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- A i_lote on the connectedneés O_f‘_the efficient frontier
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Dept of Statzstms and Apphed Mathemetlcs,
| Umversmy of Plsa Itaiy

Februa.ry 2004

' ‘-‘Abstract' '
“The aim of th:s paper is to study suﬁcxent cond:tlone for the connectedness of
~the efficient frontier. We propose an unifying approaoh based on a new regulanty
concept which allows to genera,hze the results in [1 6] Oonnectedness results are
studied for both V-compact and not V-»compact sets. The obta.med roeults are ﬁnally-_ |

" used fo, study the connectedness of the efficient ﬁont:er of contmuous multlob_]ectwe :

: funotlons

‘1 Introduction

One of the main topics in multiobjective optimization is the study of the properties of the o

| efﬁcxent frontier. Among all the topologxcal propertles of these sets, 1’5 is worth studymg“
their connectedness, whxoh allows to continuously move from one eﬁicxent solutlon to any
other without Ieavmg the efficient frontler This problem has been approached in the
B hterature in various way (see for example [1 4,5,6,7,9, 10 11 12, 13}), that is assummg |
convexity hypothems, strict qua.sxconcamty ones, studymg both eﬁment and weak ei’ﬁment '
points. ‘ | ' '
In this paper we aim ﬁo etudy some sufficient conditions for the connectedness of the

efficient frontier which generalize the ones by [1, 6]. With this purpose, see Section 2, we
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first present some generai preliminary results related to the efficient ffoni_;ier; note that -
 the efficient points are obtained with 8 pa.rtlal order given by any closed, convex, pointed
..cone with nonemptj interior. | ‘ | _ |
Then, see Sec;ion_ 3, in order ﬁo study tl__le‘ connectedness of tﬁe efficient frontier we
"suggest an unifying a.pproa.ch-baSed on the use of | “compactness-connectedness re'gularity
condltzons” that i8 to say conditions guaxa.nteemg the connectedness of the efficient fron-
tier of compa,ct sets ThlS general approach can be used when the partial order is given
by any closed Convex, pomted cone with nonempty 1nter10r
The mtrodnced general approa,ch see Section 4, is then apphed in the pa;rtlcular case‘ :
of a partxal ordemng given by polyhedral/ pa,retlan cones. This allow us to genera.hze both
the result by Benoxst [1} and the one by Hu and Sun [6] under the assumption of the
| | | V—compa,otedness of the set. The generahzatlon of the result by Benoxst is given using
~ also a geneialization‘ of eequentially strictly qua,siconcavé sets. It is worth_ noticing that
the two oﬁtained gexiera,lizations cannot be applied »to the same sets, that is to se.y that
none of them genera,hzes the other. _ o | |
| The results obtained in Sectlon 4 allow us in Sectlon 5 to state connectedness snf-.
ficient conditions also for non V-compacted sets, thus extendmg furthermore the class
.of connected efficient frontlers which can be recogmzed: Finally, in Section 6 we show
how the obtained results may be ueed in Io:jder to study the con,nectedness of the efficient

frontier in the image of a continuous vector valued function.

2 Deﬁnitions and preliminary results

" In tl'us prehmmary sectlon we aim to prov1de some general definitions and resu]ts Whlch

will be used in the rest of the paper Let us first recall the deﬁmtlons of eﬁment frontler

,and V~compact sets.

-Deﬁmt;on 2.1 Let X ¢ R", let vV C ]R“ be a closed CODVex, pomted cone thh

nonempty mtenor, let @ € R™. By mtroducmg the followmg notation:
V{a) = {a} +V
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- we deﬁne the set of the efficient pomi;s of X "W1th respect to the cone V, also called ’she

- efficient frontler of X with respect to V as:
Mcx(X-V) {a eX | V(c) ﬂX {a}}

,Deﬁmtzon 2.2 Let X C IR" and let V. C R" be a. closed convex, pomted cone thh |
nonempty interior. The set X is saxd to be V—compact if for alla € IR the sets V(a)ﬂX ‘
are compact while it is sa:d to be weakly V—compact if for a]l a€ X the sets V(a,) nx

are compa.ct

7 Note thafc the weak V—compactedness has been studled in [3] Note also that a V~
compact set is also weak V—compa,ct while the converse is not true, as ;t is pomted out in. ..

“the next example

| Example 2.1 Let X = {(.7:, yeR |c+y=10<s< 1} and V JR* Clearly, the. -
set X is Wea,kly V-compact since V{(a) N X is compact Va € X, whzle it is not V—compact '
since V(a) N X W1th a = (0, O) is not compact. ' ‘ '

It is worth noticing also the next known result Which guara,nfceé a nonoﬁlpty eﬁicient :

. frontier,

Property 2.1 Let XC R" be nonempty and closed and lct vc R" bea closed conoca:,
pomted cone with nonempty interior. If there exists a € X snch that V(a) ﬂX i8 compact _
then Ma:c(X V) 76@ ' ‘ D

‘In order to prov1de the. followmg flu'thor useful results related to V-compact sets, from - N

now on we will denote Wlth v* the posmve pola.r cone of V, that is to say that
‘*‘={ue'ﬂ:{ﬂ | oTuz()VveV} ,

‘ 'Property 2.2 Let X C ]R“ be nonempty and let V .C ]R” be a closed convez, poznted :

cone with nonempty mtemor “Consider also the following condztzons
(C1) them exists a compact set C-in R™ such that X = C — V
(C2) X is closed and there em_z'sts v € R" such that X C {o} -V;
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(C8) X is V-compect.. .

Then_.% _ . - .
o €)= () d (C2) = (©3)
- Proof ( ) m> (C2). Let us first note that Xisa closed set since it is the sum of a
_compact set and a closed cone Given a vector Uy € 'mt(V) and a point a € C, we just
.have to prove that there emsts keR, k >0, such tha.t o) C (a + ku) — V Suppose by' |
contradxctmn that for all k 2> 0 there: exasts by € C such that by € (a+ ku) — V.. Since
(a+ Im) Visa closed convex set for a known separation theorem there exists o € V*“ |

!|a|| = 1 such that C\:T(bk ~a- ku) > (} Hence:
-« a+k0«' u< Othk < llall ||bkll = ||bk||

n.ote also tha,t since u € mt(V). and o € V_‘f’ then o > 0. Since the previous inequalities

. holdforall k20 then:
+,oo'.-—? lim-'aTe-i--koTu <, lm LA

| and thlS contradlcts the compactness of C.
(C2) == (C3). Let 'u € IR" be a point such that Xc {o} —V and let us ver;fy that for 7
all o EE R" the sets V(a)ﬂX are compact. Let a € IR“ such that V(a,)ﬁX = ({a} + vinx .
‘ s nonempty Smee X and V(a) are closed then V(a) N X is closed. Suppose now, by |
- contradiction, that V(a)NX is not compact then there exists a sequence {zx} C {a}+V :

‘.";__a,nd {m}cXc {v} 'V such that ||z — -+oo. As a consequence, there exist two

" sequences {up} C V and {'wk} c V such that forall k > 01t is 24 = a+uy = v—wy. Since

el — 400 then [Jugl| — +oo and ||wk|| — 400 too We ca,n then extract 2 subsequence
of {uk} such that hmk@.m ug/ ”Uk” =qE V with {|u|| == 1 and this yields, for the closure |
of V that '

Mk g 0T uk' LW

i= lim s m e~V
Y == Y I T = Iiukll
‘and since @ ev with llal] = 1 t_his contradicts the pointedness of V. 0



' Property 23 Let X CR" be nonempty and let V C lﬁ"’ be a closed, convez, pomted

cone with nonempty interior. If X is V- compact then X . is closed

- Proof If the set X is finite the result is obv1ous Let now X be not ﬁmte and assuine by
| contredlctlon that there exists a sequence {be} C X such that {bx} —b¢ X leen any
“vector v in the mtenor of V let us define the pomt a = b v;asa consequence We have -

~ that bk € V(a) ﬂ X for k great enough and this mlphes thafs V(a) N X is not compact N

S

- For the sake of completeness, let us prov1de also the followmg useful known results_ |

H rega.rdmg to the eﬁiclent frontler

Property 2. 4 Let X C IR“ be nonempty and let V (: ]R” be a closed con'uea;, pomted

- cone wzth nonempty mtemor Then, R
Maw‘(x, V) = Maa(X — W)

Proof (<) Let a € M a:z:(X V) C X c X-V end suppose by contradxctlon that '
o ¢ Max(X V,V), that i is to say that Hw eV,w 5£ O such that a+w € X - V. ’I‘hen, B
| .SbEX and Jv € %4 such thet a+w=>b-uv. As aconsequence, a—!—w-i—v =be X and
_smce w +v#0 this 1mp11es that a ¢ M aa:(X V), which is a contradxctzon ‘

(D)LetaeMax(X VV)CX v, ’shenElbeXandE?lveVsuchthetamb v,

- As a consequence, a+v=1>0 E Xc X V and since a € M a:z:(X V V) this xmphes

V= 0 end a=b € X. Suppose now by conﬁra,dzctlon that a ¢ M a:c(X V), that is to say
that Jw € V,w# 0, such that e-}-'w €. X CX-V. Then, ag Max(X V V) which i is

& contradiction. : 7 N B

Pljoperty 2.5 Let X C R _be nonemply and let VCRbea clbsed,‘ convez, pointed | |
cone with nonempty 'z’ntem"or.‘ Defining the sets Yy = X — V and Yy = Maz(X, V.)' -V |
| - Maz(X,V) = Ma:c(Yx, V)= Ma:n(YM, V)



Proof By means of Property 2.4 we have:
Ma:v'(YX,V)- = Ma:v(X v, V) -—rMa:c(X V)
Maz(Ya,V). = Ma:c(Max(X V) V) |
| L= Maa:(Mam(X V) V) = Maz(X, V)

"a,odthe vesult is then proved. =~ o T _' o
Fiha,lly, let us state the next propetty ﬁhieh provides a condition more general than -
~ the closedness of the efﬁcient frontier of a V—compaot set.- | ‘ '

B Property 2.6 Let X - }R" be nonempty and let V C IR“ be a closed, conoe:c, pomted .

- cone wzth nonempty mtemor IfX is V compact a,nd M aa:(X V) is closed then M a:r(X vy ..

E is nonempty and V compact

Proof Slnce X is nonempty and V-compect then M oz(X V) 13 nonempty Notlce eiso 3
N | ‘that for all ¢ € IR"“ the sets V(a) N Maz(X, V) are closed for the closedness of V and
| \M a:c(X V). Suppose now by contradlctlon that M a:u(X V) is not V-compact, that is to
say that there exists a e R” such that V(e)yNnM asc(X V) is closed but not compact. As
-8 consequence, the set V(a) N X, which contains V(a) n M o,:L'(X V) is not compact too
| and thxs contradmts the V—oompa,ctness of X o . | '. O

‘ - Note that the forthcoming Example'4.2 points out the ixoportaoce in Property 2.6 |
" of the closedoess of _’she efﬁcient frontier. - Note also that the com}er"se‘ of the implication

" stated in Property 2.6 does'.not hold, as it is poioted out in the forthcoming Exa:iiple 5.1.

3 A umfymg approach

| 'In thxs sectlon we are going to descnbe the unifying approoch which wﬂl be used in the
rest of the paper in order to study the connectedness of the efficient frontier.

" The concept of connectedness Whlch w111 be used through this paper is the usua.l one
(see for example [13]).



. Deﬁmtlon 3.1 A set X c R is said to be dlsconnected if there exists two nonempty =
__sets X1, Xp C R” such that X = XI-U X, and cl(X;) NX, = X1 n Cl(Xg) = (. A set
‘ " X c R" is said to be connected if it is nof; disconnected.
In order to study the connectedness of the efﬁc1ent frontier Iet us now 1ntroduce the

followmg new concept of regulanty

Deﬁmtlon 3 2 Let X be a nonempty and closed subset of ]R“ end let V i ]R“ be a
- closed, convex, pomted cone with nonempty interior. Frem now on any conchtlon Wh1ch

guamntees that the followmg 1mphcat10n holds
X is compact ===%> M a:c(X V) is: connected

.. wﬁl be referred to 86 a Compactness-Connectedness regulanty condltlon, tha,t is .

s CC-reguIamty cond:tlon in short

‘ The use of the prevmusly mtroduced regularity concept is pomted out in the fo}lowmg_ ‘
-theorem, Wthh suggests how to obtam new sufficient condltxons for the connectedness of

| the efﬁment frontler Wxth th_‘lS aim, a techmcal Iemma is needed

Lemma_;’).l Let 14 cCR* bea closed,"convex, pointed ctmé with noneniptg interior and
let X be a nonempty eubset of R". Let also a€X,uc€int(V) and ap = @ — ku wz’th_' _
- k€ IN Then, {M ca:(V(ak) NX,V)} is an‘increasiﬁg‘sequence of sets such that
UkeNMG.'E(V(ak) ﬂX V) Ma,w(X V)
L - ‘Proof 1t is easy to ‘check that for aJ.i ke JN it is:
Vie) € Vi(ar) ,
V(@A X C Viag) QX

Mcw(V(ak) ﬂX , V) _Q, M afb'(V(akH) n X V) )

N

so that {Ma,:c(V(ak) nXx, V)} is an mcreasmg sequence of sets. For all k € IN it is
Vi) N X C X so that Man:(V(ak) NX,V)c Ma,a:(X V) and hence

UkEwMax(V(ak) ﬂX V) C Maa;(X V)
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We are now left to prove that Maz(X,V) C UrewM a:r,(V(a;.,) nx,v), ‘that is to eaglr' that
~ for all b € Maz(X, V) there exists k €N such that b € Maz(V(az) N X V). | |
) With this aim, g1ven beM a:c(X V) C X let us first prove that there ex:lsts k eN |
such that b € V(ak) = {ak} + V that is to say that az € {b} — V. By contradiction
suppose that: N _ | . o o ‘
{as €R" | gy =a— ku, k € Ry} n (0} -v)=0 |

By means of a known sepa,ratlon theorem between convex sets, there exists a sepamtmg

o hyperplane o'z = f3 such that:

(i) @ (bm'v)</3forallveV'
(i) @ (a—ku)>ﬁforauk>o
Let :aow o be any nonzero vector of V so that for all ¢ >0it is tv ev; from (1) we have:

oTb— f)’-—-’ hm aTb ﬁ< lim aT(tv)-avhmt

) _ t—rto0 - t—>+00
AWthh is possfole only if aT% > 0..In other words, we ha.ve proved that ol > 0 for all
7 € V which means that o: € V*. Since u € mt(V) it then results aTu > 0 and hence:

-aT&?ﬁw im ofd - ﬁ> Izm aT(ku) afu 11111 k =-+00
: k—v-i-oo_ —++00

whxch is a contradiction. We have then proved that there ex:lsts ke W such that b e
| V(ak), since b € Ma:c(X V) c X, tha,t is V(b) n X == {b} thls ylelds

( )N (V(az) n X ) = V(afc) nVEnx)= (a:e) n {b} {b}

" sothatbe M aa:(V(ak) nx,v). The whole result is then proved g o 0 |

_Theorem 3.1 Let Vc Rr"® be a closed, con'uea:, poznted cone with nanempty interior cmd
let X be-a nonempty and V-compact subset of R". If a CC—regulamty oondztzon holds for
all the sets V(a) N X, with @ € R", then Maz(X,V) is a nonempty and connected set.
Proof Givena € X #0 and u € iht(V) let us define the points ay = &~ ku with k € IN.
For the hypothesis the sets V{(ax) N X are compact and they are also nonempty since & €
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V(ax)nX. Hence, for the CC-regularity condition the sets Max(V(ak).ﬂX V) are con- _ .
__‘nected and nonempty By means of Lermma 3.1 we then have that {M a:r:(V(ak) N X, V)}

is an increasing sequernice of nonempty connected sets such that
Uge NMa:c(V(ak) Nnx, V) M ax(X, V).

so that, for a classical result of topology (see for mstence Lemma 6 in [7]), we can conclude

- that Maa;(X V) is nonempty and connected - BT o

‘Corollary 3.1 Let V C }R“ be a closed COTVET, poznted cone with nonempty mtemor and
let X be a nonempty subset of R" such thet YX X - V is. V~compact Ifa CC-regulamty
- condztwn holds for all the sets V(a) ﬂYX, wzth @€ ]R" then Maa:(X V) isa nonempty '_ _

cmd connected set

' Proof We _]U.St have to epply 'I‘heorem 3 1 to the set YX notlcmg that Maa:(X V)
. M az(Yx, V) for Property 2.4 and that since X is nonempty then YX is non_empty too. o

‘ F.rom now on, by means of the proposed umfymg approach, we can reduce our analysxs

to the study of OC—-regulanty condxtmns

4 Connectedness for V,-compact sets
The aim of this section is to genera.lize some results appeared in the literature concerning
the connectedness of the eﬁicient_'; frontier when the ordering cone in the image space is

| “the paretian one.
4.1 Basic definitions -

' From now on, we assume that {e!, €2, . . ,€"} is a basis of R™ and we define the following
polyhedral cone: ' | '

n ) n. I_ .
=) Rie'={zeR": =) M, A 20Vi=1,...,n} (4.1).

fm=i - i=1



' Obvrously, Vp is closed convex, pomted wzth nonempty mterror

Since {et, e? y--.5€"} is a basis of IR" from now on aH the elements of R® Wﬂl be
| expressed by means of components grven with respect to this basrs In other words, we'

will use the foliowmg notatron
g (:cl, . .,mn) =gl +.. ;-+,xne“

We are now able to recaﬂ the follomng concepts of quasmoncave and stnctly quasi-
concave sets (see [6] by Hu and Sun) a,nd the stronger concept of sequentxa,ﬂy stnctly ‘

| quasaconcave sets (see 1, 2] by Beno1st)

a _- Deﬁmtlon 4 1 A subset X of IRn is sa.ld to be

. (QC) quasaconcave 1f for all pairs (a, b) in X 2 a 76 b there ex.lsts some ¢ G X c 'r“ a,

such that for eli k = {1 .,n} 1t results ck > mm{ak, bk}

| (8Q) strmtly quasrconcave if for all parrs (a, b) in. X 2 a 7& by there exrsts some ¢ e X f
¢ #a,b, such thet for all k € {1 .ym}it results ‘

: Ck > mm{ak, bk} lf Oy # bk,

k>ak—bk if ak—bk

(SSQ) sequentlaily strrctly quasmoncave if for alI palrs (a, b) in X 2 there exists a

g sequence {c‘} c X, {c"} — a, such that Vk € {1 ,n} ‘and Vz € N it results:
> min{a, b} i el
G2 = b if ax =Dy

It is ‘worth noticing that Benoist in [I] uses an orthogonal basrs {el, e,. ,e“} of |
'R" while Hu and Sun in [6] use the canonical one. In this paper we prefer to use a
general basis of IR™ (that is & not necessarlly orthogonal one) since by means of _}ust an

homeomorphlsm it is equrva,lent to the ca,nomcel one
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4.2 An extens:on of sequent1a1 strzct qua.smoncawty

“In order to generallze 2 result glven by Benozst in [1] (1) Iet us now introduce the follomng

' extensmn of the sequentlel stractly qua,smoncewty

"Deﬁmtmn 4.2 Let Vp as defined in (4.1).. A subset X of ]R"’ is saad to be extended

sequent:ally strictly quasmoncave wzth respect to V;, if'it verifies the next property:
(ESSQ) for all pa.u:s (a, b} in M aa:(X V,)? there exists a sequence {c‘} cX, {c“} - a, suchl
thet for all k € {1 n} and for all i € N it results -
ck > mm{ak,bk} xf L # by,
c,,\,>ak-~-~b,yc 1f . ak-—bk. :

Clea.rly, the prevmus deﬁmﬁaon generallzes the class of sequentially stnctly qua,sxcon- L

o cave sets deﬁned by Benozst The followmg examples points out that these classes dxﬁ'er :
- ‘ Example 4. 1 Let us consider the set X X 1 U Xz where
X1 = {(a:,y) EIRQ| :5>0 y>0 x+y<4}
‘Xz'"é {(a: y)€1R.2|:v>O, y> -1, :1:+y<0}

| Thls set is extended seqﬁentlally strictly quasmoncave but not sequentle]ly strictly qua~

 siconcave (just consider a= (1 -1) and b (4 O)) R oo

In order to state a new CC-regula.rity'cen.di'tion, the 'followihg 1emma is needed.

.."Lemma 4. 1 Let X be a nonempty and compact subset of R*. If X is e:ctended sequen-

tzally strictly quaszconcave then the set Yy = V is sequentzally strictly quaswoncave

Proof We have to prove that for a&l pairs (a; b) in Y there exists a sequence {c} C Yx,
{c‘} —+ @, such thet for all k € {1 .,n} and for all § E N it results

| c > min{ak,bk}'if a # by whﬂe . > o= bg'if ay = b}c | k (4.2)

. !Theorem [Benozst {1], Theorem 4.1, page 633] Let X be e nonempty and closed subset of R®
'such that for alla € R™ the sets Vp(a) N X are compact. If X is sequentially strzctly quasiconcove then
Ma:n(X V,)isa connected set. '

11.



' With this aim, let us first recall'that since Yy = X — Vp it is M am(Yx, Vp) = M a:ﬁ(X, V;,)
First consider the case a € Yy but a ¢ M az(Yx, Vp). The set YX n V (a) isa compa,ct
| set for Property 2.2 and hence there exxsts | ' '

a.€ Mam(Yx ﬂ (a) I/;,) C Mam(Yx, p) = M“‘“(X, p) -

Since Yy = X — V, and V, is convex, then a€da—V,and the segment [a, al C Yx nv, (a).
Hence a sequence {¢} - a, {¢'} C Yx, ver;fylng (4.2) obviously exlsts foralibe Yx.
Consider now the case a € Ma:c(YX, Vo) =M am(X ,V,) and let b e Yx. Smce Yx N

(b) is & compact set Yy = X V and V.;. is convex, then there emsts - S
b € Ma:v(YX NV (b), ) € Ma:c(Yx,l/;o) Ma:t(X, Jp)

.euch that be b V By means of the cxtended strxctly quasmoncemty of X apphed to
' the pair {a, b) there there exists a sequence {c“} —a, {c’} cX¢< Yx, venfymg (4 2) a,nd‘ *
~ the resnlt is proved B S . . '. e ‘-D’

' Theorem 4.1 Let X bea nonempty and closed subset of ER” "The followmg condztzon is

Ca C‘O»regulamty one:
.X is extended sequentwlly stmctly quaswcnca.ce

Proof We have to prove tha.t 1f X is compact then M ax(X ) Vp) is connected Let “
Yx = X ~V, and a,ssume X compact notice also that Yx results to be nonempty and
clcsed By meauns of the prevmus Lemma 4.1 the set Yx is sequentlally strlctly quasmon— )
cave and hence, by means of a prcposmon by Benoist (%), M am(Yx, ) is connected The

result then follows since Maz(Yx, P)mMam(X.’%)' | A : e .

The following connectedness results then follow.

2Theorern [Benozst {1 I, Pmpoectzan 4.1, page 633] LetY bea nonempty, closed cnd. sequentzally -
strictly quasiconcave subset of R"®. Assume also that there exists a compact set C in R such thatr

Y = C ~ V. Then, Mam(Y Vp) is connected _ ,
Let us notice that this result has been rewritten in the light cf Proposxtlon 3.3 agam inf1 ] page 633. -

12



' Theorem 4.2 Let X be a nonempty (md V compact subset of ]R" IFfX is emtendedi
3equentwlly.‘stmctly quasiconcave then Maz(X, V;,) is a nonempty connecte‘d set. |
- Pfoof First notice that:

Mas(T5(0) 0 T5) = ) Mas(X, W) C Mas(X, ). "

The result then follows from Theorems 3.1 and 4. I since for all a€ IR"’ the sets (a) ﬂX |

results to be extended eequentxally strictly quasmoncave SRS S oL 0

B Oorollary 4.1 Let X be a nonempty subset of IR“ such thet Yx - X — V;,, is :V"L‘comjmct '.
/i Yx-is extended sequentzally stmctly quaszconcaee then M a:z:( ) _,,) is nonemptg and

' connected

‘ P'mof We just have to- apply Theorem 4 2 to the set YX notlcmg thet M a:c(X ; Vp) —:; o
M aa:(Yx, Vp) for Property 2.4 and that since X is nonempty then Yx is nonempty too El'

Theorem 4.2 above genera,hzes the result prowded by Bencnst in [1] as 11; ie pointed
- outin Example 4.1. In fe.cts, the hypotheele of Theorem 4. 2 above are satlsﬁed ‘while t:he
result by Benmst in [1] (Theorem 4.1, page 633) cannot- be apphed since the set X is ot

sequen’czeﬂy strictly quasmoncave and the efficient fronmer .
Ma:c(X,V;,) = {(:e,y) € 1R2| x>0, y > 0 :c—i—y 4}
is connected, compact and‘con‘vex.-

4.3 Connectedness of closed efficient front:ers

'“Another CC—regulanty condltlon can be obtelned by means of the deﬁmtlons gwen in
Section 2, just by rewntmg a result by Hu and Sun (that is Theorem 3 1 p. 617, in {6])
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Theorem 4.3 Let X be a nonempty and closed subset of B" The followmg condition is

a CC—regularzty one:
| ' X z's strictly 'quasicamlca;)e' and Mam(X , V) is closed.
The chosen a,pp.roa,chla_ﬂows to staté the foﬂowing result.
ﬁ‘he‘orem 4.4 Let X be a ﬁlo.nempt'y' and V, -.éompact subset of ]R“ IfX zs strictly qdd-.
| _szconcave and Maz(X, Vp) is closed then M aa:(X ») 5@ nonempty connected set.

- Proof By means of Theorems 3.1 and 4.3 we just have to prove that for all a€ ER,“ the
sets V; (a) nx are strictly quaszconca.ve and the sets M az(Vy(a) N X, Vp) aré closed. Let
a be any element of IR"; since Xis s’mctly qua.smoncave then, by means of the deﬁmtlon :

R 1tself (a) NXis stnctly quaszconcave too, note also that
j Mcm:(V (a) nX, vp) V( )nMam(X Vo)

%0 that for the closure of Ma:c(X, p) a.nd Vo we have that M am(‘\/;(a) NX,V,) is closed
£00. rI‘haze proof is then complete o , : 0

Corollary 4.2 Let X be a nonempty subset of ]R“ such that Yx = X ~V, is Vy-compact.
IfYx is stmctly qua.szconcave cmd M aw(X N 2,) is closed then Maa:(X V,Z,) is nonempty

: cmd connected

Proof We Just have to apply Theorem 4.4 to the set YX, notlcmg that Ma,a:(X, Vp) =
. Max(Yx,V, ) for Property 2 4 and that smce X is nonempty then Yx is nonempty too. o

‘The following example (taken f.rdm 6], pp_.618) points out the importanée in Theorem
4.4 of the closedness of the efficient frontier. - |

Example 4.2 Let us consider the set X =X, UXy ﬁrhere:

{(z.y) e R} z=0,0<y< 1}
{(z,y) € R} y = —, 0<z <1},

X
X2
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' The set Maz(X,V,) = {(z,y) € R¥| y}—: ~z, 0<a < 1}‘U {(0,1)} is neither closed nor

" connected even if the set X is Strietly quasiconcave, compact and hence V,-compact. ] o

Theorem 4.4 above generahzes (see again Property 2.2) the main result prov1ded by

'Hu and Sun in [6] 8s it is pemted out by the foilo*mng example ).

- E"xample 4. 3 Let us eonmder the set X {(o:, y) E ]R2| z4+y< < 0} The efﬁcxent fron-
tier Max(X, ). = {(a:,y) € ]R2| T+y= G} is connected closed and convex, ‘and the

hypothesxs ef Theorem 44 above are satlsﬁed On the other hand the result by Hu and =

Sunin [6 ] (Theorem 3. 2, page 618) cannot be apphed smce there is no v € IR" such that""_
Xc{u- O, -

The followmg Examples 4. 4 a.nd 4.5 po;nt out that 'I‘heorems 4 2 and 44 cannot be: -
- applied to the same cla,sses of sets, that is to say th&t none of them is a generahzatxon of

the other one.
: Example 4.4 Let us consider the set X = X1 U X, where:‘ -

| )Q = {(:z; y,z) € ]Ral(m,y,z) (2,1, ——1)t+(0 1 1) 0<t < 1}
, _-.'Xg = {(o:,y,z) ElRal(x y,z) (0 -1 I)IH—(O 1,1), 0< k< 1}

. This set is eompact connected and X = M aa:( , Vo). It is also str:zctly qua.sxconcave but
not sequer_itlaﬂy strictly quasmoncafve(just consider a = (0, 0, 2) and b= (2, 2, (})),- so that -
| Theorem 4.4 can be used m erdexl' to recognize the eonnectedness of 'Mlam(X"'%) whjle
the same cannot be done neither with Theorem 4.2 nor with the result by Benelst in [1]
B (Theorem 4.1, page 633). S : O

8Theorem [Hu and Sun [6], Theorem 3.2, page 618] Let'X be a nonempty and closed subset
of R™ and assume that there exists v € IR® such that X C {v} Ve IfX is stmctly qua.szconcave and
Ma:t:(X Vp) is closed then Max(X, Vp) 18 & connected set.
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Example 4.5 Let us cons1der the set X X LU X2 Where

X, = {(:n, )e}‘ft‘"’[a:>0 y>0 :L'+y<4}
.‘X? = {(a:,y)GIR,2|:L‘>G y>-4 a:+y<0}

‘.The efficient frontier M am(X T/;) = {(:c ) 1R2! z > 0, ¥y G T4y = 4} is connected,
compact and convex The set X is extended sequentlally strictly quasmoncave but; itis nei-
ther stnctly quasmonca,ve nor sequentmlly strzctly quesaconca.ve (Just consider a = (4, —4)
B and b= (4 0)), hence Theorem 4.2 can be apphed te X while the saine does not happen.

’neither for Theorem 4.4 rior for the resuit by Hu and Sun in [6] (Theorem 3 2, page 618) 0

5 Connectedness for not V compact sets -

‘Theorems 4, 2 and 4 4 can be used to determm.e the connected.ness of the eﬁicxent ﬁ*ontler :
for sets X which are V—compact The prevmus Property 2.6 a.nd the followmg Property |
: 5.1 suggest how to- further generahze Theorem 44 in order to manage sets which are noﬁ

V -fcompa,ct.

Property 5.1 Let X be a nonempty and closed subset of R™. If X is stmctly quaszconcave -‘
‘then the set YM M a:v(X ) V is stmctly quasiconcave too. '

' Proof Let a,b € YM S Ma:c(X ) V. @ # b. T}_Ien, there exist v,w € Vpeuch that
- (a+v) € Maz(X,V,) C X and (b+w) € Maz(X,V,) € X. If a +v # b+ w the result |

- follows from the strict quasmoncemty of X applied to a + v and b+w. Other\mse, tha.t is

fatv= b+w, then a,b € (a+v) C YM hence we just have to choose C= (a+b)/2
‘thankstotheconvemtyof T ' B 2 S 0

Let us notice that the converse of the 1mphca,inon stated in Property 5.1 does not hold,

as it is pomted out, in the forthcommg Example 5. 1.

The followmg generahzatlon of Theorem 4 4 can now be sta,ted
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Theorem 5.1 Let X be a nonempty dnd dosed subset of-iR” and let also M. a:c(X , V},) be
' nomempty and Vp-compact. If the set YM Ma:c(X o) —Vp is strictly _quaéiconcave then .

M az(X, V;,) is a nonempty connected set

| Proof For Property 2.2 since Maz(X, p) is —compact then it is also closed. As acon-
‘sequence, for the closure and convexity of V,, the set Y is nonempty, closed and stnetly '

quaszconca,ve Note a,lso thet since M ax(X , Vp) is’ ~compact and V;, is closed and convex

then YM is V«compact f:oo For Property 2.5 it is ﬁnally M am(X Vo) = Maa:(YM,Vp) o

k so that Ma:c(YM,%) is ciosed By means of 'I‘heorem 4.4 apphed to the set Y, we.” ‘

_.then have that M aa:(YM, Vp) is a nonempty connected set and the result IS proved smce

‘Ma:c(X, Vo) = Maa:(YM, Vo) forProperty25 B | 'D." .

' The foliowmg Exampie 5.1 shows that Theorem 5 1 can be a.pphed to sets X wh;ch .

: are not Vmcompact (Just the V—~compacfsedness of the efﬁment frontler is requzred)

: _.-Example 5.1 Let us conmder the set X X; U X:z u. X3 Where

X, = {(a:,y) E]R2| z< 0 x+y-1}

X = {myeRz=00<y<1}

X3 _= {(a:,y) € 1R2| >0, y= G}
Theeiflicient fronﬁer Maa:(X = {(z, y € 1R2| z < 0, z +y= 1} is connected Vo
. compact and convex. The set Xi is neither strictly qua,szconcave nor sequentlally s’srlctly
|  quasiconcave (Just consider a —-(0 1) and b = (1, 0)), ‘while Y = Ma:c(X, V) —

strictly quasiconcave. Hence Theorem 5 1 can be apphed to X while the same does not'

happenforTheorems42and44 | . A 0 -

6 C’oricluding remarks

It is worth noticing that the results stated in the previous sections can ‘b‘e'a.pplied to study

the connectedness of the efficient frontier of a vector valued function in the image space.
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With this aim, let us consider the following multiobjective problem: |
| maz f(z)
' b: € D

‘where D is a nonempty and closed subset of IR"‘ a,nd I D — IR" is a contmuous vector '

" valued function, that i is f(z) = (fl(:c) + s fu(2)) w;th z € D.

The followmg class of generahzed quasmoncave functlons can now be mtroduced

Deﬁmtmn 6.1 A vector valued funcmon f D — ]Rn is said to be extended stnctly -
) qnasxconcave if for all pairs (a, ) in D2 with f (a) # f (b) and f(a), f (b) 6 Max(f(D),Vp), .
'there ex1sts some ce D wzth f (c) 7é f (a) f (b) such tha,t for all k € {1 yn} it results:

fk(C) > Imn{fk(a) fk(b)} if fk(ﬁ) # fk(b)
fk(C) > fk(ﬂ) = fk(b) lf fk(a) fld).

The followmg corollary follows from Theorem 5 1

- Corollary 6.1 Let D be a nonempty cmd closed set and f D—FEbea contmuous vector -
valued function. If fis extended strictly quasiconcave and Ma:c(f (D), p) is nonempty
and V compact then M a:c( f(D), V;,) is a nonempty connected set. '

Proof We Just have to apply Theorem 5.1 to the set f (D) Since f is contmuous and D
" s nonempty and closed then f (D) is nonempty and closed. For the hypothesis we now |
. Just have to ver1fy that the set Yy = M a,:r:( f (D), V;,)  is stnctly quas:.concave )

L .' | Let y,z € YM == Maa:(f(D) Vp) ~ 7!‘: Z. Then there e}ost 'v,w € Vp and
abe D such that y +v = fla) € Mo:c(f(D),l/;) and 2 +w = f(b) € Mam( F(D), ).
If f (a) # f(b) the result follows from the extended stnct ‘quasiconcavity of f. Other~ g
wise, that is if fle) = ( ), then ¥,z € fla)y=V,.C YM hence we just have to choose -
¢= (y + 2)/2 thanks to the convexzty of V. S ' O

Let us ﬁnally provide the example of an extended strictly quasiconcove function having
a connected efficient frontier in the image space (note, for the sake of completeness, that

the ‘provide'd function is not componentwise strict’ly- quasiconca\}e), 7
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Example 6.1 Let us consnier the blcrzterm functzon f (:1:) ( fi(z), fg(m)) withze D=
R, where ' |
| :z:+1 for z<0
- A f;(ﬁb‘) = 1 - for 0<z<1
A oz for: _' x >1
.‘ A —z+1 for z<1
- flz) = SR
Tl 0 fr 221

Since f is an extended stnctly quas;.cencave function and 1ts zmege f (D) is the one de- _

scmbed m Example 6.1, the a,ssumptzons of Coroilary 6 1 hold Hence, 1ts efficzent frontler o

resultstobeconnected B S ’ R -.‘?."‘m‘
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