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Existence and stability of equilibria in OLG
“models under adaptive expectations®

Michele Longo'and Vincenzo Valorit

Abstract

' In this paper we deal with an Overlapping Generations Model with
production under three diverse assumptions about agents rationality;
rational, adaptive and myopic expectations. We determine a unique-
ness condition for stationary steady states in the model with perfect
foresight which rests on the second derivatives of the production and
utility functions. Such condition results to be more restrictive than
the one developed for the model with myopic expectations which, due
to the correspondence among steady states of the three models, could
_be considered as an alternative. Further, we completely develop the.
analysis of the model under adaptive expectations. We derive stabil-
ity conditions and determine the bifurcation diagram in all the three
cases. From the comparison it results that stability conditions for the
case with rational expectations are less restrictive than for both adap-
tive and myopic ones. We notice that, differently from what happens
in the QLG model of pure exchange, the adaptive expectations do not
improve local stability performances of the model with respect to my-
opic expectations; this is due to the fact that in our two-dimensional
model a Neimark-Hopf bifurcation could arise, cutting off part of the
parameter space which results to be stable in the myopic case.
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1 Intro’duci;;ion

The Overlapping Generations Model, first introduced by Allais [1] in 1947,
became after the 1958 article by Paul Samuelson [9] ”...the most important
and influential paradigm in neoclassical general equilibrium theory outside of
the Arrow-Debreu economy” (quoting Geanakoplos [7]). As suggested by the
name, in this model we suppose that at any time different generations of in-
- dividuals are living; each generation being characterised by a representative
agent. Every generation may trade with other ones which are in different pe-
riods of their life. Sarmuelson’s innovation was in postulating a demographic
structure in which generations overlap indefinitely into the future. The cap-
ital stock is gemerated by individuals who save during their working lives .
to finance their consumption when retired. This structure makes it rpossible
to study the aggregate implications of life-cycle saving by individuals, the
determinants of the aggregate capital stock, the effects of government policy
about national debt, social security, taxation as well as the effect of bequests
on the accumulation of capital. A vast literature about the Phillips curve,

the business cycle and the foundatlons of monetary theory i is also based on

the model.

Over the year the OLG model has been developed into a general ethb—
rium model with many agents, multiple kinds of commodities and produc-
tion, completely founded on the neoclassical methodological assumptions of
agent optimization, market clearing and rational expectations as the Arrow-
Debreu model. In this more comprehensive version of Samuelson’s original
idea, known as the Overlapping_ Generations Model of General Fquilibrium,
equilibria show profound differences with respect to that of the Arrow-Debreu
model: the OLG provides an ‘example of an economy in which the compet-
itive equilibrium may be not efficient or Pareto optimal {Samuelson itself
pointed out this fact in his 1958 paper [9]), money may have positive value,
there are robust economies with a continuum of equilibria (indeterminacy of
equilibrium in the one-commodity case was first studied by Gale [5]) and fi-
nally the core of an OLG economy may be empty. None of this could happen
in any Arrow-Debreu economy

In this paper we consider an Overlapping Genera,tlons Model with pro-
duction, first studied by Diamond in his famous 1965 paper - [4], in the version
given by Galor and Ryder in 1989 [6]. In Section 2 the set-up of the model
is fully described. In Section 3 we specify three diverse expectations func-
tions. In Subsection 3.1 we consider fully rational agents and discuss all the
resuits about existence, uniqueness and stability of non-trivial steady states
obtained by Galor and Ryder [6]. In Subsection 3.2 we.present the work
of Michel and de la Croix [8] who studied the stability properties of sta-
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tionary steady states under the hypothesis of myopic expectations. Both in
Subsection 3.1 and in Subsection 3.2 some minor improvements and results
are discussed and in Subsection 3.3 is proposed an alternative uniqueness.
condition for the model with perfect foresight. In Subsection 3.4 we develop
and analyze the model under the assumption of adaptive expectations. We -
study the relationships among steady states of this and of the two alterna-
tive models. We also develop a complete local stability analysis. In Section
3.5 a comparative discussion of stability conditions of the three models is
performed. Finally in the Appendix we have left two, less interesting, proofs.

2 The model

We refer to the classical Diamond’s OLG model with production [4] as devel-
oped and studied by Galor and Ryder in [6]. We consider an infinite horizon
and perfectly competitive economy where a single good is produced by means
of capital and labor. We suppose that the economy exists in discrete time
and that individuals live for two periods. For a given rate of population
growth n > —1, the endowment of labor at time £ is exogenously set by,

Lo=(+n)fly ~ W

Moreover, at each time ¢ the endowment of capita.l is increased by the quan-
tity of resources not consumed in the previous perlod and (ie. Y, 1= C;_l)
- for a given rate of caplta.l depreciation 0 < 6§ < 1, is

K= -Y;&v—l + (1 =8 K —Cia . (2)

where C,_, is the aggregate consumption and Y;_, is the aggregaté produc-
tion, both at time £ — 1. Output will satisfy

Y = F (K, L) (3)
where the unchanging technology is supposed to perform constant returns to |

scale, so that we can write . _
e = f (kt) (4)

where k; = %: and y; = %’: correspond o the pro-capite amount of capital
and output, respectively and f : R, — R, is the intensive form production
function. As in [6], we suppose that such a neoclassical production function
is twice continuously differentiable, positive, increasing and strictly concave

f(k) >0, fk)>0, f'(k)<0, fork>0 (5)



The competitive assumption in both the capital and the labor market
implies that in equilibrium the interest rate, r;, and the wage, w;, are respec-
tively equal to the marginal product of capital and labor. Formally,

ro= F (k) o | ®)
w o= f (k) ~ ef! (k) & w(ke). @

In the first period of their life, agents work and allocate the resulting
income, wy, between consumption; ¢}, and savings, s;, that is

we =y + 8 (8)

Such savings earn the return r in the following period and are spent in the
older age when agents are retired. The olds consume both their capital
income and their existing wealth, hence we assume non-altruistic agents (no
- bequest is considered). The consumption in the second period is

el = (L1 — 8) s, (9
which together with (8) gives the budget constraint

1 '
1 2

c ——— = U 10
1+Tt+1“5t1_ t ( )

Individual preferences are characterized by their intertemporal utility
function u (c}, ¢, } defined over their, non-negative, consumption in the two
periods of their life. We assume that

Al) u:R% — R, is continuous on B2 and twice continuous differentiable
- onRZ,!

Moreover, we require that such utility function satisfies:

A2) the no satiation property, which means that it is increasing in both
variables,

ui(c',c?) >0 and (c},?) >0, ve,&>0, (11)

where the subscripts indicate, respectively, the partial derivative with respect
to the first and second argument;

A3) a decreasing marginal rate of substitution, or alternatively, the re-
quirement, of strictly quasi concavity on the interior of the consumption set.

lWe define R? £ [0, +-00) x [0, +00) and RZ | £ (0, +o0) x (0, +o0).
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*Moreover, the Hessian of u, H, (c!,c?), is non-singular for each ¢!, c? > (7,
that iz

o det H, (¢!, ) #£0, Ve',@>0, (12)
where / ('1 2y g )\ .
' ' ay & f Uile, ') Uzic,C

H (cheh) = um( e, ) usm(ct,?) _ ..-(13_)

B Ad4) the condition | _
: u1u12 > ﬁguu, ‘v’cl 02 > 0 | (14) .

which guara.ntees that consu.tnptmn in -period two is a normal good (see
Lemma. 1);
A5) and ﬁna.lly, avoided starvation in both perlods whlch is guaranteed

by - .
o | lirl%ul (¢, ) = oo, Ve >0, g (15)
limug (', ¥} = oo, Vcl >0.
e210 - -

; leen all these assumptions agents solve their consumption-saving ch01ce _
_ 'problem and obtain :

8 = 5 (wy,rf,;) =argmax u [w; — s, (1 +re g —8) sl (16)
ar€[0,10¢)

: where ré., is the t + 1 expected rate of return, that is not known at the time

“in which the decision has to be taken. :

. Ler_n:ma 1 Let assumptions A1)-A5) hold, then fbr eachw>0andr >0

5 (w,7) 2 5%3 (w,7) > 03 Coan
Proof. See Appendlx n :

Under this set of assumption the economic dyna.rmc is characterized by
the following set of equations

s! w:,rt_,_l!

kty1 = T o .
M= w:=f(kt)+ f (k) 2 wlk) (18)
: Per1 = f IA(_kH—l)

2This is exclusively a technical assumption which will be used later on in order to apply
‘the implicit function theorem. We recall that even strict concavity would not be suﬂ'iment _
to 1mp1y det H, (c*, ¢ ) # 0; for example, the strictly concave function F(z,y) = =zt —¢*
is such that det H¢(0,0) = 0. _

3We have omitted all the indexes for notation convenience.
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which gives : |
s |f (k) = kef' (ke), £ (k5i0)
| oy = e — | (19)
In the next section we study this model under three different expectation

formation mechanisms.

3 Different expectations formation mechani_sms

Now we need to close the model through an adequate assumption about
the expectations formation mechanism. In what follows we study the model
under three alternative specifications.

‘3.1 Rational expectations

In (6], Galor and Ryder study the model of Section 2 assuming that the agents
are fully rational. In this case they are able to predict the future evolution
of the economic variables so that their expectations are independent of past
observations and will perform perfect foresight, that is

reu = eyt A (20)

As established in [6], such self-fulfilling expectations will not be, in geﬁeral,
unigquely determined unless some further conditions are satisfied.
The system M together with the perfect foresight assumption (20), gives

= S (k) — kel (Rs) , ' (Rew)] | (21)

Kot i

A6) We assume that Inada conditions are satisfied at the brigiu

. —_— _ . ] - 1 — .
lmf(K)=0=f0) and lmf(H=oco. (22)
It is possible to show that (see [6] for details)

Proposition 1 (Galor and Ryder (1989)) Given k, > 0, and provided
that savings are a non-decreasing function of the interest rate, that is

s (w#: T§+1)

>0, . 23
Orin ' (23)

then there exists a unique self-fulfilling expectations ki s =ky1 >0,
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Lemma 2 Let assumptions A1), A2), A3), and A5) hold, then, for each
w > 0 and r > 0, condition (23) is satisfied if and only if

uyug > (U2u12 — uyugg) 8¢ (1 + ""t+1 - 8" (24)

Proof. See Appendix. W
Therefore, under condition (23), there exists a gingle valued function 4 :
R, — R, such that key; = ¢ (k) and ¢(k:) | 0 as &, 1 0. To see these latter
: propertles it suﬁices to note that

8 (wi,rf) _ wiky) _ f‘(kn — ket (ke) f(fcﬁ)
1+n+ $1+n_ . 1_+n (25)

0L Blke) =hor =

and use the assumption A6).
“Now, in order to show further results, let us state some prehnnna;ry defi-
nitions.

Definition 1 A sequence {k;} is said a dynamic equilibrium if

s[f (ke) = kef' (ke) , ' (keys)] (26)
i+n :

keay =

with ko exogenously given.

- Definition 2 A stationary capital-labor ratio, k is sazd a steady state equ1—

_.hbrlumzf '
_sF@ -Fr (R, F®)] 27)
14n

" Suppose now that there is an upper bound to the attainable capital, l;:,
for our technology
o F(B) =@+n)k (29)

| This fact, together with the other assumptions about production and util-
ity functions, grants us that every trajectory of the system will eventually

remains boxed in a given, bounded, range; in partlcular we have the three
following cases

ik 2k  then0<hyi<k (20)
0 <k <k then0<kt+1<k-
ifly =0 then kyy g =

4Trom an economic point of view, cond.lﬁon (24) is equivalent to require that the '

subsiitution effect created by an increase in the interest rate is not smaller {in absolute
value) than the income effect.




which implies that a steady state equilibrium exists (at least the trivial one
k = 0) and that all steady state equilibria lie in the interval rO, i,

All the assumption we have introduced are not sufficient to rule out the.
possibility that the only steady state equilibriim in this overlapping gen-
erations economy is the trivial one, characterised by zero production and

consumption. In order to avoid this unsatisfactory occurrence it's necessary
to strengthen the Inada conditions. We have:

Proposition 2 (Galor and Ryder (1989)) Given the previously described
overlapping generations model, if

| lim [~kf" (8)] > 1+n - (30)
then there is k > 0 such that _
lmk >k forallk>0 o (31)

So, under the assumption (30), which is stronger than the Inada condition
limgq f' (k) = oo, the trivial steady state cannot occur provided that the
initial amount of capital is strictly positive. Observe that, even with such
strenghtened Inada condition, the existence of a non-trivial steady state is
not guaranteed. As Galor and Ryder pointed out, in order to obtain such a -
result, some restrictions on the nature of the interactions between preferences
and technology are needed. The following propositions can be proved. (see
[6] for details): =~ :

Proposition 3 (Galor and Ryder (1989)) The overlapping-generation econ-
omy previously deseribed erperiences non-trivial steady state equilibrium if
kg>0and )

a) hmk_,o%%% >1,

b) limg_o f' (k) = 0,

¢) sy (w,r) 20,  forall (w,r) > 0.

Proposition 4 (Galor and Ryder (1989)) Given kg > 0 and the follow-
ing conditions: ,

a) limag_g T_T:-fi_‘l:—f-ﬁ,—(% >1,

b) limy .o f' (k) =

¢) & (w,r) >0, for all (w,r) >0,

d} ¢ (k) =0, forallk >0,

e} ¢’ (k) <0, forallk>0,
the overlapping generations economy has a umque non~tmmal and gtobally
steble steady state equilibrium.



Remark 1 We observe that under assumption A4) (that is the assumption
that future consumption is o normal good) Assumption d) in Proposition 4
is redundant. Moreover, despite the correctness of Proposition 4, its proof is
not really correct. '

So, in a standard overla.ppmg generations model with capltal accumula-
© tion, there is in general a multiplicity of stationary equilibria.

_.3 2 Myoplc expectatlons

Recently in 8] Michel and de la Croix have stud1ed the model of Section 2
by assuming myopic fores1ght that is :

rea=re=f (k). o s (32)

' In thls case the mter—temporal equlhbnum with initial capital stock kg > O
is necessarily unique and its dynamics is characterized by the following first
order difference equation

g [f (kt) ktf, (K1) , J” (kt)] A

kia = e 2 m(k). - (33)

. _.Tl.le derivative of m(k) is . '
o 000,/ 0] 1) HCRACEICN o

As a matter of fact, in [8] the authors compare their model with the one

m (,k)

. studied in [6]. They first prove the following

: Propomtlon 5 (Michel and de la Croix (2000)) The two dynamics with
perfect and myopic foresight have the same positive steady states.

Remark 2 We observe that under the assumptions made in [6] (which are
the ones we will adopt throughout the paper), in particular, the hypothesis
that f(0) = 0 (cf 22), k = 0 is also o corner steady state® for both the
dynamics. Indeed, whenever the production function is absolutely continuvous
and such that f(0) = 0 then we always have

w(0+4) 9’—1&1[} f (k) —kf (k) =0. (35)

5For a dynamics described by kiy1 = g(k:), with g = m, 9, we say that k = 0 is a
corner stendy state if ‘
g(0+) élifl‘:} g(x) =0.
&



To see this notzce that the absolute continuity of f implies
fR)=F0)= "1 f'(v)dv < +oo, (36)
0 ‘ ,

which, in turn, yz‘elds
- lmm &f () =0. (37)

Therefore, the fact that f (k) — ko f' (k) = wy — 0 as k, — O together with
the relation s (wy, 1§.,) < wy, true, by construction, fo'r both the dymm@cs
yield :

. 8 (wy, re A
0% kea = (11::1) =1 +tn G

~ hence k =0 is a corner steady state in both cases.

Remark 3 Michel and de la Croiz show, by a counter-example, that, in a
slightly -more general model than the one in [6], when k = 0 is a cormer
steady state of the dynamics with myopic foresight it is not necessarily a
corner steady state of the dynamics with perfect foresight. The ezample they
provide make use of a CES production function with 0 < p < 18, Olearly this . -
production functzon is such that f(0) > 0. .

Michel and de la Croix compare the local stab1hty of both dyna.rmcs and
prove the follomng

Proposition 6 (Michel and de la Croix (2000)) Letk > 0 o steady state
and assumne (23). If m'(k) > 0 (monotonic dynamics with myopic foresight),

k is stable, unstable or non-hyperbolic for the dynamics with perfect fore-

sight if and only if it is respectively stable, unstable or non-hyperbolic for

the dynamics with myopic foresight.

" Remark 4 Notice that when m'(k) < 0 the equibalence stated in the previous
proposition in not generally true but we can only say that if ~1 <m/(k) <0 *
then |¢'(k)| < 1. In [8] the authors do not list ail the assumptions on f and

8The constant elasticity of substitution or CES production function has the form
Y= F(K,L) = (aK* + bLP)F
with a,b positive constants and p # 0 (see {11}, p. 19). Miche! and de la Croix simply

require p > 0, but with p > 1 the example given in [8] does not work. It does work if
0<p<l.
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w ezcept for what they coll Assumption H' and it seems they say that the
dynamics with perfect foresight are strictly monotonic under this assumption,
that is &/ (k) > 0 for each steady state k > 0. We observe that this is not
generally true unless further conditions are assumed; in particular, we need
conditions which ensure s,, (w,r) > 0 for each (w,r) € RZ, for instance
- assumption A4). ' '

Finally, in (8] the authors prove the following uniqueness result:

Proposition 7 (Michel and de la Croix (2000)) No more then one pos- |
itive steady state k of the dynamics with perfect foresight exists if

s lwB), £ (9] () + . [k, () £ () < 2L2RL B0 g

(39)
Such a steady state exists if and only if
, ‘
lim slw(k), £ (K)] >1+4n. (40)
kL0 k

Remark 5 Comparing Proposition 7 with Proposition 4 we point out that
Michel and de la Croix require conditions only on the second derivatives of
the functions v and f but, contrary to Galor and Ryder, they can prove
only uniqueness. As a maiter of fact, if Michel and de la Croix wanted
global stability together with unigueness they should set conditions on the third
derivatives just as Galor and Ryder do (we are talking about the assumpion

¢" (k) <0). | '

3.3 Steady state uniqueness under perfect foresight: A |
note

In this subsection we provide, without referring to the myopic analysis, a
sufficient uniqueness condition in the perfect foresight case which rests only
on the second derivatives of the functions » and f . In Subsection 3.1 we saw
that, under suitable assumptions (see Proposition 1), equation (21) implicitly

"In'[8] Assumption H is stated as follows: For all (k,w} € RZ,.
g (k,w) = 0 == g (k,w) > 0,

where S
gk, w) £ (1 +n)k — s{w, f/(k)).
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defines a function ¢ : R, — R+ such that kyy = ¢ (k). That is, ¢ is such
that, for each & > 0,

s [w(ke), £ (8 (k)] | B
o o (41)

& (ks) =
Itis possible' to prove the fo]lowing

Propos'ition 8 Let condition (23) and essumptions A1), 42), A3) and A5)
hold, then the dynamics under perfect foreszght admits at most one positive
steady state if

'w( (),f’(y))w’(m) '
1+7n—s (w(3) ’_f’ W) " ()

Proof. k > 0 is a steady state with perfect foresight if ¢ (k) = &, that is if

<

8w

, Yz,y>0st y<w(r). (42)

slwh).f (R _r (43)

1+n

or, equivalently, if % is such that

s [w(fc),f_' CEN 1 (44)

Clea,rly, a sufficient condition for umqueness of kis b/ (k') < 0 ‘v’k > 0 where
the functmn h is thus defined - :

h & SOLT @) =-(1+n];)¢(k)._ -

 An easy ca,lculatiq'n yields o |
K= () (sw-28). | 4s)

o sw (), F BB -
B R e N Ot gt 4"
it follows that A’ (k) < 0, Vk > 0, if and only if

s lw(B), (6 ()] (k) (k)
T s [wf) F S EN @) < * 43)

hence the conclugion. M

Since,
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Remark 6 Uniqueness condition given in Proposition 7 is weaker than the

- one given in Proposition 8. This is due to the fact that if we do not refer to

the myopic analysis then we need to consider all the possible implicit function:
¢ defined by (21), although we know that 0 < ¢(k) < w (k), Yk > 0, whereas
. in the myopic case ¢ is explicitly given by m (cf. (33)). :
Remark 7 We further observe that a sufficient condition for having h strictly
decreasing, Yk > 0, is, not surprisingly (c¢f. Proposition 4), the strict con-
cavity of ¢ (together with its differentiability). Indeed, i ¢ is dzﬁerentmble
stmctly concave® then, for each k,ky > 0, we have

i Bko) — B(k) < B/ (k) (ko ~ k). (49)
o For ko = 0, we obtain ' '

8 (k)k - o(k) < | (50)
for each k > 0 (recall that from (25) we have d)(()) = 0) that s A’ (k) <0,
Vk > 0. Now, observe that h cannot be constant in any interval I C (0,+00).
In fact, if this were the case then B’ (k) =0, Vk € I, and ¢ would be a sirnight
line in that interval, which is a contraddiction since gb s strictly concave.
Hence, ¢ is strictly decreasing.

We now turn to the adaptive expectation model.

3.4 Adaptive expectations

Let’s consider the well known first order autoregressive adaptive expectations

- learning mechanism. In this case forecasts are formed through a weighted

mean, with geometrically decreasing weights, of past observed data. Indeed,

- in an economy with infinite past, given the time series of old interest rates
- r=(ryrq,..) and set 0 < @ < 1, we can write

rt+1-—va(1—a) rt_J—rt+a( —7f) (51)
=0
Introducing this exzpectation functwn in the overlapping generations model
we obtain

k?g_;..l = f_(%_%l) l (523‘)
= f (k) = ke f' (kt) w (kt) (52b)

= f' (k) ‘ : (52c)
7"f+1 =rf +a(r~rg) (52d)

. 8We, actually apply the deﬁmtion of concavity to the function ¢ extende-:l by continuity
at the origin by setting ¢ (0) =

13



where f (k) is the production function defined in (4) Substituting (52b)
. (52a) and (52c) in (52d) the system reduces to

f k i w("")”’tﬂ
e = R e
7':+1 = Tt +a[f’ (k) “""te]
- The followmg proposition holds

AM 2 (53) -

Proposn‘.lon 9 A point E>0isa stationary stea,dy state for the model
under perfect foresight if and only if (k, f/ (k)) is o stationary steady
state for the model under ada.ptzve ea:pectatzons g

Proof In fact, given

and set 7 = f' (k), we have
. {’EM’;‘;E:E
rr+alf (B -7
| Likewise, the opposite follows immediatly. &

(55)

Remark 8 It is useful to notice that, in order to be a s'taizonary steady

- state for the dynamic with adaptive expectations, a point (k, 7} should satisfy

F=f (k) so there is q one to one correspondence between steady states of
. the two maps.

Remark 9 Notice that the condition (54) is the same for the model with
-myopic expectations so that such one to one correspondence among non trivial
steady states holds also between the myopic and the adaptive model. =

As a consequence of Proposition 9 and Remark 9, existence and unique-
ness of steady states for the model with adaptive expectations is guaranteed
under the same assumptions of propositions 3 and 7. Now, suppose that such
a (non trivial) steady state exists. We want to compare the local stability
properties of the model, subject to the three dlverse hypothesns about the
- expectations formation mechanism.

The Jacobian matrix of AM, evaluated in the steady state, is given by

T & (el (56
= n .
AM A\ Cl'f” (1 . 0!) ) { )
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and defining £ and u as
. A !
A ot (87)
we obtain :
: | trace (Japsr) =€4+ap+1—a (58)
det (Jan) = (1 —a)é |

Remark 10 Notz'ce that the assumpiions made so far imply £ > 0 and p < 0.
Hence, in the sequel the analysis will deal only with these parameier values.

leen the usual stability conditions for 2 x 2 discrete dynamical system

‘ det A <1
K 1—trA+detA>0 : (59)
A+trd+det A>0 ' :
it results
. £< 0 1a) . .
n <l-¢ {60)
g2—a!!1+§1

where, transforming the 1nequallt1es mto equations, the three conditions rep-
resent the Neimark-Hopf, Saddle-node and Period- doublmg bifurcation loci,
respectlvely Furthermore, the condltlon

(trace (Jaz))’ _ 4det (Jang) <0 S (e

)
(£+ay—|—1—~a)2—~4(1—oz)§<0

determines the region of parameters for which the system has complex eigen-
values. The situation is summarized in the following Proposition

Proposition 10 Suppose that (k T} is a statwnary steady state for the OLG
economy under adaptive expectations described in (53) then:

a. For all o € (0,1), the point (k r) is locally stable. for the system AM
iff the pair (£, 1) satisfies conditions (60).

b. For all a € (0,1), the point (k; ) loose stability in one of the following

- ways:

i. through a Pemod—doublmg bifurcation which occurs when u
_2-o)(1+£ )

a

. through a Saddle-node bifurcation occurring for u=1—¢;
te. through a Neimark-Hopf bifurcation by crossing the line £ =

15



A pictorial representation of the bifurcation diagram for the system AM
is given in figure 1. The lines colored in magenta, blue and green repre-
sent the Period-doubling, Saddle-node and Neimark-Hopf bifurcation loci,
respectively; the parabola (in red) marks the limits of the region with com-
plex eigenvalues. Gray is the region of stability, both with real (light) and
with complex (dark) eigenvalues. '

It is of some interest to investigate how the stability region evolves with
the changing in the learning parameter . The Period-doubling bifurcation
locus, given by p = —f—liw @M}  converges to the line £ = —1 when a — 0
while converges to the line u = 5 —1 when o — 1 (see figure 2). At the same -
time, the Neimark-Hopf bifurcation locus, given by £ = ﬁ-_-l;;)-, converges to
the line £ = 1 when a — 0 while goes away to infinity when o — 1 (see
figure 3). Opposite to the previous two cases, the Saddle-node blfurc:atmn
locus remains unchanged for all a.

As regards the region with complex e1genvalues ‘we observe that it is
- bounded by the conic of equation (£ +au+1—-a)’ ~4(1—a)é = 0. At
a first glance we can observe that it is a matter of parabola due to the fact

that the matrix of the quadratic form

(a 32) | o)

is singular for all a. Such a parabola converges to the lines £ = 1 and
4 = —€ when o — 0-and o — 1 respectively; evolving between this two
limiting situations it first enlarges and subsequently squeezes one against
the other its two branches while continuously rotating its symmetry axis
counterclock-wise (see figure 4). We analize more precisely its shape in the
following paragraph, while studying the linear transformation we are using
in the parameter space.

Now we are ready to understand how the stablhty region changes with
respect to the values of o. In figure 5 is shown the evolution of the region
and is put in evidence the intersection point between the Neimark-Hopf and
Period-Doubling bifurcation lines. The importance of such points will become
clear with the following Lemma

Lemma 3 Given the system AM, for alla € (0,1), the segment which joins
the Origin to the intersection point of the lines £ = (1 T on dy=— (2=a)(14E)

[2 3
belongs to the stabalzty region. (except for the extrema in the intersecton pomt)

Proof. It is an immediate consequence of the 1nequallt1tes in (60} and of
the following four facts.

16



Figure 2: The Period—dﬁubling bifurcation locué drawn for o = 0.2, 0.5 and
0.9 '
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]
(o-1)/1=%

| Figur‘eB: The Neimark-Hopf bifurcation locus drawn for o = 0.1, 0.5 and
0.7 o : ‘

Figure 4: The border of the région with complex eigenvalues dfa.’wn for o=
0.02, 0.5 and 0.95 o :

18



. 1. The intersection point of the line y = —¢ +1 wiﬁh the y —axis is bigger
than 0 (Of course it sy =1!) ' '

* 2. The intersection point of the line p = —-@—_—"‘gﬂ with the y — axis is
~ smaller than 0 (Of course it is y =_-(5532_!)

3. The slope of the line u = —£2“—°‘§1—+§l is smaller than the slope of the
line p = —£ + 1 (Indeed g_c%-_gl < —1 for all @ € (0,1))

4. Fiﬁa.lly, f'l"é'&")" > 0forall o € (0,1).

Facts 1. 2. and 4. together with conditions (60) are sufficient to guarantee

that the Origin belongs to the stability region; Facts 1. 2. 3. and 4. together

" with conditions (60) are sufficient to guarantee that the intersection point of

- the Neimark-Hopf and Period-Doubling bifurcation lines is on the boundary

of the stability region. So, as the stability region is convex (it is the inter-

section of convex sets), we have the result. (See figure (6) for a pictorial
~representation). M :

Lemma 4 Given the system AM, for all ¢ € (0,1), the segment which
joins the point (1,0) to the intersection point of the lines { = ﬁ'éa_) and

= ——E:-'%Hﬁ belongs to the stability region (except for the extrema).

Proof. It is an immediate consequence of the iﬁeclﬁa,litites in (60) and of
- the following four facts. : ‘ :

‘1. The point (1, 0} is the intersection between the Saddle-Node blfurcatmn
line (¢ = ~£ + 1) and the z — azis

- 2. The intersection point of the line u = —MFQ with the y — axis is
smaller than 0 (Of course it isy = L"—‘:—.?)-!)

3. The slope of the line . = Lz—ﬂl(y'—-)- is smaller than the slope of the
line = -§+ 1 (Indeed 53‘-'—"—-1 < —1 for all a € (0, 1))

4. Finslly, >1forall e € (0,1).

{i-a) 0=)

Indeed such conditions are sufﬁcient to guarantee that both the point
{1,0) and the intersection point of the Neimark-Hopf and Period-Doubling
bifurcation lines are on the boundary of the stability region. Furthermore, -
as the stability region is convex (it is the intersection of convex sets), the
segment belongs to its convex closure. The possibility that the segment be
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'Figﬁre 5: The intersection points between the Neimark-Hopf and Period-
. Doubling bifurcation lines for a = 0.35, 0.7 and 0.9.

Figure 6: The stability area for the OLG model with adaptive expectations
and the segment joining the Origin with the intersection point between the
.. Neimark-Hopf and Period-Doubling bifurcation lines. :
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on the boundary is ruled out by facts 2., 3., and 4.. So the result follows (See
figure (6) for a pictorial representation). B

The Lemma we have just proved makes it possible to identify the stability.
area for the adaptive model when we consider the possiblity of changing the
learning parameter «. This is done in the following Proposition. .

Proposition 11 Given the model AM, for all the couple (£, 1) € R? such
that
i) either 0 < £ <1 and p < 0,
#)org>1and B < p<1-¢,
there exists an o € (0, 1) such that the system is locally stable.

Proof. It is suﬂiczient to show that all the points belonging to the curve of
equation y = 111—?— can be obtained as the intersection point of the Neimark-
Hopf and Period-Doubling blfurca,tlon lines by choosing an adequate va.lue

of . Indeed we have

5*’ (1~g) 146 = ¢ -0 (1+e) = “ ¢ 14872 (53)
'U‘=_L:2¥__l ,u—f-—L—E%L—— ==

and for § > 0 ‘we have o C (0, 1) The result follows by Lemma 3 and 4. B

The curve p = — 1"'5 (an hyperbola) is represented in figure 7) together
£~

with its asynthotes £ = 1 and pn =—{ — 3

3.4.1 A note on the parameter space

In the previous paragraph we have set, with equations (77), a relation be-
tween trace and determinant of the Jacobian matrix of the system and the
parameters (8., s, f”, w') with respect to which we like to infer some in-
formation about how they affect the system stability. Now we want to better
understand such a relation. First of all, we observe that (58) is a one to
one affine map from the (£, u)-plane into the (tr,det)-plane, whose matrix
representation is

(2)-(05) 6 () -

The inverse map is

-(Z () (L) @



that is
[ &= =) m) - det (66)
b= —aa= 0[)de‘IH- <ty — _

Now, remember the stability conditions given with respect to trace and
determinant of J4sr defined in equations (59 and 61). In figure (8) is repre-
sented the stability region of parameter in the trace-determinant plane. All
the lines and curves are named with small letters and all intersection points
are named with capital ones. The same situation is represented, with respect
to the variables (£, 1), in figure (9)

Let’s recall the interdependence among parameters

_ A‘ SwtW
£ 2 e (67)
- a sef”
,u.— l+n

It would be interesting to analyze the link between the pair (£, 1) and the
set of technology and preference specifications, that is (s, s f”, w'). fwe
imagine to set the value of two of them than the situation can be summarized
through either a linear or hyperbolic relationship, whereas willing to consider
a wider set of cases the situation turns out to be more complex and it certa.mly
deserves deeper analysis.

3.5 Rational vs adaptlve vs myopic expectatlonS' a
comparative analysis

In this subsection we compare the dynamics under rational, adaptive and
myopic expectations. First we need to determine the stability conditions for
the rational and the myopic cases.

As regards the rational expectations model recall that the dynamics is
determined by the implicit map

= L) el (8 £ ) ()

Under the assumption (23) of Propositioh 1, there exists a single valued
function ¢ : Ry — R, such that k.., = ¢ (k;) and for the implicit function
theorem in the steady state & we obtain ‘ )
so [wl®), £ (B)] w (B
14 n— s, [w(k), f’ (k)] fo (k)

22
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Figure 7: The hyperbola obtained as the intersection points of the Neimark-
Hopf and Period-Doubling bifurcation lines by varying the value of a in (0,1).

detz .
\.\‘ : i R ;,/ ‘
RN b /
“A ¢ B /B
\
' P:\d _I;I-I': :/.J €
TR |
u\\

Figure 8: The bifurcation diagram in the trace-determinant plane.
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Substituting (7?), we have the followingétabiﬁty conditions

“1(%(1@#(64‘1 and - ,U.(].—f' ) (?0)

The sxtua,tlon is represented. in figure (10)
Much simpler is the case with myoplc expectations. The map is given by

s = L) =B () P ]
14+n

(ke) | (T1)
and in the steady state the derivative is gﬁren by :

o e o). @) 0 @) +o o (B) 7 (B
(k)= A 2
Again, substituting ( '?‘?) we have the fo]lowmg stablhty conditions

—1<§+,w<l®,u,>~—§—1 and pu<-=£+1 - (73)

A pictonal representatmn is given in figure (11) |
At a first glance we notice that two kinds of differences arise among the
three bifurcation diagram: first, the stability region is wider in the case with
rational expectations while it is not possible to determine a ranking between
the myopic and adaptive case; second, only the adaptive case can loose sta-
bility through a Neimark-Hopf bifurcation (this is due to the fact that it is
a co-dimension two bifurcation which cannot arise in a one-dimensional sys-
- tem), both the adaptive and the myopic case could show a Period-doubling
bifurcation and only the Saddle-node could be verified in all the three cases.
The situation is summarized in the following Proposition .

. Proposition 12 ILet (]_s', F) a stationary steady state for the map

| k _ 3.[f(ka)—ktf'(kt);7‘f+1]
t4+1 = 14n
Tep1 = B (K¢, kg, T't)

where E (-} could be specified alternatively as the rational (R), adaptive (A)
and myopic (M) expectations function. Let £ and p speczﬁed as in (23). Then
- we have the following results:
_ 1. If (& ) is such that the model with M is locally stable then, Jor the
~same couple of parameters values the model with R is locally stable.

2. If (& p) is such that the model with A is locally stable then, for the
same couple of parameters values the model with R is locally stable.

3. There exist (£, u) such that one of the following three facts are verified

(74)
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Figure 10: The stability region for the model with .perfect foresight |
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a. The model with A is locally stable and the model with M is not.
b. The model with M is locally stable and the model with A is not.
c. Both the model with A and ihe model with M are locally stable.
4. All the three models can loose stability through a Saddle-Node bifurca-
tion which arise always on the line u = —£ + 1.
. 5. Both the model with A and the model with M can loose stability through
- a Period-doubling bifurcation, which arise on the line u = — 2220049 4 the
model with A and on the line p = —¢ — 1 in the model with M.
6. Only the model with A can empemment a Neimark-Hopf bifurcation
which arise on the lme § 1—0‘-5

Proof. It follows immediately from the stabxhty conditions (60), (70) and
(73) m

As we have seen in Proposition 11, in the model with adaptive expec-
tation, if we consider the possiblity for the parameter a to be adequately
changed, the stability region can be enlarged to incorporate completely the
stability region. of the model with MyOplc expectations. We have the follow-
ing result. :

Proposition 13 Let (E, i'“) a stationary steady state for the map
e = aif(ke)—ke s’ (k) S, |
t+1 14n
Pe1 = B (ke Ry, )

- where E () could be specified dltei"natively as the-rational (R), ddaptz’ve (4)
and myopic (M) expectations function. Suppose that the parameter a of the
adaptive case could be changed in order to obtain better performances. Then:

(75)

The model with R is locally stable

4

‘The model with A is locally stable
I

' The model with M i8 locally stable

Proof. It follows immediately from the stability condltlons (60}, (70) and
(73) and from Proposition 11 W

The situation is represented in figure (12); in dark gray is shown the
stability region for the myopic model, the sum of dark and medium gray
gives the stability region for the adaptive model whereas the union of all
gray areas represents the set of parameters which grants local stablhty for
the model with perfect foresight.
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Figuré 12: The comparison among global stability regiohs
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4 Conclusions

In this paper we have dealt with an Overlapping Generations Model with
production as proposed by Galor and Ryder in 1989 [6]. We have studied
this model under three diverse assumptions about agents rationality. For the
cases of rational and myopic expectations we have summarized the results
-obtained by Galor and Ryder [6] and Michel and de la Croix [8]. We have
determined a uniqueness condition for stationary steady states in the model
-with perfect foresight which impose conditions only on the second derivative
of the production function (whereas the one considered in [6] required as-
sumptions on the third derivative too). Such condition results to be more
restrictive than the one developed in [8] for the model with myopic expec-
tations which, due to the correspondence among steady states of the three
models, could be considered as an alternative. Further, we have completely
developed the analysis of the model under adaptive expectations. We have
derived stability conditions and determined the bifurcation diagram in all
the three cases. From the comparison it results that stability conditions for
the case with rational expectations are less restrictive than for both adaptive
and myopic ones. We have shown that, differently from what happens in the
- OLG model of pure exchange, the adaptive expectations do not improve local
stability performances of the model with respect to myopic expectations (see
Barucci 2000 {3] for an analysis of this case); this.is due to the fact that in
our two-dimensional model a Neimark-Hopf bifurcation could arise, cutting
off part of the parameter space which results to be stable in the myopic case.
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5 Appendix

Proof of Lemma 1 Define
gsw,r) 2ulw s, (1+7—6)s], : (76)

then problem (16) can be restated as fo]lows ' |

8 (w,r) =arg max g(s;w, ). A(TT)
s€(0,uw]
Since g(s; w,r) is nothing but the restriction of u (c', %) to a convex subset
of B2, namely the segment

v&2{(c,*) eR?*: (,c*) = (w,0) +s(~1,1+r—8), 0<s<w},

- (78).
it follows that g is strictly quasiconcave on y. The latter property of g implies
that s(w,r) is a single valued function for each (w,r) € R%,. Moreover,
Assumption A5) implies that problem (77) has no corner solutions. As a
result, the first order conditions (F.0.C.) are necessary and sufficient for
optimality of g and the function ¢ defined in (77) is single valued The
F.0.C. of g are
Fs,w,r) =10, _ . (79)

where

F(s,u,r) 4 gd;g(s;w,é") S BN CY)
= l+r-fuw-s(1+r—8)s —ww=-s (1+r—=54.

Assumptions Al), A3), A5) and the compactness of the feasible set vy
imply that (79) does have a unique solution for each (w,r) € RZ,. The
partial derivatives Fy(s,w;r) and F,(s, w,r) are :

Fy(s,w,r) = up—(1+r—08)uy— (1+r =8 uy + (1 +7r —6) uy(81)
((—l,lﬁ-r-é)Hu(w—s,(l+r-§)s),(—1,1+r_——6)), .

Fo(s,w,r) = (1+7— 8 ugy — un. | (82)

Assumption A3) implies Fy(s,w,r) < 0 (see [2], Theorem 3.26, p. 78) and
the implicit function theorem apply. It follows that equation (79) implic-
itly define a function s = s.(w,r) whose derivative with respect to the first
argument, 8, (w,r), is :

Fy(s,w,r)

Fi(s,0,r)" (83)

8w (fw,.r)_ =
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From (79) we obtain, thanks to assumption A2), (1 +r —§) = =, which, .

together with assumption A4), yields
Fu(s,w,r) = Elum — 1 > 0,
Ug .

hence the desired conclusion. [ L

f@@_

Proof of Lemma 2 We proceed as we do in Proof of Lemma 1. Once
again, the implicit function theorem yields (see Proof of Lemma 1 for nota-

tion)
s (w,r) =
where
F.(s,wr) =upg+ (147 — 8 uns — U128, |
From (79} we get

(Q+r—6)=2 and ug==
Uy

u

If we substitute (87) into (86) we obtain

U u '
F,-(S, w, 1"‘) = - 5) + Eiums — U1985.

(1+4r—

Finally, s, (w,r) > 0 if and only if F.(s,w,r) > 0, that is,

8y ('w, 7‘) 20 = wup > (Ugulg — ‘lh’l‘lqg) (1 +r— 5) é,

which completes the proof. m
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