) = (zp, + Orup,,0) of P(6y).
Compute A'(0). If h'(6r) < 0, STOP: x(0;) is the optimal
solution of P otherwise go to Step 2.
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&by
(1 - p)cgkuBk .
2(f) is the optimal solution of P; otherwise let i be such that
TB,, + Ori1u B, = 0. Perform a pivot operation by means of the
dual simplex algorithm, set £ = k£ + 1 and go to Step 1.

Step 2. Compute § = — If 0 € (O, Or+1], STOP:

Procedure B: pseudoconvex case, p > 1

Step 0. Determine O, = supd’z. If .« = +00, then STOP:
reX
the supremum of Problem P is 0. Otherwise go to Step 1

Step 1. Solve problem P, and let 6,;, be its optimal value. If
Omin — do > 0, then set 0y = Omax — (Omin — do). Solve problem
P. and let xy be an optimal solution of Problem P. which is
also an optimal solution of Problem P(f) with 6, = 0. Set
k=0, XM =0, and Valy = —oo. Go to Step 2.

Step 2. Determine the stability interval [0y, 0)41] associated with
the optimal solution z(0;) = (xp,(0k),0) = (xp, + Orup,,0) of
P(0;). Compute h'(0). If h'(0x) > 0, go to Step 4. Otherwise
x(0r) is a local maximum point for f. If f(x(6;)) > Valy then
XM = {z(0))}; if f(x(0x)) = Valg, then XM = XM U {z(6;)}.
Go Step 3.

Step 3. Solve h() = h(6;), and let 6;, > 6}, be the solution.
If §), > Opmax, then STOP: XM is the set of optimal solutions.
Otherwise if Qk < 6.1, go to Step 4, else if 0,1 < Qk < Oraxs
set 0 =6 —I—Qk, Omax = Omax — Qk, by means of an iteration of the
dual simplex algorithm find a new feasible solution for Problem
P(60), compute the associated stability interval [0}, 0x11] and go
to Step 4.

Step 4. If 0.1 = 0. then k = k41 and go to Step 5. Otherwise,
let ¢« be such that xp, +0;+1u By, = 0. Perform a pivot operation
by means of dual simplex algorithm. Set k£ = k + 1 and go to
Step 2.
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Step 5. Tf f(2(6:)) > Valy then XM = {w(6,)}; if f(2(65)) = Val,
then XM = XM U {x(6;)}. STOP: XM is the set of optimal
solutions

Procedure C, pseudoconcave case, 0 < p < 1

Step 0. Solve problem P, and let 6., be its optimal value. Solve
problem P. and let zy be an optimal solution of Problem P.
which is also an optimal solution of Problem P(6y) with 6y = 0.
Set k =0 and go to Step 1.

Step 1. Determine the stability interval [0, 05, 1] associated with
the optimal solution z(6;) = (zp, + Orup,,0) of P(6y).
Compute A'(0). If h'(0r) < 0, STOP: x(0)) is the optimal
solution of P, otherwise go to Step 2.

Step 2. If #/'(0) > 0, VO € [0, 0511] and 0.1 = 400, then STOP:
the supremum of problem P is 0.
If W'(0) >0, V0 € [0, 0r+1] and 01 < +o0, then let i be such
that x By, T Ori1u By, = 0. Perform a pivot operation by means
of the dual simplex algorithm, set £k = k + 1 and go to Step 1.
If there exists 6 € (0, 0j11] such that A'(f) = 0, then STOP:
2(f) is an optimal solution of P.

Procedure D: pseudoconvex case, 0 < p < 1

Step 0. Determine optimal value 6., of problem max d’z. Solve

problem P; and let 6,,;, be its optimal value. If 60);11& —dy > 0,
then set Opax = Omax — (Gmin — do). Suppose zy be an optimal
solution of Problem P. which is also an optimal solution of
Problem P(6y) with 6, = 0.

Set k=0 and XM = (), Val; = —co and go to Step 1.

Step 1. Determine the stability interval [0y, 0.1] associated with
the optimal solution z(0;) = (xp,(0x),0) = (xp, + Orup,,0) of
P(0y). Compute h'(0y). If W' (0x) > 0, go to Step 3. Otherwise
x(0x) is a local maximum point for f. If f(x(6;)) > Val; then
XM = {I(Qk)}, if f(a:(Qk)) = Valf, then XM = XMy {a:(Qk)}
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If B'(f) < 0 for > 6, then STOP: XM is the set of optimal
solutions, otherwise go Step 2.

Step 2. Solve h() = h(6;), and let 6;, > ), be the solution.
If 6), > Omax, then STOP: XM is the set of optimal solutions.
Otherwise if Hk < 011, go to Step 3, else if 0,1 < Qk < Omax,
set 0 = 0 + 0, and Oy = O — Qk, by means of dual simplex
algorithm find a new feasible solution for Problem P(6). De-
termine the new stability interval [0y, ). 1] associated with the
feasible solution and go to Step 3.

Step 3. If 0.1 = O then k = k41 and go to Step 4. Otherwise,
set ¢ be such that xp, +8k+1u3ki = 0. Perform a pivot operation
by means of dual simplex algorithm. Set £k = k + 1 and go to
Step 1.

Step 4. If f(x(0)) > Valy, then XM = {x(6;)}; otherwise if
f(z(0;)) = Valy, then XM = XMU{z(0;)} is the set of optimal
solutions. STOP: X is the set of optimal solutions.

Remark 13 Whenp > 1, XN{z € R" : cTx+cq > 0} # 0 and there
exists v € X such that c’x +cy < 0, then f is not pseudoconcave on
X (see Theorem 5). Nevertheless, Problem P is equivalent to the
following one:

_ 'z + Co
sup f(x) - (de i do)p (1())
st. zeXy={reX:clr+c >0}

Since [ is pseudoconcave on Xy, we can apply, also in this case,
Procedure A for solving the original problem. Similarly, for the case
O<p<l, XNn{z eR":clz+c <0} #0, and there exists
r € X such that f(x) > 0, Problem P is equivalent to Problem 10.
In this case f is pseudoconver on X1, so that it is possible to apply
Procedure B for solving the problem.

Remark 14 We would like to point out that in Cambini (1994)
it is considered a more general formulation of Problem P, namely
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p € R. Nevertheless the theoretical properties stated before allow
us to obtain a sequential method easier to be handled. The main
differences are related to Procedures B and D when a jump is needed.
Furthermore our algorithm proposes faster stop criteria when the
Problem may have no solutions.

V. Case ranklc,d] =1. Theoretical properties and se-
quential method

We consider function f when the vectors ¢ and d are linearly
dependent, i.e., ¢ = vd. Setting z = d'z + dy, the behavior of
function f on the domain D can be studied by means of the behavior
of the one variable function 7(z) on (0, 4+00):

(2 —do) + <o
_ > ,

n(z)

(11)
whose derivative is

77/(2) _ 7(1 _ p)zz_pﬁ(c() - ’Yd()) (12)

The particular structure of the function allows us to establish when

the supremum of problem P is not attained as a maximum and,

when this is not the case, it allows us to completely characterize the

set of the optimal solutions. The results are provided regardless the

objective function is pseudoconcave or not.

Set 2+ — p(co — vdp)
et ¥ = ————

y(1—p)
where 2z, may be also equal to +oc.

The following theorems hold.

Zmin = min (dXz +dy), Zmax = max (dXz+dy),
rzeX zeX

Theorem 15 Assume rank[c,d] = 1 and f is pseudoconcave on D.
i) If Zmax = +00, p > 1, then the supremum of problem P is L =0
and it 1s not attained as a mazrimum.

i1) If Zmax = +00, 0 < p < 1, v > 0 then, the supremum of Problem
P s L =+4o0.

In any other case, the supremum 1s attained as a mazximum.
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Proof Consider first the case v(1 —p) > 0 and ¢y — ydy < 0.

From (12), the pseudoconcavity of f implies that 7(z) is increasing
in (0,400).

If zpax = +00, then lim 7(z) is equal to +00 when 0 < p < 1 or it

Z—+00
is equal to zero when p > 1, consequently i) and ii) hold.

If znax < +00, then the optimal solutions of P correspond to the
optimal solutions of the problem max (d'x + dy).
xre

In the case v(1 — p) < 0, function 7(z) has a maximum point at z*
and the supremum of problem P is attained as a maximum. O

The proof of Theorem 15 allows us to specify the set of optimal
solutions when the supremum of Problem P is attained as a maxi-
muim.

Theorem 16 Assume rank|c,d] =1, f is pseudoconcave on D.

i) If v(1 — p) > 0 and zpmax < +00, then the optimal solutions of P

correspond to the optimal solutions of the problem max (dT:U +dp).
xre

i) If v(1 —p) < 0 and z* € [Zmin, Zmax] then optimal solutions of P
are the intersection between X and the set {x € R" : dTx+dy = 2*}.
ii1) If v(1 — p) < 0 and z* < 2y, then the optimal solutions of P
correspond to the optimal solutions of the problem {Erél)l(l (dT:U +dp).

w) If (1 —p) < 0 and 2* > zyax, then the optimal solutions of P
correspond to the optimal solutions of the problem max (dTJ: + dp).
HAS

Theorem 17 Assumerank|c,d| = 1 and f is not pseudoconcave on
D. .
i) If zmax = +00, p > 1, and zym, > ~2 dy, then the supremum

of problem P is L = 0 and 1t is not attained as a mazximum.

i1) If zmax = +00, 0 < p < 1, then, the supremum of Problem P is
L = +o0.

In any other case, the maximum value of f is

p ? p
Znin Zmax

{’yzmin - ’Vd() + co Y <max — ’Yd() + ¢ }
max .
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Proof Taking into account Theorem 7, f is not pseudoconcave if
and only if y(1 —p) > 0 and ¢y — ydy > 0.
If zpax = +o0 and 0 < p < 1, then lim 7(z) = 400 and ii) holds.

z——+00

If zpax = +00 and p > 1, then lim 7(z) = 0 and the supremum of

z2—400

P is zero if and only if n(z) < 0, Vz € (0,+00), i.e., if and only if
Zmin > _Q +dy, thus i) holds. Otherwise the optimal solutions of P
Y

correspond to the optimal solutions of the problem mi)r(l (d¥x +dy).
Tre

If znax < +00, then the optimal solutions of the two problems:

mi)? (d"z + dy), max (d"z + dy) are local maximum for problem P.
re re

Therefore, the maximum value of f is

p ) p
Zmin Zmax

{vzmm — ydo + ¢y YZmax — Ydo + Co}
max .

The proof is complete. 0

Theorems 15, 16 and 17 allow us to suggest the following sequential
method to solve Problem P.

Main Algorithm

Step 0. Compute the optimal values zy,;, and 2. If 0 < p < 1,
then go to Step 1 else go to Step 3.

Step 1. If v < 0, then go to Step 7, else go to Step 2.

Step 2. If z,.« = +00, then STOP: the supremum of the problem
is +00, else go to Step 8.

Step 3. If 2.« < +00 go Step 4, else go to Step 5.
Step 4. If v > 0, then go to Step 7, else go to Step 8.

Step 5. If v > 0, then STOP: the supremum is 0, otherwise go to
Step 6.
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Step 6. If z,in > _Q + dy, then, STOP: the supremum of P is

0, else STOP: tge optimal solutions of P correspond to the
optimal solutions of the problem gél)r(l (d¥z + dy).
p(co — vdo)

v(1-p)
If 2* € [Zmin, Zmax), then STOP: X N{z € R" : dTx + dy = 2*}
is the set of all optimal solutions of Problem P, otherwise go to
Step 8.

Step 7. Compute z* =

YZmin — f}/dO + ¢ YZmax — W/d() + ¢o
P > P
“min “max
optimal solutions of P correspond to the optimal solutions

of the problem mi)r(l (d"z + dp), else STOP: the optimal solu-
Tre

Step 8. If

, then STOP: the

tions of P correspond to the optimal solutions of the problem

T
max (d" x + dy).

VI. FExamples

In order to clarify how the proposed procedures work, we present
some easy examples concerning the most representative case, that
is rank[c,d] = 2. Example 18 considers pseudoconcave objective

functions, while the pseudoconvex case is handled in Examples 19
and 20.

Example 18 Consider the following problem P

3r1+4xs + 1
sup f(x): 3
(21 4+ 29 +4)
st. —r1+zo+23=1/2
T+ xo+ x4 =7
$1—$2+$5:3
r=(r1,...,25) :x; >0,i=1,...,5

(13)

Note that Crax > 0 and p > 1, then f is pseudoconcave on the feasi-
ble set. According to the algorithm we apply Procedure A. We have
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Omin = 4; starting from z° = (0,0,%,7,3,0) which s the optimal
solution of problem P., we consider the parametric problem P(0).

The simplex table associated with the feasible basic solution z° is

the following:

—1—-46]-1 000 0 —4
1/2—6]—2 0100 —1
7—60 |0 0010 —1
3460 |2 0001 1
0 1 1000 1

Remember that we force the slack variable associated with the para-
metric constraint to be a non-basic variable. The stability interval is

1+46 13 -84

0,17, 1(0) = T2 anaw9) = 275% Since 1(0) > 0, and
(0 +4) (0 +4)

~ 1 1

0 = 13 > —, we perform an iteration of the dual simplex algorithm;

we get the following simplex table:

—5/4-7/2010 0 —1/2 0 0 —7/2
—-1/44+1/260(1 0 —1/2 0 0 1/2
7T—0 00 0 10 -1
7/2 00 1 01 0
1/4+1/260 (01 1/2 0 0 1/2
§_|_ZQ
The new stability interval is [5,7] and we have h(f) = 1—2,
(0+4)
h'(0) = %i?f. Since W (3) > 0 and 0 = 55 € (3,7), we get
x (%) = (%, %,0, 12—585, %,0) which corresponds to the global optimal
solution of problem P, that is x' = (g—g, %,O, 12%5, %) Observe that

z! belongs to an edge of the feasible region.
Consider now function f on the following feasible region Ss:

201 + 19 — 13 =

2
Tl — To+ Ty 3
— 1+ 0o+ = 2
x; >0 1=1,...,5
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In this case Cpax = Omax = +00. By applying Procedure A, we
obtain that the optimal value is attained at the vertex (0,2,0,0,5).

Example 19 Consider the following problem P
—18x1 — 3wy — 1

sup  f(x) =
(1 4+ 22+ 1)4
st. —r1+x9+23=23

14
%I1+x2+x4:6 (14)
2I1 — X9 + Ty — 3
r=(r1,...,25) :x; >0,i=1,...,5
. 1 . .
Since Chax = —3 < 0 andp > 1, function f is pseudoconvex on the

feasible set and, according to the algorithm, we apply procedure B.
3

We get Opax = = and Oy, = 1. Starting from 2° = (0,0, 3,6, 3,0)

which is the optimal solution of problem P., we consider the para-

metric problem P(6). The simplex table associated with the feasible
basic solution z¥ is the following:

1/2+36] —=15 0 0 0 0 3
3-6 | -2 0100 -1
6-6 |—1/2 001 0 —1
3460 | 3 0001 1
0 1 1000 1

Remember that we force the slack variable associated with the para-
metric constraint to be a non-basic variable. The stability interval

1
s+ 30 90 — 1

1S [0,3], h(@) = —(9 n 1)4 and h'(@) = —m Smce h,(O) < 0,
2 corresponds to the local maximum pothxO = (0,0,3,6,3) with

f(@% = -1 We get XM = {2°}. We find 6 = 0,278 € [0, 3] such

-T2
that h(0) = h(0); by means of an iteration of the dual simplex algo-
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rithm we get the following simplex table:

—22+21/20]0 0 —15/2 0 0 21/2
—3/2+1/20|1 0 —1/2 0 0 1/2
21/4—3/46 0 0 —1/4 1 0 —3/4
15/2—1/20 (0 0 3/2 0 1 —1/2
3/241/20 [0 1 1/2 00 1/2
Th tability interval is [3,7] and we h h(&)—m_%e
e new stability interval is [3,7] and we have R
1 —1
h'(0) = 5% Since W'(3) < 0, 2! = (0,3,0,3,6,0) corre-

sponds to T = (0,3,0,3,6) which is a local mazimum_point for f
with f(z1) > f(2°). Therefore X™ = {z'}. We find 0 = 3,268 €

A~

[3,7] such that h(0) = h(3); by means of an iteration of the dual
simplex algorithm we get the following simplex table:

-359/2+4+336010 0 0 —30 0 33
—12+ 260 100 =2 0 2
—21+ 360 001 —4 0 3
39 — 50 000 6 1 =5
12—-6 010 2 0 -1
359 — 330
The new stability interval is [7,%2] and we have h(f) = 2———
$o (0+1)+7
990 — 751
h'(0) = CEEE Since W'(7) < 0, 22 = (2,5,0,0,4,0) corresponds

to the local mazimum point 3> = (2,5,0,0,4) with f(z?) > f(z'),
then XM = {7}, We find 6 = 8.344 such that h(0) = h(7). Since
0 =8.344 ¢ [7,%], then STOP, 7* is the global mazimum point.

Example 20 Consider the following problem P:

2.%’1 + SIQ + 8
sup f(z) =
\/%Il + %ZEQ +1
s.t. x1+ 6x9+ 23 =30 (15)

3xr1 +4xy + x4 = 48
r=(r1,...,04) :x; >0,i=1,...,4
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Since Chax > 0 and 0 < p < 1, function f is pseudoconvexr on the
feasible set and, according to the algorithm, we apply procedure D.
We get Opax = 24 and Oy = 1. Starting from x2° = (0,0, 30,48, 0)
which is the optimal solution of problem P., we consider the para-
metric problem P(0). The simplex table associated with the feasible
basic solution z¥ is the following:

—8-20 -1 000 -2
30—46 =5 0 1 0 —4
48-8/360|—-1 0 0 1 —8/3

2/30 |1 100 2/3

8 + 26 0 —2
The stability interval is [0, 2], h(9) = and W' (0) = -
y 0,51, 1(0) = 2 and (0) =

Since I/(0) < 0, 2% corresponds to 7V = (0,0, 30, 48) which is a local
mazimum, point for f with f(z° ) =8. XM = {2} We find 0 =8
such that h() = h(0). Since 2 < 0 < Qmax = 24, we update the
previous simplex table by iettmg 0 =060+ 0, and we determine the
new value Opnaxy = Omax — 0 = 16. We perform an iteration of the
dual simplex algorithm for finding a new feasible solution, getting

—118/5—-6/560 |0 0 —1/5 0 —6/5
2/5+4/560 |1 0 —1/5 0 4/5
406/15 —28/150 |0 0 —1/5 1 —28/15
74/15—2/150 |0 1 1/5 0 —2/15

The new stability interval is |0, %] and we go to the adjacent vertex,
by performing an iteration of the dual simplex algorithm.

—152/3+2/30 [0 0 0 —1 2/3
—80/3+8/30 |1 0 0 —1 8/3

_406/3+28/30|10 0 1 —5 28/3
32 — 26 010 1 =2
152 | 2
=54 20 1 6+94
The stability interval is [22, 16], h(f) = 2—3-, h/(f) = —= -

Since W (2—29) <0, 2! = (12,3,0,0,0) corresponds to the local mazi-
mum point T' = (12,3,0,0) with f(z') = 8,458 > f(29).
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XM = {z'}. Furthermore, since h'(8) <0 for every 0 > £, then &'
is the global mazimum point of the problem.
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