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1 Introduction

One of the key point in economic analysis is the modelization of agents’ preferences. Under
risk, in a dynamic setting, the standard assumption is the time Additive Expected Utility
(AEU). Given an utility function u related to the istantaneous consumption and a con-
stant discount factor 3, the additive expected utility in { = () associated with an adapted
consumption process ¢; (0 <t < T) is given by

T
(1) ve) = [ ePulet,

t
where Cy = v+ | csds, v > 0, denotes cumulative consurmption.

This utility functional has been extensively criticized in the literature from many points
of view. We have theoretical problems related to the decision theory literature (e.g. the
Allais and the Ellsberg paradoxes, time separability, etc.) as well as empirical problems
related to the asset pricing and to the macroeconomics literature (e.g. the equity premium
puzzle, excess volatility, consumption data smoother than the theoretical process, etc.). In
part of the literature, these problems have been addressed by changing the utility functional.
In this direction, the time additivity is often removed by introducing durable consumption
goods [Grossman and Laroque, 1990, Hindy and Huang, 1993], an endogenous discount fac-
tor [Uzawa, 1968] or by assuming that the istantaneous utility is a function of the habit which
is a smoothed average of past consumption [Constantinides, 1990, Detemple and Zapatero, 1991}
Detemple and Zapatero, 1992].

In this paper we relax the time additivity by introducing the classical habit process de-
scribed by a smoothed average of past consumption. The peculiarity of our utility functional
is that the istantaneous utility is a function of current consumption and of a process de-
scribing the agent’s aspiration. The agent’s aspiration at time f is a linear combination
of the current habit {(backward component) and of the conditional expectation of the habit
at the end of the agent’s life (77} (forward component). Istantaneous utility from current
consumption is negatively affected by the agent’s aspiration. The aspiration can be inter-
preted as a focal point to evaluate current consumption: the higher is the aspiration, the
lower is the utility from current consumption. On this interpretation see also the evolution-
ary games literature, where agents’ decisions are often based on the comparison between
the actual payoff and the aspiration which is given by a smoothed average of the experi-
enced payoff (a process similar to the classical habit), e.g. see [Borgers and Sarin, 1996,
Karandikar, Mookherjee, Ray, Vega-Redondo, 1997]. Referring to an aspiration process in-
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stead of the pure habit-standard of living process, it is plausible to assume the presence of
a forward component. With this component we capture the fact that the agent’s aspiration
and therefore his preferences are affected by what he experienced in the past and by what
he expects in the future.

Different specifications of the aspiration process are presented. They depend on the coef-
ficients of the linear combination of the aspiration process. If the two coefficients are positive,
then we have a backward-forward habit: the standard of living as well as the expectation of
the future standard of living negatively affect the istantaneous utility from consumption. If
the coefficient associated with the standard of living is negative and the coefficient associated
with the expectation of the standard of living at the end of the agent’s life is positive then
we have a path dependent forward habit: preferences are negatively affected by a weighted
difference between what I expect to be my future standard of living and my standard of
living today. In this case, expecting an increase in the standard of living, I receive a low
utility from current consumption. If the sign of the two coefficients is reversed then the
utility functional captures a sort of regret effect: utility from consumption is small if I expect
a bad future, in this case I blame myself because I am consuming the goods today. On the
other side, utility is high if I expect a good future.

We propose these utility functionals characterized by different agent’s attitudes towards
the future and the standard of living. We are not interested in establishing the most plausible
from a behavioural point of view. We think they are all plausible, they simply capture
different aspects of the agent’s attitude towards the future and the standard of living. In
particular, the last two specifications describe two different sentiments that an agent can
have towards the future status compared to the today status. If the future is better than
today then I can be depressed by my actual standard of living or I can be happy being
optimistic.

The classical asset pricing equilibrium analysis in the spirit of [Lucas, 1978] is developed.
We derive the Arrow-Debreu price process, the interest rate of equilibrium and the assets’
risk premia. A habit formation process has been often invoked to address some of the prob-
lems encountered in the asset pricing literature assurning the standard AEU, e.g. the equity
premium puzzle and the discrepancy between the theoretical and the observed consumption
process, e.g. see [Constantinides, 1990, Detemple and Zapatero, 1991]. These topics are ad-
dressed in our framework as the specification of the aspiration process changes. We will show
that the results obtained with a classical habit are not confirmed with a general aspiration
process, it is not easy to evaluate the general equilibrium effects of an aspiration process



with a forward component. For a backward-forward habit we are able to establish that the
risk premium is higher than the premium obtained with an AEU, in this case the forward
component of the aspiration process amplifies the effect of the classical habit process helping
us to resolve the equity premium puzzle.

The paper is organized as follows. In Section 2 we present the economy and we discuss re-
lated literature. In Section 3 we present the utility functional with an endogenous aspiration
process. In Section 4 we solve the optimal consumption problem in a one consumer economy.
In Section 5 we develop the classical equilibrium analysis assuming that the representative

agent is characterized by an endogenous aspiration process.

2 The Economy and Related Literature

We consider a standard pure exchange one consumer economy with complete markets. Let
(Q,F,P) be a complete probability space, on which a standard d-dimensional Brownian
motion W is defined. The economy has a finite time horizon [0,T]. W determines the flow
of information through its natural filtration augmented of the P-null sets and made right
continuous ({F; : ¢t > 0}). We assume Fy to be trivial.

We denote by

T
£? = {X : X isapredictable process such that F( L | X|%ds) < 40},

and by £2 the space of £* processes with values in R.

There are d -+ 1 financial securities, which are continuously traded in frictionless markets.
Their equilibrium prices are denoted by S* (3 = 0,...,d). The 0-th security is the risk-free
asset, its price is given by SY = s3 exp{ ff r,du}, where 1, is a strictly positive, progressively
measurable bounded process and s > 0. The d-dimensional vector of security prices ST =

(S1,...,58%) (where T denotes transpose) instead satisfies
St 0
dS; = Sy[ufdt + o7 dW,], Sp=s9, S= ,
0 S¢
where the d-dimensional vector of mean returns x¥ and the d x d volatility matrix ¢° are

bounded and progressively measurable and s§ > Oforalli=1,...,d.
Each security pays dividends, the cumulative dividends process of security ¢ is denoted by
Di. The vector of cumulative dividends satisfies dD, = uPdt + oPdW;, where u? € R*** and



oP & R¥™? are bounded and progressively measurable. Lastly, the gain process is defined
as G = 8 + D, where the sum is done component by component and therefore it is an It6
process (dGy = pdt -+ oydWy). The gain process can be written in return rates as follows
Si[pedt + o1 dW;). Let oy be invertible.

In a complete markets economy there exists a unique eguivalent martingale measure. The

so called the risk-neutral probability measure given by

(2) QA) = Elrlal, A€ Frp,

= exp{= [ MdW, — = [ ||n]12ds}
(3) wt = eXp{ /0 g s 2[)' 8 8
where

/\twdtm}[ru't“"rtl]! 1m(17)1)
d

denotes the market price of risk. Assuming no arbitrage, the discounted gain from trade is
a martingale under ¢}.

The density 9 can be interpreted as the equilibrium price density of a one consumer
economy. The agent is described by a pair (U, e), where U : £2 — R is a utility function
and e € £2 is an endowment process. Finally by ¢ € L% we denote the consumption process.

A portfolio process or trading strategy, 7 = (7%, %) = (7%, #%,...,7%), is a measurable,
square integrable adapted process, where the i—th component represents the amount of

money invested by the agent in the i-th asset.

Definition 2.1 : We say that a pair of consumption and portfolio process, (¢, r), for the

representative agent s admissible, if it satisfies the budget constraint
ClXt = (’f'gXt -+ € Ct)dt ”F"ﬁt(p.t - ?”tl)dt + "fF"tO'tdW‘t, X() w3 O, XT Z 0,

where X represents the agent’s wealth. An admissible pair (¢, n) is optimal if there is no
other admissible pair (¢/, 7"} such that U(d) > Ule).

Definition 2.2 : A triple (S,¢,7) is called an equilibrium if (¢, 7} is optimal, given the
price processes S and the market clearing conditions ¢, = e; (consumption good market) and
m =0 (securities market) are satisfied for oll t € [0,T].

The Additive Expected Utility defined in (1) has been challenged in the literature by other
utility functionals. Concentrating our attention on the utility functionals removing only the

time separability we have the following:



o Habit formation [Constantinides, 1990, Detemple and Zapatero, 1991}:
T
U(C) = E(/D e ulc,, y5)ds),

¢ t t
Y = yge'fo Gudt 4 6¢/ e Js audue ds, g > 0.
0

e Uzowa utility function (time varying discount factor):
T et
U(C) = E( L eJo Bleioy 0 Vds),
e Durable consumption goods [Hindy and Huang, 1993}:

U(C) = E( f

T
A eP u(/o ki_scsds)dt),

where k is a progressively measurable bounded process.

The utility obtained from consumption at time ¢ is related to the past through the agent’s
habit or capital goods durability. In the habit formation setting the istantaneous utility is
negatively affected by the agent’s habit. The behavioural foundation of this utility functional
is that the agent becomes accustomed to a certain standard of living and therefore current
consumption is compared to it. As a consequence, the larger is the habit the smaller is the
utility obtained from consumption. This interpretation is reinforced by thinking about the
linear utility function proposed in [Constantinides, 1990]: u(c,y) = v(c — y) for ¢ > y and
u(e,y) = —oo for y > c.

The asset pricing analysis with habit formation is provided in many papers, e.g. see
[Constantinides, 1990, Detemple and Zapatero, 1991, Detemple and Giannikos, 1996]. Un-
der some conditions and for some specifications of the istantaneous utility function, two
main results have been obtained: the equity risk premium is higher than the one obtained
with an AEU and the optimal consumption process is smoother than the one obtained with
an AEU.

3 Utility with an aspiration process

Let us assume that the agent’s preferences are represented by the following system:

T
(4) Vo= Bl (ules,2) ~ BV2)ds| 7
¢ t t
(5) Y = Yol Jo owdu 4. & L e . audu ds
(6) 2 = Ny + e Elyrl 7] =
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t t t T T T
nelyoe™ J audu +6t/0 e—fs aeuducsds) '}“HtE{yOGWI" audu+5T/0 e—fs auducsdsift},

where 3, «, § are bounded and positive adapted processes, 7, ;1 are bounded adapted pro-
cesses. 1jg is a positive constant. The triple of processes (Vi,u, %) decribes the utility, the
habit and the aspiration at time t. V; is the conditional expected utility at time ¢ associated
with the consumption process (¢t § = 0). y: is a smoothed average of past consumption,
it represents a proxy of the agent’s standard of living. z is the agent’s aspiration affecting
istantaneous utility from c;.

The idea behind this formalization is that the agent’s aspiration at time ¢ is influenced
by the past and by what he expects to be his future. The dependence of the istantaneous
utility gathered from consumption at time ¢ on the standard of living y, is motivated by the
argument that a high standard of living induces a small utitlity from consumption because
the agent is accustomed to that standard of living. The same argument can be used to
introduce the conditional expectation of the future standard of living: istantaneous utility is
affected by what I expect to be my future standard of living. We restrict our attention to an
exponentially discounted utility process (; does not depend on ¢ or y). Our analysis can be
extended to an endogenous discount factor in the spirit of the Uzawa utility function with
some computational costs. The analysis can also be extended to utility functionals such that
the istantaneous utility is a function of the habit and of the expected habit, independently.
Also more compelx habit formation processes can be considered.

The following Assumption is done on the istantaneous utility function.

Assumption 3.1 u(-,-) : [0,00) % (—o0,00) — (0,00) is twice continuously differentiable,
strictly increasing and strictly concave in c, strictly decreasing in z, and concave in the
couple. Moreover limq_ouy{c, 2} < 0o ¥z € Ry and im0 tr{c, 2) = 0 V2 € R,

The two processes yu; and 1; describe the forward-backward characterization of the aspi-
ration. The following cases are of some interest:

o u; = 0,m > 0Vt > 0. Pure backward habit analyzed in [Constantinides, 1990} and
[Detemple and Zapatero, 1991, Detemple and Giannikos, 1996];

o n, =0, >0Vt > 0. Pure forward habit: the aspiration at time ¢ is simply given by
what the agent expects to be his standard of living at the end of his life;

o n, > 0and g > 0Vt > 0. Backward-forward habit: the aspiration is an increasing and

linear function of the two components;



o 7 < 0and y; > 0Vt > 0. Path dependent forward habit: the aspiration is given by the
weighted difference between the conditional expectation of the standard of living at the
end of the agent’s life and of the contemporaneous standard of living;

e > 0 and yg < 0VE > 0. Regret habit: the regret effect works as follows, if the
conditional expectation of the standard of living is smaller than the standard of living
today then I blame myself.

The first habit specification is the classical one. Istantaneous utility from consumption is
negatively affected by the standard of living which is a smoothed average of past consump-
tion. The second specification can be interpreted as follows. The agent looks forward to the
expected standard of living at the end of his life, this expectation provides the agent with a
reference value to evaluate the istantaneous consumption. The expected standard of living
plays the role of the classical habit, the difference is that the agent compares consumption to
the future standard of living instead of the current standard of living. The third specification
is probably the most plausible: the aspiration at time ¢ is a weighted positive linear combi-
nation of the standard of living at time ¢, which is related to consumption before time ¢, and
of the expectation of the standard of living at time T which is related to future consuraption.
The fourth specification is a variant of the second one: utility at time ¢ is negatively affected
by the weighted difference between the expected standard of living at time T and the stan-
dard living at time £. As the agent expects a better status in the future than the today
status, he is more demanding and therefore he dislikes his actual consumption level. The
last specification of the aspiration process captures the opposite effect. The expectation of
a better status increases the utility from consumption. The behavioural foundation for this
sentiment is a sort of regret effect well documented and studied in the decision theory liter-
ature: as | expect a worse status in the future, I blame myself because I am consuming the
goods today. The interpretation of the last two specifications is straightforward considering
two constants with modulus equal to 1 for y; and n;.

Thanks to Assumption 3.1, given a consumption process ¢ € £i, the existence of a
triple (Vi, 4, 2¢) is assured. Following [Duffie and Epstein, 1992], it is easy to show that
the utility functional is concave in ¢. A similar utility functional has been proposed in
[Antonelli et al., 1998}, where a Backward-Forward Stochastic Differential Utility function
in the spirit of [Duffie and Epstein, 1992] has been introduced: the habit is a smoothed
convex linear combination of past consumption and of past expected utility. In that setting
the forward component is represented by the smoothed average of the conditional expected
utility instead of the conditional expected habit.
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4 Optimal Consumption

The optimal consumption problem can be handled via dynamic optimization techniques

or via the martingale method, see [Cox and Huang, 1989, Cox and Huang, 1991]. Here we

follow this second approach which seems the more appropriate for our utility functional.
The optimal consumption problem for the representative agent is equivalent to the fol-

lowing constrained static maximization problem:

max U{C) s.t.

T T ¢
E* (fo e f:’"”dsctdt) < E* (/0 e b ’""dsetdt)

where E* denotes expectation under the equivalent martingale measure nested in the financial

market model: E*(:) = E{y¢-}. ¢ is defined by (2) and U(C) = V, where V; is the solution

in t = 0 of V; defined in (4)-(6). To simplify the analysis we assume [, oy, §; to be constant.
We further specify our setting by assuming that the endowment process is given by

) deq = jcdt + 5°dW,

with Lipschitz and predictable coefficients if and 4§ in R and initial given positive condition
(e > 0).

First of all we characterize the gradient of the Utility function. In a one consumer
economy the Arrow-Debreu equilibrium price process is characterized through the Gateaux
derivative of U{C) and its Riesz representation evaluated along the endowment process, see
[Duffie and Skiadas, 1994a). Given a reference pair of cumulative consumption and trading
strategy, (%, C), and a set F of feasible directions, the Gateaux derivative of U(C) at (7, C)
is defined as the functional

VU(T;0) = Iim vic+ O‘? ~UC) cep

Its Riesz representation -y, is defined as follows:
VU(T; C) = B /D " (e =) ndt).
We observe that the Gateaux derivative of z is
V#(C; C) = nVYi(C; O) + mE[VYy(C; C)|Fi] =

¢ T
= fg e e ds 4+ S B [3 e~T=%)e. ds|F,).
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Then the Gateaux derivative of U(C') becomes

_ T
VU{(C,;C) = E{/ﬂ wy{cs, 2¢)cie P

—B ‘ —~qe{t—8) r —ofT'—s)
+e Pug(e, z)md A e csds + pbE| e c.ds|Fil]dt].

The interpretation of the three terms is straightforward. The first one is related to the
istantaneous marginal utility, the second and the third components come from the aspiration
process. The second component is due to the backward component of the aspiration, the
third component comes from the forward component. After some computations, using the
Fubini Theorem we obtain:

T

i

— T T
VU(C;C) = E[fo uy (eg, 2 )e Peydt] + 6E[/0 mE{[ e P ug(cy, 2,)e™ ¥ ds| Flcydti+

T T T t
+6E[/0 me‘“{T"t)E{f e“ﬁsuQ(cg,zs)dslﬂ]ctdt]%—éE[/O ,ute“"a(T"“t)/ﬂ e Pouy(c,, 25)ds codt].
t

The Riesz representation of the utility gradient evaluated along the consumption process ¢;
has the following expression

T
¥ = uz(cp, zt.)e”ﬁt + mc?E[f e”""ﬁsug(cs, zs)e““(s""t)d.s{}}]-!—
t

T ¢
+,u¢6E{/t e e Ty c,, 25 )ds|Fy) + ,utée“"{T"t)fa e Puy(c,, 2, )ds.

The interpretation of the four terms is straightforward. Remember that the agent is char-
acterized by rational expectations, therefore he is able to evaluate the effect of an increase
in consumption at time t on the istantaneous utility at every time s € [0,7]. An increase
in consumption induces a marginal istantaneous utility u;{c;, z)e™? and a disutility-utility
related to the aspiration process which is made up of a backward (y;) and of a forward
component (E[yr|F:]). Because of the backward component of the aspiration process, an
increase in consumption at time ¢ causes a disutilify in the future associated with the induced
effect on the future standard of living (yi4s s = 0). The discounted value of this effect at
time ¢ is E[f e"Puy(c, z,)e~*¢ds|F;]. The forward component of the aspiration process
induces a disutility associated with past consumption as well as to future consumption. The
first component is e~*T [t e~Fsyy(c,, z,)ds, the second is E[f;7 e Pe=*T My (c,, 2,)ds| F).
The sign of the last three components is related to n, 4 and therefore to the specification of
the aspiration process described in the previous Section. Note that for the first specification
of the process z; we end up with the expression obtained in [Detemple and Zapatero, 1991].
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Being o > 0, the conditional expectation component of the second term in -y is larger in
modulus than the conditional expectation component of the third term. Therefore, the effect
in the future utility due to the backward component is larger in absolute value than the effect
of the forward component.

To prove existence of a solution of the optimal consumption problem for the representative
agent we follow the approach in [Detemple and Zapatero, 1992]. Let Assumption 3.1 hold,
denote by (; the monetary cost of marginal consumption (u1(c;, z)e~P*) augmented by the
effects due to the aspiration process:

T
Ge = pye — OB / e Poun(cs, z,)e~ TV ds| Fi]+
i

T
——,uttSE[/ e POy (e, 2,)ds| Fy] — pebe™ T t)f *ug(cs, 25)ds
P

where p is a positive constant.

Let I{(y, z) denote the inverse of u; (cz, z;)e ™ with respect to ¢; and I({, z) " = max{0, (G, %) }
By the concavity of u we say that ¢& = I7({, z,) is optimal if ({,, 2.} is the solution of the
following system

®) o= = mEL[| &P uslT* (G2, 20)e eVl Fil

T t
— b E] ﬂ e Bee Ty (IH(Cs, %), 2a)ds| Fi) — pebe T fe e P up(I (L, 25), 25)ds

: T
(9)2; = n:(yoe ™™ + 6/0 e~ [+ (¢, 2,)ds) + psElyoe™ T + 5]0 e~ T (¢, z5)ds| Fi]

and p* is determined in order to satisfy the budget constraint in the consumption problem.

The approach employed in [Detemple and Zapatero, 1992] is in two steps. First, fixed
p, we have to show that a solution exists for the system (8)-(9), then we have to show
that a value of p exists such that the budget constraint is satisfied. The system (8)-(9) is
similar to the one obtained with a pure backward habit in [Detemple and Zapatero, 1992],
therefore we can adapt their techniques. Restricting our attention to an istantaneous utility
function such that lim...qui(c, 2) = oo Vz € R, it is enough to assume the following, see
[Detemple and Zapatero, 1991).

Assumption 4.1 I(¢,2) and us(I((, 2),2) satisfy Lipschitz and growth conditions with re-
spect to z and ¢ V¢ > 0 and Yz € [nyoe T, 00). For { > 0 denote by z((), the process
solution of (9) with ¢, = {, s € [0, T, we require that lims_ous(I((, 2(C)), z) = 0.
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This Assumption guarantees existence of a solution of the consumption problem. Con-
sidering the more general setting described above with a marginal utility from consumption
bounded from above then we can still prove existence of the optimal consumption plan by
adapting the conditions in [Detemple and Zapatero, 1992].

5 Equilibrium Analysis
Let z¢ be the solution of (9) with ¢, = e, i.e.,

" T
2 = ne(yoe™™ + &, /0 e eyds) + pu Elyoe™" + 81 f@ e~ T e ds|F].

To ensure that the equilibrium price process is well behaved we impose the following As-
sumption.

Assumption 5.1 Let the following conditions be satisfied by the endowment process and the
istantaneous utility:

T
ul(et‘a Zf) + Th&E[l e“(ﬁw*va)(gwgu? (637 Zf)dslj:t]_%_

T ¢
wSE[ [ e P BTy (o 2)ds|F |+ ube T [ e PlEVy,(e,, 22)ds > 0t € [0, T).
t ¢ 0 s
o e >>0 Vie[0,T].

Assumption 5.1 ensures that the price process is positive and that the uniform properness
of preferences holds.

Let & = &P t-Jo "8, be the Arrow-Debreu price process adjusted by the preference
discount factor. Considering a one consumer complete markets economy in equilibrium
(¢t = e;) we have that the process 7, characterizes the Arrow-Debreu price process:

T 3
(10) & = wilen, ) + O B[ | e PN ug(e, 20)ds| Fil+

T ¢
-i-,utéE[ﬁ ¢ Pt =Tty (e, 2%)ds|F)] +,ut66""“(T_t)/G e PE )y e,, 2°)ds.

The interpretation of the four components of the Arrow-Debreu prices process is the one
for the process 7; in the last Section. The Arrow-Debreu price process reflects the different
effects of marginal consumption on the utility.

Let us analyze now how the different specifications of the aspiration process affect the

Arrow-Debreu price process. We recall that considering an agent characterized by an AEU we
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have that the price process is simply given by the marginal utility. For a pure backward habit
{1y = 0, m; > 0) we have the characterization of the Arrow-Debreu price process obtained in
[Detemple and Zapatero, 1991]. The first three specifications of the aspiration process have
similar consequences on the Arrow-Debreu price process: the backward as well as the forward
component of the aspiration process associate a disutility to current consumption decisions
and therefore the equilibrium price process is smaller than the istantaneous marginal utility
from consumption. Ceteris paribus, the price process is smaller than the one obtained with
an AEU.

The effect of a Path dependent forward habit and of a Regret habit on the equilibrium
price is controversial. It depends on the magnitude of 7, and 4, in what follows to evaluate it
we restrict our attention to the case || = |ps| V¢ € [0, T]. Considering a Path dependent for-
ward habit (n; < 0, p; > 0) we have that the sum of the second and of the third component is
positive, whereas the fourth component is negative. The component regarding consumption
in the future increases the price process, whereas the effect due to past consumption reduces
the price process. Considering a Regret habit (7 > 0, u; < 0) we have that the sum of the
second and of the third component is negative, whereas the fourth component is positive.
The component associated with future consumption reduces the price process, whereas the
effect due to past consumption increases the price process.

The interpretation of the last two Arrow-Debreu price process characterizations is as
follows. Assuming a path dependent forward habit we have that the istantaneous utility is
negatively affected by the weighted difference between the expected future standard of living
and the present standard of living, this feature implies that an increase in consumnption today
reduces (being « > 0) the aspiration and therefore it has a positive effect on future utility,
whereas the effect through the forward component on the utility of past consumption is
negative. Assuming a regret habit we have that the istantaneous utility is positively affected
by the weighted difference between the future standard of living and the actual standard of
living, this feature implies that an increase in consumption today increases the aspiration
and therefore it has a negative effect on future utility and a positive effect on the utility of
past consumption.

We have assumed that the istantaneous utility is a decreasing function of the aspiration,
in what follows we will assume somewhere that u;z < 0. Considering the classical habit
process, this assumption means that the utility function shows complementarity between
habit and consumption, i.e., marginal utility of consumption falls as the standard of living

rises. This effect can be explained by assuming complementarity for nearby consumption,
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i.e., consumption at time ¢ is a good substitute of consumption at time £ + ¢ (¢ > 0).
The same interpretation can be given in our setting with respect to the aspiration process:
consumption, past consumption and expected consumption are complementary.

The Arrow-Debreu price process contains many interesting pieces of information. In what
follows we assume 7, ; to be constant (n, ). To simplify the analysis and teh notation we
assume that the endowment process satisfies the following equation

dey = ey(pgdt + ofdW,)

with py and o} deterministic.
Denote by u(t) the istantaneous utility evaluated along the endowment process ¢, i.e.,
u(es, 2f), and adopt the same notation for the partial derivatives. The following Proposition

can be stated about the equilibrium interest rate r; and the market prices for risk.

Proposition 5.1 The equilibrium interest rate vy is

== B — (&) Hua {t)esps -+ %um () (0)2e? + uia(t)n(Se: — ayr) — néus(t)+

T 2 T T
776(&—1—,8)197[[ e'(ﬁ"*“o‘)(swt)ug(s)ds}}}} + %‘*Ulgg (t)éz(af)zE{f (e,—w [ gelr—y) eudu)dﬂﬂ}z
t i £

T
ublo+ Ble TV E] [O Py, (s)ds| 7).

The asset risk premia are

T T
e — 1y = —0g (&) T o (ugs (e + u;g(t)u(SE[/t (e — /t e~ e, du)dr|F;]+

T 5
+pbe— @Dl g f e Poug (s)e, + e P ug(s) (06 f e~ We, du
t ¢
T . T
~+~,u6E[/ e‘“(j"“)eudu|fs])ds§ﬂ]—1—?766('6*“”.8’% e” B+ (s)e,+
t
& T
e B30 (5)(né ft e~ e, du + uSE| /; e~ TV du|F,])ds| F]).

The general equilibrium analysis of the interest rate and of the market prices of risk is not
an easy task. Note that the characterization illustrated in [Detemple and Zapatero, 1991] is
obtained with x = 0.

The first two components of the equilibrium interest rate correspond to those obtained
with an AEU, they are related to the istantaneous utility. Ceteris paribus, the interest
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rate is positively related to the expected growth in consumption (u1; < 0) and negatively
related (when wuy;; > 0) to the variance in consumption. The third component associates
consumption with the aspiration process, its effect depends on the sign of w3 and on the
time derivative of the habit. If the utility function exhibits complementarity (u12 < 0)
and the habit is going up at time ¢, then we observe an increase in the interest rate. The
explanation of this effect is as follows: an increase in the growth of the aspiration process
depresses the Arrow-Debreu prices, this is followed by an increase in the interest rate. The
fourth and the fifth components are due to the backward component of the habit, they
represent the drift portion of the Arrow-Debreu price process due to the drift in the marginal
utility-disutility of future standards of living associated with the backward component of
the aspiration process. The last two components come from the forward component of the
aspiration process, they represent the drift in the marginal utility-disutility of past and future
standards of living associated with the forward component of the aspiration process. The
general equilibrium interpretation of the interest rate in equilibrium is similar to the one in
[Detemple and Zapatero, 1991}

The sign and the magnitude of the components due to the disutility-utility of standards
of living (backward and forward) depend on the aspiration process specification. Considering
a backward-forward habit we have that both the two components boost the interest rate.
The effect of the classical habit is confirmed with a forward habit and is amplified with a
backward-forward habit. Considering a path dependent forward habit or a regret habit we
can not establish such a general result, the arguments illustrated above about the Arrow-
Debreu prices apply also here.

Being the coefficients of the endowment process deterministic, we have that a single beta
consumption CAPM holds as in [Detemple and Zapatero, 1991]:

py — 131 = —F%cov(dGy/ Sy, dey),

where the coefficient 3¢ is easily determined from Proposition 5.1.

It is difficult to assess the general eguilibrium effects of an endogenous aspiration pro-
cess on the asset risk premia. For a general endogenous aspiration process we can not
establish a result about the risk premium as in the case of the classical habit process. As-
suming a backward-forward habit we can state the following Proposition which is similar to
[Detemple and Zapatero, 1991, Proposition 6.2].

Proposition 5.2 Let p > 0, 7 > 0. If preferences exhibit complemtarity (u12 < 0) and the
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coefficient of absolute risk aversion is nondecreasing with respect to z then the endogenous

aspiration process increases the risk premia.

Restricting our attention to the class of utility function considered in the above Proposi-
tion and assuming a backward-forward habit we are able to establish that the risk premium
with an endogenous aspiration process is higher than the risk premium obtained with an
AEU. This result reinforces the attempts to solve the equity premium puzzle through the
agent’s habit. Note that this result is not confirmed by inserting the expected utility in the
aspiration process instead of the expected habit, see [Antonelli et al., 1998].

Assuming a more general [td process as in (7) for the endowment process then we will
obtain a two Beta consumption CAPM as pointed out in [Detemple and Zapatero, 1991].
The second Beta will be related to the marginal utility-disutility of standards of living
induced by stochastic shifts in the coefficients of the endowment process. Conditions for a
single beta consumption CAPM similar to [Detemple and Zapatero, 1991, Proposition 6.1]
can be established.

Considering the linear utility function u(c,z) = v(c — 2z} for ¢ > z and ufc,2) = —o0
for z > ¢ we need to stregthen Assumption (5.1} to the following: e >> zf Vt € [0,T].
In this setting the interpretation of the equilibrium interest rate and of the market prices
of risk is more precise. We have that u;y = —v” > 0 (the utility function does not show
complementarity) and wujge = v, This fact imnplies that if v > 0, then the third and the
sixth component boost the equilibrium interest rate.

6 Conclusions

In this paper we have presented a utility functional characterized by the presence of an
endogenous aspiration process. The agent’s aspiration is a linear combination of the agent’s
standard of living and of what the agent expects to be the standard of living at the end
of his life. Istantaneous utility is negatively affected by the agent’s aspiration. This utility
functional captures the fact that the agent’s preferences in an intertemporal setting can be
affected by what he expects for the future and by what he plans to do in the future.
Depending on the coefficients of the linear combination of the aspiration process, differ-
ent specifications of the aspiration process have been discussed: Pure backward habit, Pure
forward habit, Backward-forward habit, Path dependent forward habit, Regret habit. These
specifications reflect different attitudes of the agent towards the future standard of living. In

particular, the backward-forward habit assumes that the agent’s istantaneous utility at time
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t is negatively affected by the standard of living at that time and by the expected standard
of living. With this aspiration process we have shown that under some conditions the risk
premium is higher than the one obtained with an AEU and therefore a backward-forward
habit provides an explanation to the Equity premium puzzle. However, as a conclusion,
we can say that the general equilibrium effects of an endogenous aspiration process are not

clearly cut as those obtained with the classical habit process.
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A Proof of Proposition 5.1

To obtain the equilibrium interest rate and the market price of risk, we have to differentiate
both sides in (10).
Denote by

T ¢
Ms=E[/Q e~ By (e, 2, )ds|F) ,Gt=j0 e~ BHadsy, (e 2. )ds,

then T
B f e~ B0y (o Vds|F] = @M, — G,).
i

Moreover let .
Mvt = E‘[/O e"ﬁsufg(es, ze)ds|Fl,

then T
Ele~t"1 f e Py ey, 25)ds|F] = e7* TP,
o

Differentiating the right side in (10) gives
duy(eg, 2¢) + ndd(e P (M, — Gy)) + pdd(e™* TP M) =

= duy(eq, z) + n6(a + B)e (M, — Gy)dt + nde D d(M, — Gy)+
(11) +pb(a + Ble T Ve M dt + pse=T-Def* dp,

We first compute du; (e, z;). We have that
det = et(,u‘:dt -+ Odet)

dz = ndy, + p d(Eyr|F]).

Y can be written as yg + fg bes — ovysds. Then

T
Elyr|F] = yo + E[[o Ses — aysds|Fy].

In order to differentiate this term we use Clark-Ocone formula, see [Ocornie and Karatzas, 1991].J]
Denote F = fI e, — ay,ds, then

T
DF = / dDse, — aDgy, dr,

e
Dge, = eyo0}
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and
™ il
Dy = / 0De, — aDgy, du = f deyof — oDy, du.
JE8 8

Therefore )
Dy, = 50‘2/ e~ e, du.
8

It follows that
d(Elyr|F]) = 603 E| / f Vg du)dr| | AW,
By It6 formula we have

1
duy (e, z1) == ur1(es, z)des + uio{ey, ze)dz + 5“111(%, zt)(af)gefdt+

1 T r
+§u122(et, zt)pzég(af)zE{f (e, — a/; e~ Yo du)dr|F)dt =
£ A

2.2

1
= (ur1(er, 2¢)eciss + wz(er, ze)n{de, — o) + 2“111(‘3&: ze)(of) e+

T r

+%u122(et=zt)M252(0“f)2(E[ /t (er — /t e~ r="e, du)dr|F,]?)dt
r '

Huli(ehzt}etaf+u12(et,zs)u50'fE[l (er“l e ey du)dr|F))dW,

We compute now dM,. Let H = [ e P*uy(e,, z,)ds. Then using Clark-Ocone formula we
have:
dﬁt = E[D1H|ﬂ]dm

Therefore we have to compute D, H.
D\H = / *(usi{es, 2s) Dies + uanles, 2s) Dizs)ds
Recall that Die, == ezof, we compute Dz, |
Dyzs = nDyys + pDi(Elyr|Fs])
== 6oy ﬁs e~ e du + pE[Deyr|Filli<s

8 T
= ndog /t e~ e, du 4 +udEjo? ft e~ T Ye, du|Fo <

Therefore

8 T ,
D:H = f *(ug1 (€5, 25 )esTf +tgg(es, 25) (ndof / e~ e dut-usElo? f e”’“a(T““}euduVs})dsI
t ¢
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and
T

dM, = E([ e Poug(e,, 2, ) e o8+
+e P ugy(e,, 2 (nbot [ e~ Ve, du + pbE(o? [F e~ AT e, du|F,))ds|Fy)dW.
Consider now d(M, — Gy). We have: |
dGy = e~ Pty (e, 2,)
and using again Clark-Ocone formula,

T
dM; = E(/t e“{5+a)3u21(es, Zs)es0y

5 T
—i—e“(ﬁ+“)su22(es,zs)(nﬁa§/ e~ =g du + /,L6E(o'f/ e TNe, du|F,))ds|F,)dW,.
¢ ¢

Denote by u(t) the istantaneous utility evaluated along the endowment process e, i.e.,
ufes, z), and adopt the same notation for the partial derivatives. Equating the drift terms
in (10} we obtain the following

(8= )6 = una(t)eass + una(E)n(Be, ~ aye) + g () (o) e+

T T T
+%u122(t)u252(af)2E(f (e,—a/ e""‘(r“-""“)eudu)dr|.’Fﬁ)2+n6(cx+ﬁ)E(/ e“(ﬁ”)(“"”uz(s)dslﬂ)l
¢ ¢ ¢
T
+ub(o + ﬁ)e““{T't)E([O e Py (s)ds| Fy) — ndug(t).

Equating the volatility term in (10) we obtain
T s
ps — 1 = — (&) " Huga (#)erof + u12(t)ﬂ50'fE(£ (e, — aft e~ e, du)dr| F )+
T g
#5e-a(th}eﬁtE(/ eﬂﬁsuﬂ(esa 23)830',? + e~ﬁsu22 (63, zs)(néof/ ena(smu)eudu+
b i

T T
%u&E(Jf]t e~ T~We, du|F,)ds|F,)) + n&e{ﬁ‘*“}ﬁE(]t e~ BHsy0 (5, 25 )es0 o+

s T
e Py 0 (e, 2, ) (nbo¢ / e e, du -+ pSE(o? f eI, du| Fy))ds| ).
t t
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