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On the pseudoconvexity and pseudolinearity of
some classes of fractional functions

‘Laura Carosi * Laura Martein!

Abstract _

The aim of the paper is to characterize the pseudoconvexity {pseu-
doconcavity) of the ratio between a quadratic function and the square
of an affine function. First of all, we study the pseudoconvexity of
the quadratic function, defined on a suitable halfspace, obtained ap-

~ plying the Charnes-Cooper transformation of variables. The obtained
results allow to give necessary and sufficient conditions for the pseu-
doconvexity and pseudolinearity of the ratio in terms of the initial
data.

. KeyWords Pééudoconvexity, pseudolinearity, fra,ctional programming.
2000 Mathematics Subject Classification 90C32, 26B25

'1 Introduction

Pseudoconvex:lty and pseudohnearlty of functions are widely studied in the
literature for their nice properties and for their a.pphcatlons in. Economics
[1]. In particular, these classes of functions play an important role in Opti-
mization because of the fundamental property that a local minimum is also
global and it is reached at an extremum point in case of pseudolinearity. On
“the other hand, it is a difficult tool to test if a given function is pseudoconvex
or pseudolinear. For such a reason, and taking into account that many appli-
cations give rise to multi-ratio fractional programs [15], some approaches to
study pseudoconvexity and pseudolinearity of some particular classes of frac-
tional functions have been recently suggested ([2, 4, 5, 8]). In this framework,
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the Charnes-Cooper transformation has shown to be an useful tool because
of its property to preserve pseudoconvexity and pseudolinearity ([4, 5]).

In this paper we consider the ratio between a quadratic function and the
square of an affine function. For such class of functions a complete charac-
terization of pseudoconvexity and pseudolinearity is giver. More precisely,
in section 2, by means of the Charnes-Cooper transformation, the ratio is
transformed in a quadratic function, so that the study of pseudoconvexity
(pseudolinearity) is reduced to the study of pseudoconvexity {pseudolinear-
ity) of a quadratic function on a suitable halfspace which is performed in
section 3. The obtained results allow to give, in section 4, a characterization
of the pseudoconvexity of the ratio in terms of the initial data. Based on
this charcterization, a procedure for testing pseudoconvexity is given in sec-
tion 5 and it is iliustrated by several numerical examples. Special cases and
pseudolinearity of the ratio are studied in sections 6, 7.

2 Statement of the problem

The aim of this paper is to study the pseudoconvexity of the function
12T Az + o¥z + ag
(bTz + bg)?

on the halfspace S = {x € R" : bTx + by > 0}, b # 0.
We recall that a differentiable function A defined on an open convex set X is
pseudoconvex if for z!, 2% € X

r(z') > hz?) = Vh(z))T (z* — 2') <0

flz) = (1)

It is known [1] that a pseudoconvex function verifies the property given in
the following theorem.

Theorem 2.1 Let h be a continuously differentiable function defined on the
open convez set X C R*. Then h is pseudoconvez if and only if for every
0 € X and v € R" such that Vh(z%)Tv = 0, the function ¢(t) = h(z® + tv)
attains a local minimum at t = 0.

Remark 2.1 From Theorem 2.1 it follows that the pseudoconvezity of h im-
plies, with respect to the restriction p(t) = h(kz+tv), that the two conditions
) = vTVh{kz + ) =0, ©"(f) < 0 cannot occur simultaneously.

Performing the Charnes and Cooper transformation y = prZ+-, whose in-
verse is z = i—f%%g (see [9]), we obtain the following quadratic function

Fley))=Q) =y Qu+dy+a
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where:

1 aér + ba” T o
(= -27/—1 - —————Ebg b2 Z0ph (2)
1, o =20

Taking into account that the previous. Charnes~(jooper transfqrmation pre-
serves pseudoconvexity and pseudoconcavity (4, 5], we have the following
result: '

Theorem 2.2 The function f(x) is pseudoconvex (pseudoconcave) on the
halfspace S if and only if the quadratic function Q(y) 1s pseudoconvex (pseu-

doconcave) on the halfspace S* = {y eRn. 1?3%313'> O}.

In order to find conditions which ensure the pseudoconvexity of f, in the next
section we will study the pseudoconvexity of a quadratic function deﬁned on
an halfspace,
Trough the paper we will use the following notations:
v_(C)} (v4(C)) denotes the number of negative (posmve) eigenvalues of a
matrix C of order s;
ker C denotes the kernel of C' that is ker C = {v : Cv = 0};
Im C denotes the set InC = {z = Cv, v € R°}; ‘

v+ denotes the orthogonal space to the vector v, that is vt = {w vTw = 0},

3 Pseudoconvexity of a quadratic function on
~ an halfspace.

Let Q(y) = vT Qu+q-y+qo, ¥ € R" be a quadratic function. It is well known
that Q(y) is pseudoconvex if and only if it is convex, so that pseudoconvexity
of a quadratic function can differ from convexity only if it is restricted on a
proper subset of %" (see for instance [1}).

Our first aim isto characterize the pseudoconvexity of Q(y) on the halfspace
H={yeR": cy+c>0}.

Lemma 3.1 If the function Q(y) is pseudoconvex on the halfspace H, then
v-(Q) 1.

Proof. Assume that v..(Q) > 1. Then there exist two orthogonal eigenvec-
tors vy, vy such that o1 Qu; < 0, v Quy < 0. Let W be the linear subspace
generated by vy, vy, We have dim(W n¢t) > 1; infact if W C ¢t then
dim(W Net) = dimW == 2, otherwise dim{(W N ci) = dimW + dimet —
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dim(W+ct)=2+n—-1-n=1

Let v € ¢-NW and consider yy € H. The restriction @ (yp +tv) = t20TQu +
(207 Qyo + %)t + Q(ye) is a concave function since vTQu < 0, Yv € W; on
the other hand, the line ¥ = yp+1tv, t € R is contained in H, so that the ma-
ximum point of Q{yo+1tv) is feasible and this contradicts the pseudoconvexity

of Q{y). =

Theorem 3.1 The function Q(y) is pseudoconvez on the halfspace H if and
only if one of the following conditions holds:

i) v.{Q) =0; )

i) v_(Q) =1, kerQ =c*, ¢=fec, co < {945

Proof. = From Lemma 3.1, we have two possible cases : v_(@) = 0, so that

i) holds or v (@) = 1. In thls last case, let o be the negative eigenvalue of
@ and let v such that Qu = aw, [| vi=1, ¢Tv>0.

In order to prove that ker Q = ¢, first of all we will show that:

a) v ¢ ¢ty

b)v=2Ac, A€ R

a) Assume that v € ¢ and consider the restriction ¢(t) = Q(yo + tv) with
yo € H. 1t results T (yp+tv) = cTyp+cy, VE € R, s0 that the line y = yo+tv
is contained in H.

We have ¢/(t) = vTVQ(yo + tv) = v7[2Q(yo + tv) + ¢} so that ¢'(f) = 0 for
£ s iﬁ%&‘l’{ﬁ@, on the other hand, ¢"(H) = vTQu=a <0, f=yw+ive H
“and this contradicts the pseudoconvexity of Q(y) on H (see Remark 2.1).
b) If v 3& A, VA € R, then v' # ¢, so that there exists z € v, z ¢ ¢!,
with ¢Tz > 0.

Consider the restriction ¢(t) = Q(kz+tv); we have ¢'(t) = vT[2Q(kz +tv) +
g] = 20t + v7q, so that ¢/(f) = 0 for { = —%:%‘5 and ¢"(f) = vTQu = a < 0.
It is easy to verify that the point y = kz +fv is feasible for k large enough (it
is sufficient to choose k& > (yf.ggf_"ﬂ e c@) o z) Taking into account Remark

2.1, the function Q(y) is not psendoconvex on H and this is absurd.

Now we prove that ker @ = ¢t.

Since v = A¢, ¢ is an eigenvector of @, so that any other eigenvector w of @
with || w ||= 1 belongs to ct. We WzH prove that Qw = 0, so that it results
Qz =0, Yz € ¢*, that is ker @ = ¢*

Set Qw = dw, § > 0 and consider the restmctlon o(t) = Q(kw + td), with

d=c+i|c]| \/ﬁfw It results ¢'(t) = d¥ [2Q(kw-+td)+q] = kd || ¢ || \/E+

Sa || c|? t+q"d, so that ¢/(F) = 0 for § = —5 2 ( Td+ k8| cl 4/ )
and ¢"(f) =d*Qd = da | ¢ ||P< 0.



The point y = kw + Id is feasible for & large enough (it is sufficient to
choose k£ > 5“ c" £—| (co — 3—‘}2—‘1)) Taking into account Remark 2.1, we get

a cohtradiction.
It remains to prove that g = Be, ¢y < %}L@«é

Consider the restriction ¢(t) = Q(yq -+ t(w +€c)), Yo € H, w € c*, € 0.
It results ¢'(t) = 2ec? Qyo -+ 2te 2c"Qc + wrq + ec’'q, so that /() = 0 for
f = U2 O and o(f) = €27 Q. -

Taking into account that Qc = ac, ¢"(f) = 2c"Qc = ae? || ¢ ||?°< 0, the
pseudoconvexity of Q(y) on H implies that the point yo + t(w + ec) is not
feasible that is

cgs%a|c|t=¢(e) @

If o7 w >0 (¢"w < 0), 1tresuits¢( ) — — oowhene—>0+ (e — 0" )a,ndthxs'
is absurd. Consequently ¢'w = 0, Yw € ¢, so that g == Sc and (4) reduces
to ey < 552% i eI
<« If £) holds, Q(y) is a convex function and, in particular, pseudoconvex on
$™. It remains to prove that i) implies the pseudoconvexity of Q{y) on H.
The assumptions imply Qc = ac, a <0, Qw =0, Yw € c*

‘Since R" = ¢* @ [, any element y € R" can be expressed in the form
y = w+ ke, wec,ke% ‘
We have Q(y) = k2cTQc + kgTc + ¢Tw + qo and Ty + co = kllc||® + co.
Obviously, Q(y) is pseudoconvex on the halfspace H if and only if the function
(k) = k2T Qe+ kg e+ ¢Tw + gy is pseudoconvex on the halfline of equation

klle||® + co > 0 and this occurs if and only if the maximum point k = —5—0‘*’%—0
icli*eTq _ Jicl*B :

is not feasible that is ¢g < IchQc A
This completes the proof. =

Remark 3.1 Let us note that ker Q@ = c¢* implies the existence of i € R such
that ¥y Qu = p(cTy)? or, equivalently, Q = pcc’. In fact, ker Q == c* implies
that ¢ is an eigenvector of Q@ so that there exists u* € R with Qc = p*c. Any
 elementy € R can be ezpressed in the formy = ke+w, w € ¢*, k € R and,
- consequently, taking into account that Quw = 0, we have y*Qy = k*cTQc. On
the other hcmd Qe =p* || cll?, Ty =kl cl|? so that y*Qy = p(cTy)?
with 4= fepz-

In the SpemaI case kerQ = c¢', ¢ = fBec, Theorem 3.1 can be expressed
equivalently in the following way:

Theorem 3.2 Consider the function Q(y) with Q = pect, g = B¢, p,B €

R. Then Qfy) is pseudoconvex on H if and only if u > 0 or p < 0 and

B
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Corollary 3.1 Consider the function h(y) = yTQy. Then h(y ) is pseudo-
conver on H if and only if Q is positive semzdeﬁmte or ) = ,ucc with pp < 0
and ¢y < 0.

4 Pseudoconvexity of the function f(z)

The results given in the previous sections allow to find a characterization of
the pseudoconvexity of the function f(x) in terms of the data A, a, ag, b, bo.
The following theorem points out that f is not pseudoconvex if A has at least
two negative eigenvalues.’

Theorem 4.1 If f is pseudoconvem on S then A has at most one negative
eigenvalue.

Proof. If ker A = b then A = §bb7, so that A has only one non null eigen-
value given by & || b ||°.

Consider now the case ker 4 # b*. Suppose by contradiction v_(A) > 1 and
let vy and vs be two linearly independent eigenvectors associated with two
negative eigenvalues of A, such that v7ws = 0. Let W be the linear subspace
generated by v; and vy, Let us note that W N bt # ) since or W C bt or
dim (W +bt) =n, so that dim (W Nbt) = dim W + dim &+ - dim (W +bt)
=1. Let v € Wb, v 0. Since v is a linear combination of v; and vy,
we have vTAv < (. Consider the line ¢ = zo + tv, 7o € S, t € R which is
contained in S since bTx + by = bTxy + by > 0. It is easy to verify that the
restriction @(t) = f(zq + tv) is of the kind @(t) = at® + Bt + g with o < 0
and this contradicts the pseudoconvexzty of f. m

Consider now the special case corresponding to Theorem 3.2.

Theorem 4.2 Consider the function f(z) with A = §bbT, a =~b, 6,y € R.
Then f(z) is pseudoconver on S = {x € R" : bz + by > 0} if and only if
b3 — 2vbo + 2a0 > 0 or 8b% — 2vbo + 240 < 0 and y < db;.

Proof. Taking into account (2) and (3), we have @ = (365§ — vbo -+ ag)éf%,
g= (3 - )(~p) ‘
Setting ¢ = —b’; , Cp = 316" from Theorem 3.2, f(z) is pseudoconvex on S if
and only if p = 38b% ~ vbg + ao is non negative or p < 0 a,nd co < ,é, with

8= 35%& — . This last inequality is equivalent to 515 < “ﬁm’ that is
y=8b
5&;,—27530?%2@0 2 0.

As a consequence 6b2 — 2vbg + 2a¢ < 0 implies v — §by < 0 and the thesis is
achieved. m :



Corollary 4.1 The function f(z) with A = 6bbT, a =~b, 8,7 € R, is pseu-
doconvex on the halfspace S if and only if it can be reduced in the followmg

canonical form .
B s

1@ = e T Wb
where C >0 or C <0 and B <0,

+ D

Proof. The thesis follows by simple calculations. m

The following theorem gives a complete characterization of the pseudocon-
vexity of f in the general case ker A # b*.

Theorem 4.3 When ker A # bt, the function f is pseudoconvex on the
halfspace S if and only if A is posztwe semzdeﬁmte on bt and one of the .
Jollowing conditions holds:

i) there exists o € R such that Ab — M—a = b with .

bbTa—z b a
> 0 52” ” 0 (5)

i) Ab— u—a # ab foreverya € §R there exist a*, b* € R™ such that Ab* = b,
- Aa* = a, b*ebi bla* = by and -

aTa < 2aq (6)

iii) Ab——il—%ia # b for every o € R, there exist o*,b* € R™ such that Ab* = b,
Aa* = a, *Th# 0 and

a 1

5 g (o —ba ) 2o <@

w) Ab — 2a # ab for every a € R and there exist p* € R, o* € R* such
that a —Aa +u*b, b ¢ Im A and

ag — by — —;—a*TAa, >0 (8)

Proof. From Theorem 2.2, f(z) is pseudoconvex on S if and only if the
function Q(y) is pseudoconvex on §* = {y € R": Ty +cp > 0}, with

¢ = ——-—~—b co = bo

The case #) of Theorem 3.1 corresponds to the case ker A = b, a = vb and
the characterization of the pseudoconvexity of f is given in Theorem 4.2.
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When ker A # b*, f is pseudocqqnvex if and only if the matrix ¢} is positive
semidefinite, with @ = 2 +b“ + —%bbT

Let us note that for every u € bJ- we have WTQu = tu” Au, so that Q is
positive semidefinite on bt if and only if A is positive sem:tdeﬁmi:e on bt. .
Let B be decomposed as the direct sum between the space generated by
 vector b and its orthogonal space, so that every z € R" can be written as
x = kb+ w where k € R and w € b-. We have

TQm =Eb"Qb+k (Ab el I ) w + QwTAw. | (9)
O .

where

Qb = bTAb ”b” Tb+ Hbl| (10)

Consequently, the matrix (J is positive semideﬁmte if and only if
.go(k w) = k*TQb+ k (Ab e H a) w—l— 2'wTAw >0, Y € bt ¥k € R.

(11)

We are going to distinguish two exhaustive cases:
T .
Case 1. (Ab - %a) w = 0 for every w € b,

: AN
Case 2. There exists w € b* such that (Ab -4 a) w # 0.
Case 1. It is equivalent to say that there exists o € R, such that

(Ab ||b|[ )mab {12}

and condition (11} becomes
k26T Qb + %wTAw >0, vwe b, vEe R : (13)
Since wT Aw > 0 for every w € bt, (13) is verified Vk € R if and only if

BT Qb = bTAb ”z” Tb+ l|b]{ > 0. (14)
0

From (12) we obtain T Ab — %bﬂﬁa = a||b|}, so that bTAb = "b” b'a +
o ||b)i* and consequently bTQb = %%ibffa + talbl® - ——L a’b + 9% 8] =

8



Ls)? (a Lb%a+ 2o (b ) So condition (14) is satisfied if and only if

, bob"a—2 116]1% g

. ' : . ‘ T
Consequently, if A is positive semidefinite on b and (Ab — ﬂ%ﬁ'«ia) w =0

for every w € b, @ is positive semidefinite if and only if (5) is verified.
Case 2. Let us note that, corresponding to an element w € b+ such that

Ab — “—g—ljia) w # 0, necessarily we have w” Aw > 0, otherwise {11) is not
verified Vk € R. Furthermore, (11) is equivalent tO

inf @(kw)=inf infe(kw)>0.

(kw)eRxbL kR webt

Tt is well known that a quadratic convex function either has minimum value
or its infimum is equal to —oo and consequently ¢} is positive semidefinite if
and only if inf ¢ (k,w) = mine (k, w) and inf mine (k,w) > 0.

y if inf o (k w) = mine (k,w) and jof mine (k,w) 2
Now, for any given k € R, consider the following minimization problem

2 \T
{ min [ (k,w) = k> Qb+ k (Ab - ﬁ%{'}a) w+ 3 wTAw]
blw =0

- (13)

Since A is positive semidefinite on the orthogonal space b*, w* is the solution
of Problem (15) if and only if there exists (w*, A*) which satisfies the following
necessary and suﬂicient optimality conditions ,

{ Aw* + kAb — Bl g = 2y (1) 16)

brw* =0 (2)
Let us note that (16) implies wT Aw* + k{Ab — ﬂg-gia)Tw* = 0, 80 that
¢ (k,w*) = 2T Qb — *TAw (17)
Furthermore, from (16.1), we have
kl%ﬁa = A(w" +kb) — X°b. | (18)

We are going to distinguish the two cases: b€ Im A, b ¢ Im A.
If b € Im A, there exists b* such that Ab* = b, so that condition (18} implies

9



a € Im A, i.e. there exists o* such that Aa* == a. Therefore equation (16.1)
can be written as follows

2
A (w* + kb — A" — kj-l-g-uma*) = 0.
0

As a consequence w* + kb — A*H* — LB o ¢ ke A, so that
bo .

= A" + k “b” —kb+e (19)
‘ 0

with e € ker A. Taking into account that b7e = b*TAe = 0, substituting (19)
and (10) in (17) we get
. 2
o (k,w) = k* =5 ”b” (a0 1 Ta) - %A*%Tb* + A*k——“f;“-(bﬁ -bta")  (20)
From {16.2) we have

8))? Ik
N + kaTa* — kbTh + b e = N*0T0* 4 ke
) 0

Wlar —k||b)]> =0 (21)
by

If Tb* = 0, (21) is equivalent to k(bTa* — bp) = 0, so that from (20) we get
1 .
@ (b, w*) = B2 = IblI* (2a0 — a*Ta)
2b3
Therefore

1
: *Y 2 4 3T >
fnfmine (k) = o (k) = fof |5 B (200 = a"M) | 2.0

if and only if fz%?, fb]* (2a0 — @*Ta) > 0. Thus, Q is positive semidefinite if
and only if 43) holds. |
Consider now the case b7b* 5 0; from equation (21} we obtain

- kLl

b bTb* (b bTa'*)

so that (20) becomes

(P(k )_kQHb“ ( 1 Ta)_é_%)\*QbTb*

10



that is

. ilbil aTa 1 2
o (k,w") = ?)2 | ag — 3 + ST (b(} —a )
Therefore

inf ming (k,w) = infp (k,w") =

218l _a”a 1 TN
ké% w(% 2+ww®°ba)_30

if and only if ag — gﬁﬂg + W (b{) — bTa*)2 > 0. Consequently, @ is-positiVe
semidefinite if and only if 444) holds.

Finally we deal with the case b ¢ Im A. From (18), system (16) has a solutlon
if and only if there exist ¢ € R"™ and u* such that a = Aa* + ,u*b and hence
equation (16.1) can be written as follows

“ “ (A + p*b) = A(w* + kb) — X*b
or equivalently

A( + kb — k“gy ) (k”gi}' —|~)\)b

Since b ¢ Im A, the above equation holds if and only if kﬂggi @* + A* =0 and
hence (A%, w*) is the solution of system (16) if and only if

. WH

_A T
w* = i' ” —kb+e eckerA

bo
T

Again, from k ('Ab — Eg—g—ia) w* = —w*T Aw*, we have

@ (k,w™) = .

=W( GLAI+Mmb) MIM%%wﬁmf+%%@m)
4

— kz( U'* "gﬂ + nb” _ %2‘52— *T A ¥ ) = k2 bl (ao—bgi.b — -a*TAa )
Therefore

>0
keRwebl 52 -

: ) g 2” ” . * ____1_ wT *
mfmzmp(k w) = érelgego (k,w") = igge [k (ag bost 5@ Aa

11



if and only if ao—bgu*——%a*TAa* > 0. Consequently, @ is positive semidefinite
if and only if 4v) holds.
The proof is complete. ®

Remark 4.1 Let us note that in i) and iii) of Theorem 4.3, necessarily we
have ker A C at NbL. In fact, Ac* = a, Ab* = b, imply 2T Aa* = 2Ta = 0,
2TAb = 2Th = 0 Vz € ker A. Consequently, relations (6) and (7} are
- independent from the particular choice of a*, b*.

With respect to v} of Theorem 4.8, let pu*, ui € R and a*, o] € R* such that
a = Aa* + u*b = Aa} + uib; then Aa* — af) = (i — p*)b. Since b ¢ Im A,
necessarily we have pt = p* and ot € a* +ker A. As a consegquence, in (8)
u* is unique and (a*)T Aa* is independent from the particular choice of a*.

- ‘When the matrix A is not singular (in particular when A is positive definite)
the characterization of the pseudoconvexity of the function f assumes a very
simple form as is stated in the following corollaries.

Corollary 4.2 Assume that A is not singular. The function f is pseudo-
convex on the halfspace S if and only if A is positive semidefinite on b+ and
one of the following conditions holds:
i) BT A" = 0 and 2a9 > aTA™1a;

bo—bT A= a)®

’l.’l/) bTA_lb ?é 0 and 2@0 e G.TA~}"G» + ‘gm—l' 2 0.

Proof. Let us note that case i) of Theorem 4.3 does not 6ccur since the
non singularity of A implies b € Im A.

Consider case i) of Theorem 4.3. We have

[

b= ——A"a+aA""b (22)
bo
so that )
at'h = H%IJ—aTA"la +aat A7 (23)
(¢]
Substituting (23) in (5), we obtain
240 — aT A~la + W;% (B2 — bpb"A"%a) > 0 (24)

If TA"'b = 0, from (22), we have b4 'a = bo; so that (24) becomes
2ag — al A"'a > 0 and thus i) is verified.
IE6TATID # 0, from (22), we have

o by — A g
161> T BbTA

(25)

12



Substituting (25) in (24), we obtain condition ).
Consider now condition i} of Theorem 4.3.

We have b* = A, a* = A7la, BTA™1b = 0, ¥ A"a = by, so that (6)
reduces to condition ).

At last consider condition %) of Theorem 4.3.

- We have b* = A7'b, a* = A7, BT A71b # 0, s0 that (7) reduces to condition
ii). = ‘ | '
Corollary 4.3 Assume that A is positive definite on R™. Then the function
I 1s pseudoconvex on the halfspace S if and only if : :
(bo — b7 A~2q)?

T g1
2a0 — o' A7 a + T A-Th

>0 (26
Proof. It follows from Corollary 4.2, taking into account that bFA™ > 0.
n . .

Remark 4.2 Let us note that the function f may be not pseudoconvex even
if A is positive definite (see Ezample 5.6).

5 An algorithm to test for pseudoconvexity

The results obtained in the previous sections allow to state a simple algorithm
for testing the pseudoconvexity of the function

seTAz+ oz +
f(:c)=_2$ (;m ;b:;g -a(’, reS={zec®R :bTx+b >0}

Step 0. If A = 8bb" go to step 8, otherwise go to step 1.

Step 1. If A is not positive semidefinite on b1, Stop: f is not pseudoconvex;
otherwise calculate Ab ~ Hb” Llg. If Ab — ]b” 40 = ob go to step 2, otherwise go
to step 3.

Step 2. fa > M'—b“—“ﬁ Stop: f is pseudoconvex otherwise Stop: f is

not pseudoconvex.

Step 3. If the system Ax = b has not solutions, go to step 7, otherwise go
to step 4.

Step 4. If the system Az = o has not solutions Stop: f is not pseudoconvex,
otherwise let a* such that Aa* = a and let b* such that Ab* =b 6T =0
go to step 5, otherwise go to step 6.

Step 5. If bTa = by and a’a* < 2ay, Stop: f is pseudoconvex, otherwise
Stop: f is not pseudoconvex.
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Step 6. If gy — %ﬁg + sz (bo '—-bTa*)Q > 0, Stop: f is pseudoconvex,
otherwise Stop: f is not pseudoconvex.

Step 7. I there exist u*, a* such that a = Aa*+pu*b, ag—*bo— %a*TAa* >0,
Stop: f is pseudoconvex, otherwise Stop: f is not pseudoconvex.

Step 8. If a # +b, Stop: f is not pseudoconvex, otherwise go to step 9.
Step 9. If §b2 — 2vby + 2a, > 0, Stop: f is pseudoconvex, otherwise go to
step 10. : ' _
Step 10. If v < by, Stop: f is pseudoconvex, otherwise Stop: f is not
pseudoconvex. ‘

The following examples point out different cases that can occur applying
the previous algorithm.

Example 5.1 Consider the function

T2 4+ T3 + 1 + ag®y + 23 + 1

3 7:1: =
f(xl Ty 3) ($2+1)2
We have
200 1 | 0
A=100 0 |, ,as= g ,CLQE%, ag=1,b= 1 =1
0 0.2 1 0

Since A # 6bbY, we go to step 1. gt is easy to wverify that A is positive
semidefinite on N2, It results Ab ~ ﬂ%%wa = -—a # ab, Yo € R. We go to step
3. Since the system Ax = b has not solutions, we go to step 7. A solution of

*

the system a = Aa* + p*b (see remark 4.1) is a* = , B = ag.

[T P e -3 T

The condition ag — pu*by — 2a*TAa* > 0 becomes § — az > 0, so that the

function f(z) is pseudoconvex for every as < 3 while is not pseudoconves for
every as > .

Exainpl‘e 5.2 Consider the function

%.’E% "i‘ ﬂ?g + 'g'ﬂl'g -+ 2z 39 + 77 + 2xo -+ g

f($§>w27m3)= ($1+1)2
We have |
120 1 i
A=12 2 0l,a=]|2],aeR b=|0]|, =1
00 3 0 0



Since A # 666T, we go to step 1. Let us note that A is not singular with o
negative eigenvalue, nevertheless it is easy to verify thatEA s positive semi-
definite on bt = {(z1, 23, z3) : 1 = 0}. We have Ab~ ﬂ%(lj'ma = (0,0,0)T = ob

bobTa—2||b)?
[

with & = 0. We go to step 2. The condition o« > % becomes

. 1 —2ay <0, so that f is pseudoconvex for every ag > %_.and it s not pseu-
doconvex for every ap < . : '

E){ample 5.3 Consider the function

T3+~ 25+ 2mTe+ T 2o — a3+ 1

f(ﬂ?h T2, 233) =

($3+be)2
We have
2 2 0 1. 0
A= |2 2 0 |, a== L, a=1 b= | 0|, bys0.
0 0 -2 1 -1 1 '

Since A # SbbT, we go to step 1; A is singular with a negative ez‘gem)alue;
nevertheless A is positive semidefinite on bt = {(x), T, 23) : 23 = 0}.

We have Ab — Egjg—a =~ ~mr =2+ 32)7 # ab, Yo € R; we go to step 3.
A solution of the system Az =b is b* = (1,—1,—3)T and we go to step 4.
A solution of Az = a is o* = (3,0,3)7. Since 76 # 0, we go to step 6. The
condition ag — 9—*;—@ -+ sz (Bo 1’)Ta"‘)2 > 0 becomes (b — %) < 1, so that
for every by € [w%, %], bg # 0 f is pseudoconvez, while f is not pseudoconvex
Jor every by € {—o0, —3) U (£, +00). '

Example 5.4 Consider the function

f(a;l Lo, T3 3;4) — %xf—l— 233% - -'13;% + '%-’132 + 22129 + 1 + 2562 + x4+ ag
3 L2y L3, o (2.’.'6; + 4o — 2\/2,1;3 + 2)2

We have
12 0 0 1 2
24 0 0 21 4
A= 0 0 _9 0 , &= 0 ,CLQE%,IJ-—- _2\/-2' ,60—2.
00 0 1 1 0

Since A # 8bbT, we go to step 1. Let us note that A is singular with a negative
eigenvalue, nevertheless A is positive semidefinite on bt = {(z1, T2, T3, T4) :
23’,‘1 + 4122 - 2\@.’133 = 0}
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We have Ab~ ﬂ%ia = (—4, —8,4v/2, —14)T # ab, Yo € R and we go to step
8. A solution of the system Az = b is b* = (2,0,v/2,0)T and we go to step
4. A solution of the system Az = a is a* = (1,0,0,1)T. Since bTo* =0, we
go to step 5. We have bTa* = 2 = by. Since a¥a* =2, f is pseudoconvez for
every ag > 1 while is not pseudoconvex for every ag < 1.

Example 5.5 Consider the function

§(32% + 27 + 222 + 2zy — w2 — yz + 20 + 4y ~ 22 + 1)

f(:c,y,z) = . : -(:r+2y——z+bg)2
We have
1 2 -1 ' 2 - 1
A=94 2 4 -21{,6#0,a= 4 |,a00=1, b= 2 |, by #0.
-1 -2 1 -2 -1

It is easy to verify that A = 6bbT and a = 2b; we go to step 9. It results
P(bg, 8) = 6B — 2vby + 2a0 > 0 in the following cases:

3)52 21 bo?éo;

b) 0 <8 <2, by € (—oo, =LY U (B2 poo),;

)8 <0, by € [2—\/;—25’2-%\/54——26 '

As a consequence, f is pseudoconver when a), b), c) occur.
It results P(bo, 8) < 0 and 2 < by in the following cases:

d)0 <8 <2, bye [2,EER),

e)d <0, by € (—oo,z—_—wf“%].

As a consequence, f is pseudoconver when d), ¢) occur.
In all other cases f is not pseudoconvex.

Let us note that when § < 0, the matriz A is negative semidefinite, neverthe-
less f may be pseudoconvex (see cases ¢} and €)).

The following example points out that f is not necessary pseudoconvex even
if the matrix A is positive definite.

Example 5.6 Consider the function
o3 + 222 + 23ym9 + ayy + 220 + 1

f(xl’xz) = (331 + &g 4 1)2
We have
_ 2 2 . a1 '_ - 1 _
A—|:2 4}@-—[2],a1€§}‘2,a0_1,bm{1},b0—1.
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Since A is pqsiti?)e definite, for Corollary 4.3, f 1is pseudoconvez if and only

. T gl 2
if 2a9 —alA la + %L > 0. This last inequelity is equivalent fo
~%a2+2 >0, so that f is pseudocomex if and only if a; € [—2,2].

6 Special cases

In this section we characterize the pseudoconvexity of some classes of frac-
tional functions for which the conditions given in Theorems 4.2, 4.3 assume
a simple form.

Theorem 6.1 Consider the functzon

_ alz + ag

on the halfspace S = {z : bTx + by > 0}.
Then h is pseudocome:ﬁ on S if end only if a = *yb with ag — ’ng > 0 or with
aom"ybo <0 andy <0.

:Proof It follows 1mmed1ately from Theorem 4.2 by noting that A is the null
matrix. =

Coroilary 6.1 Consider the function

(71
Me) = ; Bo)?

on the halfspace S.
Then h is pseudoconvex on S for every ag € R.

Theorem 6.2 Consider the function

tzT Az + ay

o) = T 1 oy

on the halfspace S, where A is not singular. Then f is pseudoconvex if and
only if A is positive semzdeﬁmte on b and one of the following conditions
holds:

i) T A"1b = 0 and ap > 0;

it) BT A7 # 0 and 2a0 > —srir;
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Corollary 6.2 Consider the function

%CCTAHZ g

M= e

on the halfspace S, whfre A is positive definite. Then f is pseudoconvez if
and only if 2a9 = —ﬁﬁﬂﬁg.

Corollary 6.3 Consider the fﬁnctz’on

10T Ax
_ 2
h(z) = (7% + by)?

on the halfspace S. Then h is pseudoconver if and only if A is positive
semidefinite or A = §bbT with § < 0 and by < 0.

Proof. It follows immediately from Corollary 3.1 taking into account that
Q=3A m

7 Pseudolinearity of the function f(z).

It is well known that a function is pseudolinear if and only if it is both
pseudoconvex and pseudoconcave. Taking into account that a function is
pseudoconcave if and only if its opposite is pseudoconvex, from Theorem 3.1
we obtain ' '

Theorem 7.1 The function Q(y) is pseudoconcave on H if and only if one
of the following conditions holds:

) v+(@) =0 4

ZZ) V+(Q) = 1: kerQ = CML: q= ﬁca Co < %ICCCEIE"_Q%

Combining i) and i) of Theorem 3.1 with ) and 44) of Theorem 7.1 and -
taking into account that i) of Theorem 3.1 and i) of Theorem 7.1 cannot
occur simultaneously, we reach the following result:

Theorem 7.2 The function Q(y) is pseudolinear on H if and only if one of
the following conditions hold:

i) Q=0

i) Q=pcc”, p#0, g=fc, BER, o< L.

In terms of tha data A, a, ag, b, by, taking into account that the function f(z)
is pseudolinear on 8 if and only if Q(y) is pseudolinear on H (see Theorem
2.2), we have the following theorem:

18



Theorem 7.3 The function f(x) is pseudolinear on S if and only if one of
the following conditions holds: ‘

?,) A= abrmﬁmbaT “2%1 bbT

zz) A= 5bbT, a = 'yb d,ve R wzth §b2 — 2vby + 2ap > 0 cmd’y > &by or
552 2'71)9 + 2ag < 0 and v < 550

Proof. Condition %) is eqmvalent to i) of Theorem 7.2 takmg into account
relation (2), while 4) is equivalent to #) of Theorem 7.2 taking into account
the following relationships: p = 1606% — vbo + ag, B = 2“ ~ Y, Co = 1 [

Corollary 7.1 The function f (x) is pseudolinear on S if and only zf it can
be reduced to a linear fmctmnal function or to the followmg canomcai form

B c
Sl (bTa;+bo)2"+“D | @

whe'reC>OandB>00rC’<OandB<0

Proof. Corresponding to case z) of Theorem 7.3, it results
flz) = b"aTb%’{“b‘;ﬁ?;’iiJf}““b" so that f(z) is a linear fractional function; the canon-
ical form (27) follows by i) of Theorem 7.3 taking into account Corollary

41 =

Remark 7.1 Since ker A C a* Nbt, the pseudolinearity of f (cc) zmplzes the
singularity of the matriz A,

The function h{z) in Corollary 6. 1is pseudolinear on S for every ag € N
(set B =0 -in (27)) and the function h{z) in Theorem 6.1 is pseudolinear if
and only if a = b with v > 0 and ay — vby > 0 or ¥ < 0 and ag — vbe < 0.
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