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Abstract

- We analyze an economy with inside financial assets and outside
money. Households have different restricted access on both types of
agsets. Using a well known approach in terms of needs of money
to pay taxes, we first get existence of equilibria with positive price of
money. We then prove generic regularity and inefficiency of equilibria.
The presence of money suggests to model a monetary intervention in
order to study Pareto Improvability. Since monetary policy can Pareto
Improve upon the market equilibrium, money is not neutral.
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1 Introduction

In a standard general equilibrium framework with incomplete markets, con-
sumers face the same opportunities to transfer wealth across spot markets.
In real life, we can find many cases where the participation constraints on
financial markets varies from a class of consumers to another. For example,
we can think of collateral securities in American real estate market or of a
credit line which is secured by financial assets. |

In the recent literature we can find several models (see Balasko, Cass
and Siconolfi (1990), Cass, Siconolfi and Villanacci (1992), Polemarchakis
and Siconolfi (1997), Siconolfi (1988)) which present a wide range of restric-
tions on financial market participation. These kind of general equilibrium
models are called "restricted participation model” and they can be seen as



generalization of the incomplete market case. While Cass, Siconolfi and Vil-
lanacci (1992) propose a model where the individual participation constraint
is described by a differentiable strictly quasi-concave function of consumer’s
assets ay,, our model in enriched by the presence of the outside money* whose -
exchange is restricted too. We assume g is a function of both consumer’s
assets and outside money demands ,.e. a,(by,md) > 0. From now on,
“unless it otherwise specified, money means outside money.

We can find many contributions in order to understand why money exists
in a General Equilibrium Model. (See e.g. Lerner (1947), Starr (1974 and
1989), Hahn (1965)). Even when money exists in a general equilibrium con-
text that does not imply the existence of a positive price for money (Hahn
(1965)). For that reason, there are several additional assumptions in order
to overcome the well-known hot potato problem (see Cass and Shell (1980),
Dubey and Geanakoplos (1992), Grandmont and Younes (1975) Magill and
Quinzii (1992), Starr (1974 and 1989)).

We do not try to explain why money exists, but, using a well known
approach in terms of needs of money to pay taxes (e.g. Lerner (1947) , Starr
(1974), Villanacci (1991 and 1993)), we study the basic properties of the
model. We assume that households have to use money to pay taxes at the
end of the second period; taxes are linear function of households’ wealths.

The set up of the model is presented in section two while in section three
we give the definition of Equilibrium and we state the Existence result, proved
in Carocsi (1999a).

Due to financial assets participations constraints and money constramts,
the function F,, which describes equilibria is not C* everywhere. The lack of
differentiability does not allow to obtain regularity of equilibria as a trivial
consequence of well-known results. Therefore, in section four, we first prove

~ that differentiability is a generic property of function F,, and then we get the
generic regularity of equilibria. Consistently with the result in the incomplete
market case, we verify that there exists an open and full measure subset of
the set of economies, whose associated equilibrium allocations are not Pareto
Optimal (section five). -

The presence of money suggests to model a government monetary inter-
vention in order to study Pareto Improvability of equilibria. More precisely,
in section six we investigate what happens to consumers’ utility levels if the
government can modify only the amount of money endowments of one indi-

. 1By the term Outside money we refer to money which is a direct debt of the public
sector, e.g. circulating currency, or is based on such debt, e.g. commercial bank deposits
matched by bank holdings of public sector debt. Examples are fiat money, gold and foreign
exchange reserves. On the other hand, Inside money is a form of money Whlch is based
on private sector debt.



vidual in period 1. The conclusion of the analysis is the following: monetary
intervention can Pareto Improve upon the market equilibrinm. That result
is related to a crucial topics in macroeconomic theory: monetary policy can
modify the real variables of the model that is, it is not neutral.

2 Set up of the model

We consider an exchange economy with two periods; today, which is called
state 0, and tomorrow which is called period 1 and § states of the world are
possible. The set of possible states of the world is {0, 1, ..., S} with generic el-
ement s. In state 0, households receive endowments of goods and money, they
exchange goods and assets and consume the goods they acquired. Households
are not allowed to buy and sell assets freely, but they must take into account
their own participation constraints. Tomorrow uncertainty is resolved, one
of the S states occurs and households receive their endowments of goods and
money. They exchange goods and fulfill the obligations underwritten in state
0. Finally households consume the goods they acquired and fhey use money
to pay taxes. We will use the following notations:

e ¢j° and x;° are respectively, the endowment and demand of good ¢ in
state s, of household A.

H
C h H
o 2 = (257 ) > Th = (Bh)emo» T = (Th)pms -
e ;™ is the endowment of money in state s, owned by household A.

- g H
o el =(ef"),p "= (eﬁn)h=1 .

o b is the demand of asset 4, of household A. by, = (bi)f=1

e ¢°™ ig the price of money in state s. ¢™ = (qr*"""')f=U
e m; is the demand of money in state s of household h. my, = (mh)f__o )

m= (mh)hw
Households’ utility functions have the following properties.

Assumption 1 i) uy is a smooth function, i.c., a C* function.
ii) up is differentiably strictly increasing, i.e., Duy (zp) > 0.
i) the Hessian matriz D?uy, is negative definite
w) For anyu € R, Cl {z € RS, : up (z) 2@} CRY,



We assume consumers cannot issue outside money.
Assumption 2 mj > 0 for all s and all h.

~ Prices of goods, money and assets are expressed in units of account. We
assume that prices of goods are strictly positive,

Assumption 3 p** € Ry, for all s and all c,where p*¢ is the price of good
¢ in state s.

1 1r

_ gty
We denote the matrix of assets yields by ¥ = 3 Yisa
451 ySI
S x I matrix . Moreover Y# =[ Y 1 ]isa S x (I + 1) matrix.
It greatly simplifies our analysis to assume that

Assumption 4 S > I+ 1, RankY = I and rankYM =T + 1.

Remark 5 he previous Assumption means there are no redundant assets in
the economy. As Cass, Siconolfi and Villanacci (1992) say, ”..In this
context, Assumption 4 is not at all innocuous. When their portfolio hold-
ings are constrained, households may very well benefit from the opportunity
afforded by the availability of additional bonds whose yields are not linearly
independent”.

Households deal with two different kinds of constraints in the assets mar-
ket. On one hand they must take into account the incompleteness of the asset
market (i.e. rankY = I < S) and on the other hand, they must consider
their own participation constraint. The latter is expressed by the following
function:

g’ R x R — R# (1)
a, : (bn,m3) = af (bn,mp)  G=1,..#k

#Jn
J=1

#Jy

where af ™ = [a] (by,m3)]7 " ,; Jn is a set of indexes such that J, C I.

ol verifies the following Assumption.

Assumption 6 a‘}; is o C?, differentiably strictly quasi-concave function, i.e.
for every (by,m}) € R™? and every A ¢ RI*

Daj, (by, mp) A =0 = ATD?] (b, m)) A < 0.

4



If the set Jj is clearly specified and there is no possibility of misunder-
standing about it, we can drop J), from a;,. Moreover this function ay, verifies
the following further conditions:

Assumption 7 %) a;,(0,0) >0.
i1) For every (by, mY) € R+ such that a)* (b, md) =0,
rank (Da,,{"‘ (bh,mg)) #Jh,  for every index subset Ji, C Jh.
iii) For every asset i, there exists at least one consumer h' such that for
every (bw,mY) € R the following condition holds. Dbs ap (bpr,m3) =0
w) there exists ot least one consumer b such that : Dmo ay (by, mh,) =0.

- Remark 8 As.mmptzon 7 ha.s zmportant ECONOMIEC MEANINgGS.

i) people are not obliged to operate in the assets and/or money markets
Moreover, there is a small neighborhood of (0,0) where every consumer can
freely operate. = .

i1) for every asset there exists at least one household who is unrestricted
on that asset market.

iv) there ea:zsts at least one consumer who can arbitrary vary his money
demand.

Assumption 7 i),...,1v) are used_'z'n order to prove the existence of the
competitive equilibrium and their generic regqularity.

In order to get regularity of equilibria, we impose the following Assump-
tion on the relationship between the number of consumers and the number
of assets. :

Assumption 9 S > H > T+ 1.

Remark 10 Assumption 9 will be used in order to prove the non neutrality
of policy intervention. In fact H > I + 1 allows to simplify the computations
(see case 2 and 8 page. 32 ) and S > H guarantees that the number of
independent policy instruments is greater than the number of households. -

Households are not able to create wealth by acting on the assets and
money markets. Hence we obtain the following no arbitrage condition that
allows us to define the set of no a.rbitrage assets and money prices

Definition 11 Let us define the no-arbitrage as.set and money price set as:
On = {¢ = (g.q™) € R x RS+ : A (bn,mY), such that ap(bpmd} > 0 and

ERSIEIRD



where g™ is the vector g = (q"“’)f=1 = (¢™,..,qm5) of dimension

Sx 1.
Q= hQHQh is the set of no arbitrage.

In period 1, Mr. h pays taxes using money; taxes are proportional to the
value of his endowments

e 72° € [0,1] C R is the percentage of taxes that Mr. A has to pay for
gqod ¢, in state s. 77 ('r,,f‘”)c_1 Th =2 (Th)f_l T = (fh)f__ .

An economy is described by a vector w = (e,e™,7) of endowments of
goods and money and tax parameters.

Assumption 12 w € {} = Rcf X X™ x T where
X" = {e e RS+IH . Ze"w > 0 and for s > 1, Z (e® +ems) 0}

A=1
7€ 0,15 : a)vs > 1,
) T=( JhandIc:7°>0
b)3h* such thatVs > 1,3c : 3¢ # 1
)we={we Q Sp € RS, such that Vh, pPed + ¢"™e) > 0 and for

5= ].., S p eh. + eh bl ZTh psce;c > 0}

Remark 13 As Villanacci (1993) observes, condition i) implies that in each
states of the world there exists a positive amount of money; moreover part
a) of 1i) means that tazes are a nontrivial function of wealth, while part b)
says there exists at least one consumer, who, in every states, does not use
all his wealth to pay tazes. Condition iii) says in every state of the world,
households are able to pay their tazes using their initial endowments.

3 Competitive Equilibria

Each household maximizes his utility function subject to his budget con-
straints which depends on his endowments and taxes and on participation
constraints in both assets and money market. Note that in every state of
period 1 households use money only to pay taxes, no one wants to hold an
amount of money greater than the one required to meet his tax obligations.



For (w,D,,7 ) € O xRE, x Qwehave
(P1) max u(zp) s.t.
($h1bhrmh)
OB <P e
mg >0
C I o
(s=1,..,58) Pz} + ;Tg‘:ﬁ“ef < Elfj"?’“y“bmsm + @™ (ep* + mj)
ay (bh, mg) 2 0

(2)

Remark 14 In order to eliminate technical complication, we normalize prices
using the price of good C in state 0, while in the other states we normalize
prices using the price of money. From now on we will always refer to the
normalized prices. We have:

p Om . _ Ef __p
P 4 = 9= g andpt =

P

R3

Denote :
Q= { (¢,§™) Q) such that g=4 o '™ = :T, g™ =1, fors= 1..5_’}
Define the demand map of household h. Given w € (1, it associates with
every vector prices, a. vector of demand of goods, money and assets.

(zn,bn,mp) :RE, x Q@ - RY, xR xR, (3)
(h, brmf) : (p,q,q™) > argmax (P1). (4)

It can be proved Carosi (1999a) that the demand function of Mr. & is
continuous and it is C! in open and full measure set of Rf L X Q x £

From now on the maximizing behavior of households will be described
by the following first order conditions that can be easily derived from Kuhn-
‘Tucker necessary and sufficient conditions of the maximization problem.

: Dmhuh (l‘h)—Ah‘D =10
—@(mhmeh)-i—q m,.,pi—Ue,\L - U (rh,p)en+ Rby, =0

(Foey,) AR+ Mth,,ah (bp,m) =0 (5)

(Vj € Jp) min [,uh, al, (bh,mh)] =)
g™ + pin Dimap (bp,mf) v, =0
min [y,,mf] =0

where (An, (s, yn) are the Lagrange multipliers



®is a (S + 1) X G matrix,

¢ =
s
with p%,p!, ...,p% € RY,,
e g™ is an (S + 1) vector, g™ = [ _(i ],and 1=(1,.. 7.

U is an (8§ +1) x (8 + 1) diagonal matrix,

. Om,
=1
[ —Igxs ]

where Igxg is the identity matrix whose dimension is S

Risan(S+1)xImatrix,R=[;q']}

U (,p) is an (S + 1) X G matrix,

0

i pH.. i CplC

U (1h,p) = o
51pSt...r5CpSC
We define § = S +1
We are ready to define the equilibrium for any given economy w € Q.

Definition 15 (Equilibrium) Given an economy w = (e,e™,7) € Q, the
vector (p,q,q™) is an equilibrium prices system if and only if there exists
oNIT
(@h,bn,mp ),y Such that
1) (zn, by, m}) solves consumer’s mazimization problem (for every h );

H
2) 3 (x3° — ;%) = 0 for every s, c i.e. markets for goods clear;
h=1

H
'3) S°b%, =0 for every i i.e. markets for assets clear;
h=1

4) money markets clear i.e.

H
S (m - e =0

7 c (6)
3 (—mg — e+ Z'r,':‘p”eﬁc) =0 (s=1.9).
h=1 =1



From now on we use the following notations :

o J53

2= (L= (L)L = () L)
e\ = (eh):;l = ((8;\) s=0) bt (((e;"f)iz) i") h=1

We define the function F : E x  — R4mE with .
E =R x RS x R¥I x RE#1 x RH x R x R$;! x

( Left Hand Side of equations 5 \
- | AT
(M1) | > (s )
Felgw)m | MY &
(M3) i (m — ep®)
H
| (19 5 (= - e+ Zfch’“e?f) (5>0) )
) ’ h=1 e=1

(7)

with £ = ((mh,-’\mbmﬂhamg;%)f:l :P\Ol,q,qom) :
Definition 16 The set of equilibria associated with the economy®@ = (€,€™,T) €
Q, is given by EQz = F5' (0) where Fy is the restriction of the function F
to w, i.e. Fp:&— F(£,D)

The following existence result can be prove by means of a Degree Argu-
ment (see Carosi 1999a)

Theorem 17 (Existence ) For every economy w € Q, EQq,) # 0.

We are interested in investigating the generic uniqueness and regularlty
of equilibria. :
4 Regularity of Equilibria

The function F,, is not differentiable on all of its domain; in fact, F, is not
differentiable when for some A, either a”’ (bn,mQ) = ui* = 0ormf = v, =0,.



The lack of differentiability on the whole domain of F., does not allow us
to obtain the Regularity result as a trivial extension of a well known analysis.

In order to prove that the "border line cases” (i.e., cases where F,, is not
differentiable) are "rare”, we classify equilibria with respect to different bor-
der line cases and we then define a related concept of ”auxiliary equilibria”.
' Theorem 20 states that there exists a projection function pr that associates
an auxiliary equilibrinm with every "real equilibrium”. Then Theorem 21 es-
tablishes that the set of economies whose corresponding auxiliary equilibria
have border line cases has measure zero and it is closed. Taking into ac-
count: the relationship between auxiliary equilibria and "real equilibria” we
can conclude that there exists an open and full measure set of economies such
that the corresponding F, is differentiable. Then the regularity of equilibria
is proved with the usual argument.

First of all we show that the projection functlon 7 F71{0) - Q, 7
(F~1(0)) — w is proper. .

Theor_em 18 The function m: F~1(0) = Q, 7 : (F~1(0)) — w is proper.

Proof. Let K C  be a compact set and let us show that == (K) is
sequentially compact, i.e. compact. Take a sequence {(¢%,w™)} C 71 (K)
and show {(£",w™)} admits a converging subsequence in n~1! (K). Since
{w*} C K, {w"} is bounded sequence it has converging subsequence {w"} —
w (Without any loss of generality we can consider the sequence {w"} itself).

By using a similar argument of those we have already presented in {Carosi
1999a), we get that {£"} admits a converging subsequence {"} — £ €
Z. Then the sequence (§",w™) C (F;'(0),w”) has a converging subse-
quence (£*, w"} — (Z , 'EJ) and from the continuity of the function = we have
7 (€*,w") — 7 (&) from which it follows (£,&) € 7~ (K) i.e. the desired
result. -

We define

] 0 o 7 1Y O ‘
Y] 0y .} Gy (bnymy) if j=1,.4Jn i —J Hn if 7 =1,.4J
lh(bh:mh) {mg ifjmﬁ-]h-[-l andgh 1 m ifj=ﬁJh+1

Let Ej = ((‘f}fh) D¢, ¢, ) fJ €z =y wherefh (xh:)‘hvbh’mh’ (Ch)ge.h,)

and E = RSH x RSE x R™¥ x R¥ x Rh " x RG+1 x Q. It is worth noting
that Jj is an arbitrary subset of J, and J = {Jl, ...JH}. Let us consider the
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following auxiliary maximization problem:

max  up(zp)

(zh,bh,mh)
= (zp, ~ €p) + ¢™ mh-l—Ue U(rn,p)en+ Rb =0 (M)
(<3) Rowrd 2 @
(8)

We define F* : RS, xRS, x R! x R x R — R% x RS x R x R x R¥r,
F;f" : (fh,w) b (left side of Lagrange conditions of the problem (8)).

Since I (by, mQ) varies as the set of indexes J, varies, F, h * has a different
form if the index f§.J + 1 belongs or does not to j;L . With this regard we have
to distinguish two different cases.

CASE A §J+1¢ J, and CASE B §J+1 € J,. We are going to handle
only CASE A since the treatment of other one is very similar. From the First
Order Conditions we have the following function

1?"{" : (f,f,’w) =

( Dmhuh ( ) /\hq) ’ \

~® (zp, —ep) + g™ mh +Uel — U (1, )eh-I-Rbh
AR+ Z C”Dbh (bhamh) + 2 Ch Dbha’h (bh,mh)
JQEJQ “GJh\JQ '
Z CP{QDmo an (b, mh) + Z Ch me a‘h (bn, mh) + Ang™
R jreda e\
J2€Jha 53_2 (bn,m3) _
\ ji€Ti\Tn2 1 (bn, m)) | /

(9)

Observe that given w, £ ,“;" is the solution of the maximization problem (8)
for every A if and only if (&,{ , w) e E*1(0) for every h.
Once we have fixed a subset of indexes J = {fl, jH} for every h, we
introduce the following definition of equilibrium.
Definition 19 {Auxiliary equilibrium) Given an economy w € , &7 is
an auziliary equilibrium if and only if :
-~ —~ oy =1 .
i) (E,{,w) € (F,f") (0) for every h.
i) D, f’g’* (g,{, w) has full rank for every h.
h

11



i) (fj , w) i8 such that

H

hzgl(:c},—eh) =0 (M1)
;}bh =0 (M2)
Smi-e®) =0 (M3)

x>
1
-

(s> 0)

M=
TN

c
et z:v-,:'-'pwezc) =0 (M4)

e=1

=
Il
-

We define EY = {(53, w) €EExQ: i),13) and iii) hold}

Note that markets clearing conditions in auxiliary equilibrium are the
same as in the real one while households’ maximization problem are dif-
ferent. In the auxiliary equilibrium, participation constraints are equality
constraints and they are related to J instead of J. Since the Jacobian of the
function defined by the left hand side of equations (5) has full rank "almost”
everywhere {Carosi (1999a), condition ii) is given in order to establish a rela-
tion between real and auxiliary equilibria. Observe that the set E7 depends
on the choice of J.

Define E= u E7 where 3 represents the set of the all possible subsets
JE(I
of J = {J; X .. JH} ie. J = x‘IBh The following Theorem describe the

relationship between the set £ a,nd the set of equilibria E = (EQ,,w).

Theorem 20 If ({,w) € E, then there exists o T such that pr(€,w) € EY,
where pr : 2 x Q — 2 x Q,pr:(§w)— (E",w) , t.e. pr is the projection of
ZxNonZx Q.

Proof. We consider (£,w) € E and we take Jp = JapUdJs, where Jop = Jap
and j}; = Ja;. By the definition of equilibrium (£, w) satisfies the First Order
Conditions of the true maximization problem. That implies pr (£, w) satisfies
condition (i} of the definition of Auxiliary equilibrium. Taking into account
the definition of equilibria, it is easy to verify the condition iii) of 19 is verified.
Condition ii) follows from Lemma in Carosi (1999a) since f’,{" coincides with
ﬁ; he m

Now let us consider the restriction of the function P on the set of those
economies such that D i F, fh , w) has full rank for every 2 and then define

the function 7 : 7 x QJ — RImE y R where

12



B %07 = {(¢7w
h} and _

F:(EXUJ)H

(s > 0)

\

= - D EJ
)E_XQ.Dth

) e

TM=T="oy
F o~ Ty
. 8

>

(mh

M=l M=

h=1

G

|

5]
=
M —'

€h )

(_mh —_ eh + ZTsc ac sc)

(E;f , w) has full rank for every

/

The following Theorem shows that the set of economies such that 771 (0)
0 has zero measure. If (£,w) € F~* (0} that means (£,w) satisfies the aux-
iliary equilibrium conditions and there exists at least one consumer A such
that ¢ = U (bn,m3)) = 0 is verified at least for one asset 7. From the true
equilibrium side, if (¢,w) € F~1 (0)N F~! (0) then £ is such that the function
F,, is not differentiable at &, '

In order to-get the desired result we consider the followmg set :

{(ﬁJ ) € E7 : there exists h and j, € J, such that ¢ =

(b;,,,mh) = 0} and the following projection funcnon 7:ExQ - Q

() s
Theorem 21 7 (Bj ) is a zero measure subset of (2.

Proof. By means of perturbation methods we can showthat 0 is a regular
value of F' (The reader who is interested in all details can see step a)). Then
from the Transversality Theorem there exists a full measure set €' C Q such
that, for every w € (¥, 0 is a regular value for £, which is the restriction
of F on w. Hence F-1 ( } =0 for every w € Q’ From the definition of BY,

# (BT} € O\ has zero measure
Step a) We must distinguish different cases.

o Case A: there exists at least a h: (§J, +1) € jh2

e Case B :for every h we have fJ, +1¢ J,, .

13



Case A)

Without any loss of generahty we can assume that (§Jy + 1) e JHg and
- Mr. H verifies Assumptmn 12.ii) for good 1; that implies Z] has full rank.
We can assume that Ch = Cﬂ‘f""" and ﬂJH2 # i+ 1.

From the Jacobian of ¥ we have:

14
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where ¥} is a matrix § x G\ such that

¢ -1 c - 1 -
ed? edC ey’ ey’
1 0™ 1<
1 1| p*(Q-n9 .. [pC(1-7F)
1 S p?r (-4 |... [ p°¢ (1= 7%)
while I} is a diagonal matrix S x § such that
| 1 1
el g’

1 01

1 1 (pt(1-n")

1 S - ! (1~ 75T)

The matrix &) is a § x (G - §) matrix such that

c - 1 ¢ - 1 . c - 1
e .. & . el .. eC es? .. e
1 1[0 |..]0O P pm.C '
1 §|0 0 _ ks I D
and the matrix £} has dimension S x § such that
1 1 e 1

1 1[0 [pry

S 51
Th

1 S50 P

II! is a § x S matrix such that

1 1
it Tl
1 0 0
1 1| —-ple!
1 S ST
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M3 is a . x S diagonal matrix such that

i 1
1?1111 v TRt
1 1 |p'e;
I S ‘ pb'l T

Let us consider the submatrix obtained by erasing the superrows (8).. (12)
and by erasing the last two supercolumns. It is known (Carosi 1999a) that
this submatrix has full row rank. Then we get the result by using the per-
turbations method. In order to perturb the (8)..(10) we erase the last H
supercolumns.

Perturbation Df (8):

(8) «— Aey ~ (2n) — Ae

Perturbation of (9) :

We recall that from Assumptwn 7.iv) and 7.v), for every asset ¢, there ex-
ists there exists at least one consumer A’ such that for every (by, mj, ) € R+
D,ﬁ aw (by,mfl,) = 0. Then if for every asset i, we perturb the correspondmg

row of (9) with Ab)t,, this alter only the row {25/).

Hence we get: .

(9, «— Ab, ~ (22 —  Aelm
~ (2, — Arl

Perturbation of (10) :

(10) — Aef® ~ (7)) « AcY

Perturbation of (11) and (12) :

In order to perturb the last two supperrows we now consider the Jacobian
matrix. We consider a supercolumn corresponding to e}™ such that A* has .
not be used to perturb the previous columns. Without any loss of generality
we assume h* = 1. By using the columns e]™ we erase the columns of &3}
corresponding to (e‘{l)il ; at superrow (11). '

Hence we get the following matrix.
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Let us consider the submatrix obtained by erasing the last two superrows
of the new matrix. We have previously stated this submatrix has full row
rank. We are left to perturb the last superrows.

Perturbation of (11) :

(1) — (Aeph?,

Perturbation of (12) :

| (37)
(30 )(*J _ -
(4§) e« (A}‘}f)s;eo > (IH)
' 2
(1z) — | Az, - 5851)
(8) — | ey - E?i’)’
(2x) — | Aelt ~ | (11) — | Aett
(*) Since Rank (R,q™) = I + 1 we can adjust simultaneously row (3)
and (41{) ' '
Case B

Without any loss of generality we assume that ¢ JA},-?. From the
Jacobian of F we have:
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We first consider the submatrix obtained by erasing row (12) . From case
A we know this has full row rank, hence we are left, to perturb only the last
row.

C(12) e— AWE Ezg; —  Adg ~ (1g)
M) =t g
8) «— Aey 8;!))

(2n) — Ael} s (11) — Aey!
a

Definition 22 B is the set of equilibria such that F is not dzﬁerentzable'
; e B = {({,w) € E : there exists at least a h and j such that Ch =

I (b, my) = 0}.

Theorem 23 There exists an open and full measure set Q C 2 such that F,
is dzﬁerentmble Jor every £ € F;1(0).

Proof. From Theorem 20 1f (§,w) € E then there exists a set of indexes
T such that pr (& w) € B, ie pr (§,w) is an auxiliary equilibria. From
Theorem 21 = (BJ ) is a set of measure zero on €.

If 7 7 J*, BY and B are contained in different euclidean spaces. With
this regard .we introduce the function in : 5/ x ) — = x Q, in : (5" ,w) —

(€,w) where £ has the same component of £ 7 and 0 in correspondence of the
missing ones. (Note that in (£,w) = pr~! (£,w ) for every (&,w) € E). The set

BC Uin (BJ) C Uin (BJ) where §§ = {Te3: :pr(€,w) € B, (§,w) €
E} Jeg Je3 :

That implies 7 (B) C 7 ( AUAz'n.Bj) and 7 ( AUﬁinBj ) =7 ( ;UAB_JA ) .Hence
Jep Jep Jep

T ( U inB/ ) has zero measure since it is the union of zero measure sets.
Jep

Hence 7 (B) has zero measure. The clostre of 7 (B) follows from the conti-
nuity of function F' and from the properness of the function . n

Since the function F is differentiable on the full measure, open set Q
regularity analysis is restricted to Q.

Theorem 24 0 is a regular value of F,,, for every w € ().
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Proof. We clalm that the Jacobian of F, has full row rank Let us
consider the following partition on Jh

I ={j€d: ch>ozf (bn,m3) = 0}

Jh—*UEJ'h Qn*U i, (bpmf) =0} .
= {5 € Jn: ¢ = 0,8 (twmQ) > 0}

22



Hence we have the following matrix.

~——
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TR T e ey T
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G § I 1 B A 1 8 G\ § 1 i1 S5 . S S
& .. on dm by my b G G et ey e Am o
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1 ~g
* Mw 0 HHMH
D | *
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;) R Q:a M_I Muwa o m.onw
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where according to the partition on J, we have considered {;, = K[u}m w2, 3, ¢ “}

and by (bn,m3) = [1} (5m3), B (br,m9) , B (b m) 17 (bnm)]

>0 11 (bpm0) = 0
(=0 and BE(bpmi)=0 ,
(=0 B (bn,ml) > 0

) is a matrix § x G\ such that

Cc -1 . ¢ -1
el . 9 ey’ erC.
1 0 |p* o | PO
1 1 [p(1=-7")]..1p"%(1—1,%)
1 S [P -] (=)

while £} is a diagonal matrix § x § such that

et et
011
1 pll (1 - T’il)
S FTi=)

The matrix ﬁ}z isal x (G - §) matrix such that

e .. €° ei? el I
1o [..]0 Tt ptrt
) 5 P R o

and the matrix f]}l has dimension S x S such that

01 11 51
ey 161"'11 .. e
10 {p’m,
5[0 e




'H;I and II¢! are respectively

11 ' 51
Th Th it +51
0 0 0 11h TT -
1 TIIT 1 | pe,
—PTey | and
" . BT,5T
g ) ZpSTel! S - | P

Without any loss of generality we can a.ssume that H verifies Assumption
12 ii) for good 1 and therefore the matrix 2 has full rank.

Consider the submatrix obtained by deletlng the superrows (8) — (12).

It is known that this submatrix has full rank for every h (see Carosi 1999a)
and so the submatrix we have previously created has full row rank. In order
to obtain the desired result we use the so called perturbation methods. We
are left to perturb the last four superrows. '

Perturbation of (8):

®) — Aey ~ (2w) — Aejf

Where ” (8) «— Ae}! ” means ”we use Ae}, in order to perturb the
superrow (8)”, while ” ~ (2y) ” says "this alter the superrow (2y)”.

Perturbation of (9) :

We recall that from Assumption 7 iv) and 7.v), for every asset 4, there ex-
ists at least one consumer A’ such that for every (b, m,) € R+ Dy an (bw, md,) =
0. Then if for every asset ¢, we perturb the corresponding row of (9) with
Abh,, this alter only the row (2y).

Hence we get:

(9., «— Ab, ~ (2) —  Aedn
| ~ (2?;');?21
Perturbation of (10):
(10) +— Aef® ~ (2% « A&}

Perturbation of (11) :

We consider a supercolumn corresponding to ey such that A* has not be
used to perturb the previous columns. By using the columns g;7* we erase
the columns of 53! corresponding to (ef1)S_, , at superrow (11). Without
any loss of generality we assume A* = 1.

‘ Let us consider the submatrix obtained by erasing the last two superrows
of the new matrix. We have previously stated that this submatrix has full
row rank. We are left to perturb the last superrow.

Perturbation of (11} :

(11) — (Aet)? ' "

a=1

— AThI
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Theorem 25 (Regularity) There exists an open and full measure set
such that ' '

i) fF~1(0) is finite

it) for every (£, w) € F~1(0), there exists an open set U C ExQ of (€, w),
such that the restriction of the function m on UN(F~1 (0)) is a diffeomorphism

Proof. i}- ii) From the previous Theorems, the hypothesis of the Transver-
sality Theorem are satisfied and so the thesis follows as an easy application
of Transversality Theorem. _ ]

5 Equilibria and Pareto Optima

As in the standard model with incomplete markets, Pareto Optimal equi-
libria are rare. We first recall a well known necessary condition in order to
guarantee the efficiency of equilibrium allocations.

Lemma 26 Let be w* € Q0 an economy such that e* € RGH is a Pareto
Optima allocation and let be £ € = a vector such that F (£,w*) = 0.
Then for every states s,s’ and every h,h' we have: :

8 3
A A

PV
Ah Ah_.r

Take into account the above fact we have the following result.

Theorem 27 There exists a full measure and open subset Q'Y g §2, such
that the equilibrium allocations associated with every w € 'V are not Pareto
Optima. '

Proof. From Theorem 24 we know there exists a full measure and open
subset (2 C 2 such that JF has full row rank for every (w,£) € F~1(0).

We show that the set Q' has full measure by applying the Transversality
Theorem to the following function

FIN .2 x Q- R"xR

P (60 = (o6 - 105

Where s is a state whose corresponding column in [R,¢™]" is linearly
dependent from the others. (Without any loss of generality we can assume
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that s = 1 and s* = 0). By using perturbation methods we get JFIN has
full row rank. (The interested reader can find a detailed proof in Stepl.)

From Transversality Theorem we can conclude that there exists a full
measure and open set N C (3 € O such that 0 is a regular value for
FIN where w € /7. Since the number of equations in system F.1V (§) = 0 is
greater then the number of unknowns, by the Preimage Theorem 0 ¢ F2V (£)
for every w € Q. Then the optimality necessary condition is not satisfied
and consequently for every w € Q¥ the associated equilibria are not Pareto
Optima. Finally consider the set .

BN = {{¢,w) eExQ: FIV ({,w) =0, rank JF'N < n' +1} . Since B'Y
is a closed subset of F~! (0) the openness of 2V follows from the properness
of the function .

Stepl. JFIN has full row rank.

We compute the rank of JFI¥ From Theorem 24, J FIN if and only if

the following matrix JF 'V has full row rank.
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BT . T
()" (q™)"

. . 5T _
formed in order to eliminate 5& from row (12). Note that rank [ (Q'm)T:l =

A3
. RT
o | gy

We consider the submatrix JZ _ obtained by erasing the last row. From
Theorem 24 we know that JE* © has full row rank. We are left to perturb
the last row:

(12) <« (Axy) ~ ()
- e (AN~ ()
( (2H )
| (8)
®) — (Qek) - (@n)
(2H) «— (Ae}) ~» (11)
(11) ~ (Ael')

Hence JF!V has full row rank. By applying the Transversality Theorem
we can conclude that there exists a full measure and open set Q'Y CQ C Q
such that 0 is a regular value for FIV where w € Q/V. Since the number of
equations in system F1V (£) = 0 is greater then the number of unknowns, by
the Preimage Theorem 0 ¢ FV (£) for every w € V. Then the optimality
necessary condition is not satisfied and consequently for every w € Q¥ the
associated equilibria are not Pareto Optima. '

Step b). Q" is an open set '

Let BN = {(¢,w) € Ex Q: FIV (¢,w) =0, rank JF'N < n' + 1} . From
the rank condition we get that the determinant of every square submatrix of
JFIN whose dimension is n’ + 1, is zero. Since the function determinant is
continuous, B is a closed subset of F~! (0). Since the function = is proper,
the thesis follows immediately.

where ®, [

are ® and [ } after elementary row operation per-

lg) «~ (Azyg) ~

6 Monetary policy and Pareto Improvability.

We suppose that the policy maker can modify only the amount of money
endowments of one consumer, say consumer H, in period 1. Let T} be the
set of independent instruments of monetary policy whose generic element
8t = (t‘f)il. The planner does not have to respect any constraint and
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so the space of policy instruments collapses w1fh the space of 1ndependent

instruments.
We perform a q_uadra.tlc perturbation the function u;. So we construct the

a finite dimensional subset A, = [| A, of U. With this regard, the reader
can see Citanna, Kajii and Villanacci {1998).

The monetary intervention modifies both the maximization problem of
household 1 and the market clearing conditions. We can then define a new
equilibria that takes into account the planner’s intervention as follows.

Definition 28 Given an economy (w,u) € QxU £ is a vector of equilibrium
endogenous variables with respect to ”an economy with planner intervention
t 7 if and only if Fpy (§,t,w,u) = 0 where Fy is defined as follows:

Fo:Z2xTxQxU—R" Fo : (£, t,w,u) —
( ( Dy (z1) = M@\ \
—® (2 — e} + g™ md + U (e'l"' + [0, tl]T) — U (m,p)e1 + R

| AR + p1 Dy ay (b, mi)

(Vj e 1) min {#11‘11 (bl?mll]
g™ + p Dman (bl,’m1 +m )

Focy

min [y, m{]
(Foch)ney = (left side of equations 5),,,

(M1) ::i (:z:,\1 — 3}1) .
(M2) Elbh,
(M3) 5 (m} =€)
\ (M4) _ }i:l ( md — eh“" + Zfscp“e“ + t“’) (s> 0) )

Fy is a variation of F. More precisely the function % : & — RY is the
constant function v : £ — 0. Hence F, (£,w,u) = 0 <> FP(£,0,w,u) = 0.

From the regularity result we have that there exists an open and dense
set & C 2 x U that verifies the following properties :

for every (w,u) € &, Fo (€ ,w,u) =0 = mnkDEﬁ‘ (¢ w,u) =n.

Finally the properness of the projection function 7% : = x QxU — QxU,
79 : (€, w,u) — (w,u) can be easily checked.

We recall a very well known result about pareto Improvability. The reader
can find the proof in Citanna, Kajii and Villanacci (1998). and Cass (1995)
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Proposition 29 There ezists an open and dense set £; in 2 x U such that
for any (w,u) € &, every associated eguilibrium £ is Pareto Improvable if
one of the following conditions holds: ' ' '

i) The following system has no solution

F(é,wau) . =0 (1)
[Des (Fpi (€. () ,w,u),U (&4 (€),w,w))]"s =0 (2 (10
36Tk~ 1 ' =0 3

it) There exists a subset D™ which is dense in Q@ x U and such that for
every (w,t) € D*, the matrizr DF,,

. £ K A w o
[Det (Fpis U)] & * [Des (Fpi, U)]l | N(ss) | *
\2xTk — 1 0 K 0 0

has full row rank.
i41) There exists a subset D* which is dense in Q x U and such that for
every (w,t) € D*, the matriz .

T
M (é‘,w, (u (,;Ah))ﬁ‘;l) - [ L’Df,t (th U)} év(ﬁ'tn:) (12)

has full rank

The following result allows us to state that there exists an open and
dense set of economies such that equilibria are Pareto Improvable. That has
a remarkable consequences: even a limited monetary policy has real effects,
i.e. money is not neutral.

Theorem 30 (Pareto Improvability) Suppose that the policy maker can
modify only the amount of money endowments of one consumer, in period
1. Then there exists an open and dense set & in & x U such that for any
(w,u) € &, every associated equilibrium £ is Pareto Improvable.

Proof. We are going to show one of the conditions of previous theorem
is verified. The proof is quite long and not so easy to read. Hence we split
it in several different parts, We describe the strategy of the proof and we
give details in the following theorems. Note that we are dealing even with
endogenous variables and that enforced us to distinguish several cases. The
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submatrix Nk, depends on k;, Vh (see also Citanna, Kajii and Villanacci
(1998).) and according to this, we consider the following :

i) CASE 1. k,, # O for every h, that is N«,, has full row rank for every
k. Tn this case, we have the desired result by showing matrix DF,, {see 11)
has full rank. This is proved in Theorem 31.

- ii) CASE 2. k,;, = 0 {or every h, that is Nx,, does not have full row rank
for every h. In theorem 33 we show that system 10 has no solution and then
we get the desired result '

iii)CASE 3. There exists at least an h such that k., = 0, that is Nk,
does not have full rank. If there exists at least a consumer such that Nk,
has full rank and &y, # 0 we can follows the same procedure we have seen
for case 1. _

Otherwise the result can be obtained by combining the two strategies we
have already presented in CASE 1 and CASE 2. This is proved in Theorem
34. ' [

Theorem 31 If ks, # 0 for every h, then the matriz 11 has full row rank

Proof. We consider the submatrix

£ ® A e
F(&p (i ais,) [+ o 0 |« (13)
(Des (Fpt, U)] & % | [Deg (FptaU)]l N (kz) | * '
\26Tk -1 0w 0 0

We know that there exists at least a xy;, # 0, without any loss of generality
we assume ky,, # 0. (this will allow us to find an easy perturbation of the
last row). It is easy to check that if the matrix (13) has full row rank, then
the matrix (11) has full row rank. We write the matrix (13) extensively and
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T
P = (p"‘l)f:1 , (A,\,_) and (A}I)T are a G\ x G and S x G matrix respec- .

tively such that

0 XNic

_ . -
(A:}:) = b (A}L)T = - 35
| 0| 2o ‘ h

0

2,} is & G\ x S+ 1 matrix and Z} is a § X § + 1 matrix such that

204 0 :
e ~ ||
Zy = :  |and Z} = b
=3
Zh,
=BT
Zp
where Zi° = —a5° + (1 — 75%) e for s > 0 and )¢ = —z° + €f°
T\ is a G\ x 9 matrix such that o
' 1 S
p2 [0 0
pOC' 0 0
12 17517
P 2 Th €
hEH
. SO . N .v T
» ST
heH
T! is a S x § matrix such that
11 11,11
r 2. Th €h
heH
51 T3
p SEAEY
heH
Oy is a G x G matrix such that
12 sC
. e . T
0 :
S [——
- T2
p (RD’ K'/\h) eh.
SC , 5\ .50
D (k2 — &3, ) €,
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Opl is a § xS matrix such that

il TP
11 T TV oI
P (K' — K;)\h) €h
Sl GCEGAG
P 7’ An/ ~h

Observe that the submatrix obtained by erasing rows (12),(13) has full
row rank in a dense and open set of economies. That follows from regularity
result. Then we are left to perturb the last two superrows.

Perturbation of row (12). We consider two different cases

CASE A: there exists at least a consumer h such that (f'a;, - rcf\h) #
0 for every s.

Previous condition implies that the block matrices [5;,] ek and (O}, .

he
has full rank and that allows us to use these submatrix in order to perturb
superrow (8) and (11) respectively. Without any loss of generahty we can
assume that (K,p, —K5,) 70
L ] 2;{
(12) |« [ (Aky) [~ (1) |—{@am |~]| 0"
~ 2E

- | ® (A7) || B
~ (4hﬁ=1 (Akgom)

1

1

o | = | (aeg)
CASE B: There exists at least an s (s > 0) such that (x5 — 3,) =
0 for every h . We come back to system (10). If (fe;',, — k3,) =0 for every

h then we substitute rows (8°),(11°) and (127) with following:

(A k5, -zt + (1 - esl] k3, +Th e, m;,) =

—z:( 2+ (et — 25l) 5, - e (5, - A3)) =
|- > (M et o) n;,.):o

(8%) Z (s + (e —zi°) K3, ) =0 (for every ¢ > 1)
(12%) | ch — kS, =

B p

We study the rank of the matrix which corresponds to the new system.
Note that the columns of T! and T\ corresponding to the state s are zero.
That means the perturbation of row (12°) does not alter the row (8),(11).
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Perturbation of row (13)| (13) | — | Ary, |~ [ (1g) | ] Ady].

[ | .
Before handling CASE 2, we present the following useful result which

shows that there exist an open and dense set of economies such that H (Zﬁ)\n) -

has full rank.

Lemma 32

Feq(‘fsw) =0 :
ATp =) (15a)
ple—1 =0

where A is the following S x H matriz such that

Al (:ci1 - eii (1- 1'1;)) ' )\é (i —ell (1 —-71)) ... AL (:1:2}} — 62}})
)\f (z3 —ef' (1 - 1)) A3 (-'B%l - egl (1—-721) A3 (z3! — ed!) _
Mmoo MEb-dia-2)  ed-d

Proof. We consider the function G : = x 2 x R — R* x R¥ x R such
that

G : (§,w,p) — (left side of system (15a)) . From the Jacobian of G we
have the following matrix :
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* .
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We first study the submatrix obtained by erasing the rows ( 12”)55=1 and
(13) . From regularity result we know that this submatrix has full row rank
in a dense and open set of economies. We are left to perturb the remaining

TOWS. 11F _
s=1.5 (12%) — (A1) . -~ ((2f)) — (Ae{’”’)f.zl
13— (Ben) - (297,
2%« @l - ) o @

. Then the Jacobian of G has full row rank in a dense and open set of
economies 2°, Then from Transversality theorem there exists a dense and
- open set of economies siuch that for every w € Q¢ 0.is a regular value for G,
which is the restriction of G on w. Since n + § 4 1 > n + H, from Preimage
 Theorem G (0) = 0 for every w € Q. Then we have the desired result

) : o ' =
We are now ready to claim that if Case 2 occurs, then System (10) has
no solution.

Theorem 33 If Case2 occurs, then System (10) has no solution.
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Proof. System (10) can be written as follows

(lh) (Dg) K, — (I)th + [OI] Hlp\ “+ I‘GUhD Uh =
(2)  —9Tra, + Ry, + g i =4

T 1\ T
(3h) ' K’f\h (ﬁbh) Koy, + [ﬁbhmg] Kmg + I:Dbhahq] - el + Iﬁq = ()
(™) Fan + Boym b, + B imp + [Dmga;l,,\] Cht

(4n) =0
+Xh[mg=0] Koy + Kgom = (I)T Ky
(5h) [Dbha"}];.\] Kb, + [Dmﬂa'flz\] Kl ' =0
3
(6n) [Dbhah\] Kby, + |:Dm?l ag\] Kmg + 1 Kea | =0
(7n) ”ﬁmg + Xh[vg=0] mn . =0
H T —
® X ([A,\L] Kay + Z,\mh) + Tk =0
i
(9) },,Z:l (( bh 0 ) K, — AOII’%;‘) =
H , | . _
(10) El (( Z;lno 0 )ﬁ:)‘h — Aoﬂmg) ' =0
H —~
() 3 (1317 Rz + Ziica, ) + Ty =0
=]
(12) (0 I )k, +Iky = ()
H H
Fhombgom + KKy + KKy + 1
| (16)

Step 1. &5, = KU, AL for every 8. iy, =0,
Since x4, = 0 for every h, from (lh) we have —p*' &%, + iy, Dpn = 0.
D, s
From First Order Condition we have —Afp*! + Dy = 0 and so p*! = —mb-l-
Dot
, hence —i- % rs:,\ = Ky Dggr. We get & = Ky Af.
~ Since &3 = iy, AL, from (14) we have i\ = 0.
Step 2. ky, =0. Kmo = 0.
Taking into account «,, = 0 and the rank condition on (R,q™) from (25)
we get Ky, =0 . Kmg = 0..

Step 3. ), = ——AHnUH .
From ( 13) we have «3 Ky = 0 for every s > 0. Hence from step 1 we
get Ky, = — ALKy, .

Step 4. ki =0, Ky, =0.
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It follows respectively from (6,) and (7,) and from step 2.
Due to step 1-4, in order to get the desired result we can study the
following reduced system: '

T
(3) BT (s ;) + Doyl gy +Ing =0

H . (17)
(11) 3 Z} (Ankw,) + T (kugAn) =0
- h=1
o _ i
If we can prove that (17} has only the solution ((,:,; Cfln’nUh)h‘-l ,nq) =0,

from equation (4;) of system (16) it follows kpem = 0 and then system (16)
has no solution. ‘
From Lemma 32 there exists an open and dense set of economies such
that the matrix 5
(Zﬁ)\h)h#ﬂ ZhAn ] —fo T ]] has full rank. Then (11) implies
ky, = 0 for every h in a dense and open set of economies. Consequently we
deal with the following system : -

T
3T |Dy.aM Ko +1Ik, =0

Hence we are left to study the rank of the following matrix

g BT I
s e Ky Kq
nl!
I (3. I-Dbla’l-‘ - 1 (18)
_ 1
I (3u) Dbﬁa}{\} I

By Assumption on Participation Constraints we know that for every asset
i, there exists at least one consumer h' such that Dy aw (by,mf) = 0;
consequently we know that at least I rows of the following submatrix are
zero. By using these rows we perform some elementary row operations in
order to obtain a submatrix (which can be the matrix itself) of matrix (18)

40



such that:

g7 R I
Kl K, Kq
= T

Dy, a1 _ 0

H
PLAA
h=1

z
. ’rDbH a}H 0
I I
It is easy to show that this matrix has full rank (It follows from Assump-

H ‘
tion iii) 12) Hence (I‘chll )h-—l =} and k4 = 0.
That implies system 16 has no solution. [
Theorem 34 If for every h, either k;, =0 or N Em,, has no full mnk then

system 16 has no solution.

Proof. The strategy of the theorem is the following: as in theorem 33
we eliminate redundant equations and we consider a reduced system where
the number of equations are greater than the number of variables. Then as
in Theorem 31, by a Trasversality argument on the reduced system we get
the desired result. If for every h, either x,, =0 or Nk, has no full rank,
then system 16 has no solution.

Take an arbitrary h. Note that one of the following case is verlﬁed:

(1) Nk, has full row rank and kp, =0
(2) Nk, does not have full row rank and «y, #0
(3) Nk, does not have full row rank and xy, =0

We make a partition on the set of consumer {1..H} such that :

A = {h € {1.H} : N&gy, has full row rank and sy, = 0}, B = {h €
{1..H} : does not have full row rank and «y, # 0} and C = {h € {1.H}:
does not have full row rank and %y, = 0}

We first observe that if A = @ then we are in case 2, and we can imme-
diately conclude that system (16) has no solution. Suppose on the contrary
B = 0 and consider again system (10). We can write equations (10.2) and
(10.3) in the following way:

[De (F, )T 6 | =0

(11) \ (19)
(12) | [D:(Fu,U)] 6 [=0
(13) [&'x-—1 =0




Since [Dy (F,)]” has full rank, when kg, = 0 for every h,the only solution
to the previous system is x = 0 and that contradicts equation 13 of system

(19).

We are left to consider the case whereA # @ and B # (. Without any
loss of generality we can assume that 1 € A and H € B2,
We write system (10).

(10)
(11)
(12)
(13)

(Dﬁ)T Kay, ™ (bnz\h + [OI]T Kp\ + K*UhDa:Uh
~®TKy, + Rhip, + @™ K pmp '

T . T T 117 / '
R Ky, + (ﬁbh) Kby, + Bbhmg ng + Dbha'h f‘igli + Kq

. T AT
(.qm)T £y, ﬁbhm‘,{”bh + ﬁmgfimg + [Dm‘,{a;l;\]' Q]i + Xh[mﬂ=0] Ky, T Kgom + (1) Ky =10

[D;,,,a};\] Koy, + [Dmg afl,,\] K
[Dbhai\] Kby, + [Dmg ai\] K + 1 K3

H T -
([A,\H_] Kz, T Z,:m;h) + Ty

-
il
-

™

( bh 0 )mh - )\of[lﬁbh)

=
Il
=

ZELO 0 ) R, — /\in:mg)

=
i
=

)=
P e e
——

[A}b]T Kogy, + Z}Lmh) + Tl kpy
I ) K’}\H + I.K,pl
H

Sig

—

H
T -
> ﬁfhﬂmh Fot D rcghmm + rc;ﬂrep\ + ngnq + h:g:,mﬁqum + fi:;ﬁ:pr + Kk

h=1 h=1
(20)

According with the procedure we have presented in chapter two, we
rewrite system taking into account the conditions on g, , N(kz,) and ky,.

Step 1. For any h € A,C, &3, = xy, A}, for every s. k, =0.

Since &, = 0 for every h € A, from (1,) we have

(D?z)T Kz, — Pk, + [OI]T p\ = 0
—‘I)Tl'ﬁzh + Rl‘ibh + qmﬂimg =0

2We have no loss of generality even if household H is the one who is directly itnvolved
in planner’s intervention. That is true because equations (1) ,...(7n) for h € B are the
same both for household H and for the other households which belong to B. Analogously,
we would have no loss of generality if we have assumed 1€ B and H € A.
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and —p* &3, + Ky, Dosr = 0.

From First Order Condition we have —Ap*!+ D, 2 =0andsop’ = l—)-”-fkl-

D,

, hence -7\-:- K, = ft, Dot We get 63 = Ky, AL

Since &3, = Ky, A}, from (1) we have k,, = 0.

Step 2. For h € A,C, &k, =0 and «,, o = 0.

Taking into account «,, = 0 and the rank condition on (R, q ™} from (24)
we get kp, =0 . Ko =0.

Step 3. For h€ A,C, k3 =0, 5y, =0.

It follows respectively from (6,) and (7,) and from step 2.

Due to steps 1-3, we can rewrite system (10) in the following way:
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(1n)
(2n)
(3n)
(4n)
(45)
(5n)
(6n)

(7n) hEAUC

(DE)T Kay, — CI)K'A;,
....(I)TK‘:% +R’€bh +qm’€mg
. T T
RTHA& + (ﬁbn)T Koy, T+ [ﬂbhmg] Kmg + [Dbh a,ll\] kel + Ik,
' T
(qm)T K, + ﬁbhm?l"ﬂbh + Bmgnmg + [Dm?la':;\] CA—'_
T
Dy, a3,
Dbha:\

Kmd + Xn[y2=0] . -0

1\ : :
Kb, + | Dmgay’ | $mg =0

Ky, + Dm?la:\ Kmd 4 Ih‘.c’z: =)

Ky,
th = K:Uh Ah

: T
RT (ky, An) + [Dbhai\] K + kg
T ' 117 T
(@) (ko 2) + [ Dmgai | gy + igpm = (1) i

(( b o)',suh,\h)'+§(( bh 0 )k, — AQlrkp,) =0
heA

(( zfrzno 0 )ﬁUh’\h)+h%4(( zf?o- 0 )H,\h) =0
(Z%EUhAh) + Z (EéK‘/\h) + T (K’Ah) -
hiA
I ) Ky +I.K.pf ' =
T =0

o=
il
h'S

=
M
S

3

&Ko
= oo

From Assumption on restricted participation we have that :

for every asset i, there exists at least one consumer 2’ such that for every
(bpr,m2,) € R™*! the following condition holds :Dys ap (bwr,miy) = 0.

We can have three different cases:

a) e AUC

b)h'eB
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In case a) from (3),) we have

E:sza i__
T h! K'Uh' q——O.

8=(

and so

_ E:sts
- - ht K:Uh"

s=0

Moreover if b’ € C we have k, = 0.
Then we can erase the redundant equations and the corresponding vari-
ables. We get:

. = ()
) |

(1n) E—I?P%ﬁ:fflﬂ Rz,?q— " Kmd =0
8:; BTz + (Bon)T ity + [ﬁ,,hmo] o+ [D,,ha},\rxcl +Irg
() @V R+ B + Bugring + [Dugal)] Gt

+Xh[mg=0]“"‘m + kgom — (1) Ky j 0
ggz; Dbhai\ Ky, + | Dmg a,l,,\ Kmd o
(Th) ep Dbha:\ Ky + Dmgaﬁ\ Kmg + Ik -

Km F Xa[49=0] =0
Gihes BT (ki) + [Doal] ng + TR, | =0
(4n)wea 9™ (Rupdn) + [Dm" arlz\]T”cl +#gom — (1)" Ky | =0
©OF  S(H 0 M) F T (K 0)mo-delm) =0
(11) = (Zixourn) > (Zhn,\h) T (k) =
(12) ( 0 I )k, +Iny =
(13) kTk—1 =0

T | T - i
where [Dz,h &i\] is the square submatrix of [Dbha,l,\] whose rank is §J}. R
is a § x §J} submatrix of R while I is the identity matrix §.J} x f.J! and &, is

- T
~ a#J} vector. Obviously R, Kq and [Dbh d‘t\] corresponds to the same assets.
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*. We write equation (9;)" corresponding to those assets such that :
the corresponding /' such that Dy, ap = 0, belongs to the set B. We
denote I* the number of equations in (9;).

Note that system (22)has .
t of equations =  (§J}),e . + EG S+ T+ 1+ 1B+ (B + I+ "+ S+ 5+ 1

§ of variables =  (§J1)pes + (G+ S+ I+ 1+ 1) 4B+ (§JE + 8 ) e+ '+ S+ H
Since §1J} < I and § > H, {f of equations is greater than the § of variables.
If we prove that the only solution of the subsystem ((22.1), (22.12))is the
zero solution, then we get the desired result because in this case the whole
system has no solution. :
With this regard we are left to show the following matrix has full row

46



rank.

()¢

e

i

¥ A

Rn-__

14
TARe:

Zn_ L

c:..;r.

g

Kodg

- n—.- £

I

Kby

AR+

1 By

Foieyy Kol

».: A.w:_-

min ¢

2 AN |
?..J:

min my

KA
i

_—
i .:_,

I 1

o wma.za

i o
Yol
b=

8

mnuuq

I
Ky

.NH:—

i
un

.Nﬁ.r—.—m

n.-._“an.‘._m
5
\b:_

H
Sl
=

)

©f)s

() G

(2h) s

*

8

wm.n

[

{ir*]s

®le|wfx

Bidnea B

Uu.m.wz

R"X

A.—.: w__..Mh 1

h=i*

-1\]
U:.n e

Q:«.ﬂ.\f "

(L) G

AUHQ_I.VH.

Nrzg)

) S

()
—

Rﬁwu_

Bu) I

A_m?: v.m.

r []
_E..c_ m,

. Ty
D e dy

{4u} i

By iy

RW—.:.:

i

Dy,

1

5,00

-

(50) 407

*

1\
Dyt

_./
UE..U. fyy

Xu T_.w__ Hc_

(61¢) 73

U__ ™ awu.f

3
D ay

{Ty) 1

Xitht=d

%) I

0
i

b

0

e

(AL

(t12)S

{23)



From regularity result we have that the first (IF ) " (11F ) rows are linearly

independent in a open and dense subset of economies.

Perturbation of (3,) h € AUC (3n)pes «— Akg .
Perturbation of (4;/)
(4;,,:) — Alcqnm .
Perturbation of (1,) h € B.
(1p) « Ak, . '
Perturbation of (2,) h € B.
(2n) + Ary, ~ (ln) « AA,.
Perturbation of (3,) and (4,) h € B.

(3h) — AR)% oy (lh) Rl AA;,, .

(4r)
Perturbation of (5,) h € B.
_ 3
B = Arg w () = Amy = (1

(2n) — Ak ~ (1n) 7

(1x) <« A4, _
Perturbation of (6,) h € B.
- (6r) <« Akes .

Perturbation of (7,) h € B.
If v, = 0 then

(7},,) — Ah‘,am .
If mj, = 0 then

(Th) — Akpg ~ (62)
~ (5p)
o (3n)
(4n)
~ (2n)
(6n) « Ak
3.) .
(5h,) — AK’C}, oy 54:;
(3) -
h
4n) Arx (1)
(2h) = A"‘.‘xh ~ (1h.)

(1) «— A4
Perturbation of (9;)".
For any 7, we take the consumer A’ such that Dy, ap = 0.
(9;) « A‘!ﬁbh, ~d (Zh) — AKy, ~ (1}1) — AA; .
Perturbation of (11).
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(11) = Akg ~ () — Axy ~ (Ln)

h

e (1)
(In) « A4,
Perturbation of (12).
(12) «— Aky =~ (11)
~r (4n)
(11) « Aﬁlm}l ~ o (2h) Aﬁ’m}‘ ~ (1p)
~ (1n) '

(4n) «— Argm
(1n) « AAy
So the matrix (23) has full row rank and due to this there exists an
open and dense set on economies such that system (22.1-22.12) has only the
solution x = 0. Consequently system (22) has no solutlon and so we get the
desired result. =
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