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*This paper is greatly in debt with the unpublished paper [8]. Actually, we consider
a similar model and use the same methodology. The main difference is that the drift
of the dividend process is not given by a stochastic process but it is a constant. In
[8], the authors were not able to characterize the equilibrium explicitly. They addressed
the market maker’s filtering problem, and the insider’s optimal consumption-investment
problem and they suggested that numerical methods allow to characterize the equilibrium.



- ABstract

We consider the Kyle model {12] and we provide a no trade theorem
with no transmission of information in a market with an insider trader,
noise traders, and a market maker. The main difference between our
setting and Kyle'’s one is that the insider trader is risk averse and that
the risky asset pays a continuous time dividend stream, which is de-
scribed by a2 Brownian motion with drift. The dividend realization
is obseryéd by all agents, but the insider trader knows the dividend
- growth rate while the market maker does not. We define a Bayesian-

Nash equilibrium by addressing the market maker’s optimal filtering
problem, and the insider trader’s optimal consumption-trading strat-
egy. In equilibrium the insider trader does not trade and the market
“maker does not update his beliefs. Therefore, the equilibrium does not
transmit information. -



1 - Introduction

A well known result on financial markets with privately informed agents
establishes that agents do not trade on the basis of private information,
. because either the others do not want to trade, or are able to identify their
private information by observing market prices.

~Two pieces of theory make the point. Provided an ex ante Pareto optimal
allocation is reached, the no trade Theorem states that no trade occurs
after information' becomes heterogeneous among agents, because there is
no recontracting leading to a Pareto improvement (see {15]). On the other
hand, provided that all agents know the features of the economy and trade
in order to maximize their utility, under some general assumptions, it can be
shown that the rational expeciations equilibrium with heterogeneous-private
- information coincides with the equilibrium of the artificial economy, i.e., the

economy where all pieces of private information are of common knowledge
(see for example [9]). ' ‘

"“To overcome the no trade theorem and to render non fully revealmg ’she
rational expectations equilibrium, two main perspectives have been pursued
in the literature: the introduction of noise-liquidity traders in the market,
i.e., agents who do not trade according to the rationality paradigm, but only
for liquidity reasons; the analysis of non perfectly competitive markets. The
Kyle model represents an illuminating example (see [12]). In a two-period
economy a risky asset is traded at t = 0 and there are two classes of agents: a
risk neutral insider trader and a set of noise traders. The risky asset demand
by noise traders is described by-a random variable which is independent
of the asset dividend. The latter is a random variable whose realization is -
observed by all agents at ¢ = 1, while the insider trader knows its value since
 t = 0, before trading. The price at t = 0 is determined by the market maker
as the conditional expected value of the dividend, given the market order
fiow (the cumulatzve insider and noise traders’ demand). In this setting, it
is shown that there exists an equilibriurm in which the insider trades. The
higher the variance of the noise traders’ demand is, the higher the sensitivity
of the insider trader’s demand to the dividend becomes. The rationale of
this result is very simple: if the roise traders’ demand can be very large
- {high variance), then the insider trader can trade in the market profitably,
by knowing that his private information is more easily hidden to the eyes of
the market maker, and therefore not reflected in the market price. Also the
fully revealing property breaks down: after trading, noise traders’ precision
is the half of the insider trader’s one. The main properties of the model
are confirmed in a multiperiod setting, assuming that the insider trades



in many intermediate time instants by knowing the dividend delivered at
t = 1. The insider trader acts gradually in order to strategically exploit his
information and market prices do not reflect the insider’s private information
immediately. When there are multiple insider traders (each insider knows
the liquidation value of the asset before starting to trade} we observe that
- competition among insiders pushes them to trade aggressively and causes
most of their private information to be revealed very rapidly (see [10]).

In this paper we consider the Kyle model and we provide a no trade
theoremn with no transmission of information in a market with an insider,
noise traders, and a market maker. The result represents a novelty in the
Kyle setting. The main point that differentiates our setting from the Kyle
one is that the insider trader is risk averse and the risky asset pays & contin-
uous time dividend stream, which is described by a Brownian motion with
drift, an assumption similar to that of [4, 17, 8]. The dividend realization
is observed by all agents, but the insider trader kriows the dividénd growth
rate while the market maker does not. "The market maker is risk neutral, he
updates his beliefs on the dividend growth rate continuously snd sets the
price of the risky asset as the conditional expectation of the discounted fu- -

- ture dividend stream. As in {12, 2], the market maker observes directly only
the aggregate order flow, which is a noisy indicator, owing to the presence
of noise traders, and he cannot distinguish the insider trader’s component.
His attempt of detecting the insider trader’s demand, and therefore the div-
idend growth rate, gives rise to a filtering problem: market maker’s learning
about the insider trader’s information from the dividend time series and the -
aggregate order flow. On the other hand, the insider trader defines his trad-
ing strategy by maximizing the expected utility taking into account that the
price is set by the market maker.-

We define a Bayesian- Nash equilibrium by addressing the market maker’s
optimal filtering problem and the insider trader’s optimal consumption-
trading strategy. It is a Bayesian-Nash equilibrium, in a sense that the
market maker postulates the insider trader’s strategy when he updates his
beliefs, and the insider trader conjecturés the market maker’s updating rule
when he addresses his optimal consumption-trading problem. In equilib-
rium, we impose that conjectures are self-confirming. We restrict our at-
tention to stationary linear equilibria, i.e., both the the market maker’s up-
dating rule and the insider trader’s tradmg strategy are linear in the state
variables with constant coefficients.

The main result of the paper is that there exists a unigue Bayeszan—Naqh
equilibrium which is a No Trade Theorem: in equilibrium the insider trader
does not trade and the market maker does not update his beliefs. So the



equilibrium does not transmit mformamon Noise traders are not enough:
if the insider trades in the market, then the market maker immediately
recovers the drift of the dividend process and sets the price as the expected
valize of the discounted dividend stream, thereby rendering insider’s trading
non profitable.

The paper is organized as follows. In Section 2 we present the model.
Section 3 addresses the optimal filtering problem of the market maker. In
Section 4 we address the optimal investment-consumption problem of the
insider trader. In Section 5 we close the model and we characterize the
Bayesian-Nash equilibrium. All proofs of the established propositions are
given in the Appendix. ' ‘

2 The Model

The model considered in this paper is that in [8], the main difference is that
the drift of the dividend process is constant and it is not stochastic. There
are a risk free and a risky asset, the risk free asset pays an instantaneous
interest rate r > 0, while the risky asset, with price P(%), yields a dividend
stream’ D(t). We assume that the history of D(£}, up to the current instant
t, is observed by all agents, that is to say the filtration (F)s<: generated
by the dividend process is part of the publicly available information. In
addition, we assume that the dynamics of D{t) is driven by the stochastic
differential equation

dD(8) = mdt + op dwp(t), | &)

where 7 and op are constant parameters, with op > 0, and wp(t) is a
Wiener process. ‘

There are three types of agents: a representative noise trader, an insider
trader, and a market maker.

The representative noise trader trades smoothly. Namely, the value 8(z)
of the representative noise trader’s order flow is the “derivative” of his inven-
tory. As a consequence ©(t) follows an Ornstein-Uhlenbeck process, which
is independent of the information supplied by the dividend history. More
precisely, we have '

dO(t) = —agO(t) &t + oo dwelt), (2)

where ag and o are constant positive parameters, and we(t) is a Wiener
process, which is independent of wp(%).



Also the insider trader trades smoothly. More precisely, writing ¥{¢) for
the insider trader’s inventory and ®(¢) for his order flow, we have that

dT(t) = B(t) d. | @)

The insider trader knows the true value of the parameter « in (1) and he
can observe the process ©(t), because he observes the market order fow.
The insider trader is risk averse. He maximizes the expected value of his
exponential utility over an infinite time horizon, by controlling the variation
of his order flow, d®(t), and his consumption, ¢(t). Therefore, the insider
trader’s objective function becomes ‘

def She — \
V(M Y) = sup {BEymyl / e (s te(s)) ds]}, (4)
. RS s _

where By my [ is the conditional expectation operator given the instant t,
the state vector ¥ of the economy, and the informed trader’s wealth m,
and where p is the discount factor, and 1 is the coefficient of absolute risk-
aversion. _

The market maker ignores the true value of the parameter m in (1).
When making his estimates, he assuihes that 7 is normally distributed. The
market maker is risk neutral. He updates his beliefs continuously and sets
the price of the risky asset equal to the conditional expected present value
of the future dividend stream, given the history of the dividend process and
the aggregate order flow information:

dof e [P e ,
PO B[ e CID(s) dsfse] )
; .
where §; is the o-field generated by the dividend process and the total
order flow up to t. Note that the market maker observes directly only the
aggregate order flow ' :

o) ¥ o) + (t). (6)

3 Optimal Filtering by the Market Maker

Our first step is to adopt the market maker’s point of view. As above dis-
cussed, the market maker only observes the dividend flow D(t) and the
aggregate order flow O(t). On the basis of this information, he aims to com-
pute the estimates m.(t) and ®¢(t) of the parameter m and of the informed



trader’s order flow ®(£), respect1ve1y The modei is described by the System
of stochastic differential equations

dD(t) == dt +ap d’wp‘(t) : _
{ 40(t) = ~ae®(e) di + oo due(t), | (1)
du(s) = o(t) dt,

which can be managed more easily by i_ntrqduéing a suitable matrix notation.
Actually, setting y7 (£) = (D(t), 7, ©(t), ®(¢), ¥(¢)), we can write

dy(t) = Ay(t) dt + QY2 duws(t) + ko dB(8), @)
where
61 0 0 0) op 0 0
.00 0 00 . 0 0 0
A= 00 —ae 001, Q=] 0 oo |, ka=]| 0 |,
00 0 00 | o o 1
000 0 10 0 0 0
: | ©)
and © : _
_ { wplt) \
w(t) = ( s ) . ) (10)

In addition, we write g (t) = (D(t),0(t)) for the observation vector, and
Yo (1) = (De(t), me(t),Cc(t), Pe(t), ¥e(t)) for the market maker’s estimate
vector of the state vector y(t), given the dividend and the aggregate order
flow information. Then we have

wolt) = MTy(t), )
where - 10000 o ’
M.TE<0 0 11 0)’
and ' ‘
ye(t) = E[y(t)| 1"’], (12)

where 37° is the o-field generated by y,(s), for s < ¢. :

In order to perform his estimates, the market maker postulates that
the informed trader adjusts his trading strategy linearly. Then we are able
to show that also the market maker can adjust his beliefs linearly. ‘The
foliowing Proposition can be established, see the Appendix for the proof.



Proposition 1 Let us assume that the market maker postulafes the in-
formed trader’s order flow ®(t) satisfies the linear stochastic daﬁewentmi
equation

d@(t) =aqa y(t) dt + b ye{t) dt +q" duw(t), ' (13)

for suitable vectors
aT .ﬁ (al’a2y.a'3;a’4}a'5) 3 bT = (bl'a bZ‘: b3=b43b5) v. qT E (QMQE) . (14)

Then the market maoker can write an evolution equation for Ye(t) in the form

dye(t) = Ge(t)ye(t) dt -+ He(t) dyo(t), \ (15)
whére, setting |
A=A+kea’, B=hed', QW =QY? + f%q (16)
the matrices Ge(t) and Ha(t) are given by
H(t) = (Q+S@)ANMR™! ' (17
and a
| Co(t) = (I H, (t)M"’") (4+B), o 8)
for

| Q=Q*Q""T, R=M'QM,
and 3(t) is a positive solution of the Riccati- equotion

d=(t) = (AS@t) + 20AT + Qydt (19)
~(SHAT +QOMRIMT (AT +QT)dt.

To establish the existence of a stationary Bayesian-Nash equilibrium,
we restrict our attention to Ge(t) and H,(t) constant over time and to the
stationary solutions of (19), which arise as positive solutions of the algebraic
Riccati equation

AS+ AT+ Q- (AT + QMEIMT(SAT+ Q)T =0, (20)

These stationary solutions are steady-state solutions of (19}, to which the
_ ordinary solutions converge as the initial time &g goes to —oo, under rather
mild conditions (see, e.g. {1]).

For computational purposes, it is useful to show that (20) can be reduced
to an equivalent 3 x 3 equation. Actually, we have the following Proposition,
see the Appendix for the proof.



Proposition 2 Let M = (M, M,), where

M? _{1r 0 0 0 0
“A0 0 1/V2 1/V2 0
18 the matriz whose rows are an orthonormal basis for the linear span of the
rows of M7 in RS, and

B 00 1/vV2 -1/v2 0
Mi={01 0 0o 0},
00 0 0 1

. \ . 4 .
is the matric whose rows are an orthonormal basis for the subspace of R
which is orthogonal to the above mentioned linear span. Then (19) is equiv-
alent to '

AMITS@M, ) =MT (AS(t) + S0 AT + Q)M dt 1)
~MT(SOAT + QME M (SW)AT + Q)T M dt,.

where .AI o

- R= M"QM.

Finally, we are left with the task of finding a positive solution of the
algebraic Riccati equation

M (AS +DAT + OV, — MT(SAT + QMEMT(BAT + Q)M =0.
(22)

4 The Optimal Inves’tme_nt—Consumptioh problem
for the insider trader

As already dlscussed the insider trader aims to maximize the expected
value of his exponential intertemporal utility over an infinite time horizon,
by controlling the state vector of the economy, actually the stacked vector
Y (t), and his wealth m(t), by means of the variation of hiS order flow d&(¢)
and his consumption rate c(t).

Under the assumption that the insider trader postulates a linear adjust-
ment of the market makers’ estimates y.(t), as in (15), we can write

dye(t) = Geyelt) di + HM T (Ay(t) dt + QY2 dw(t) + ko d® (1)),  (23)



where s R , '
Ho=(Q+LA" YMR? | (24)
and

G, = (I - HQMT) (A+ B), (25)

with ¥ solution to the algebraic Riccati equation (22). Hence, it is easy to
see that the stacked vector Y'(t) satisfies

dY(t) = AY (t)dt + Ql/? dw(t) + K d@(t); (26)

where

- A /2 _ kg N
A= (HEMTA Gg) lem(ﬂeﬁTQl/z)’K (Hﬁf’rk} 0

The informed trader’s wealth, m(t), is modelled as a solution of the stochas-
tic differential equation

dmit) = rm(t) dt + () (D) — rP(&) dt + dP(8)] — c(t) dt,  (28)

where the risky asset pfice, P(t), is given by

: SO oo _ '
Pt)=FE [ / eI D(s) ds|{§fg’°} :
Y S .
On the other hand, since for every s>t we have -

E [D(s)|3¥°] = E[D(1)[5¥] + E[D{s) - D(t)I37"]
= D(t) + Bln(s = t) + op (wp! 8) wp(t)) |3Y°]
= D(1) + me(t)(s — 1),

being wp(s) — wp(t) future with respect to §y, we can write
P(t) = r~1D{t) + 72 me(t ) € TY( t), (29)

where p = (r1,0,0,0,0,0,772,0,0,0). Therefore combining (28) with
(26) through (29), and observing that we can also write

W(t) = k@Y(t) =Y (ky, and D(t)—rP(t)= —r”lk;; Y(t),
where kj, = (0,0,0,0,1,0,0,0,0,0), and k. = (0,0,0,0,0,0,1,0,0,0), we

" obtain

m(t) = (m{(t) YT (t)kg (r-lk; Y(t) pTdY(t)) - c(t)) dt. - (30)

10



In what follows we show that there exists a linear diffusion evolution
- for d®(t) and a consumption strategy which allow the informed trader to
maximize his intertemporal utility. Note that the insider trader knows Y (¢}
and m(t) at any t before adjusting his trading strategy. In other words, he
. enjoys a complete observation. Therefore (see [5], [6]), it makes sense that
he adjusts the variation of his order flow in a feedback form. Moreover, since
‘the state vector of the economy follows an autonomous system of stochastic
differential equations, he can choose a stationary Markov policy

d®(t) = o’ () dt + g(t) dw(t), - (3D)
where

e =aY)m®), e =q(Y(®m). . (32) .

The san'le‘ argument holds for the choice of the insider tr&dér’consumption
oft) = (Y (£), m(t)).

Henée, the insider trader’s optimizatioﬁ problém becomes to compute the’
value function - '

- +00 )
Vi, Yym)= max <EBEiyvm / —elpstvele)) gg | 4 (33)
‘ algChe(y U7 Ly '

where E¢ v, [] is the conditional expectation operator given Y {t) = ¥ and
m(t) = m, and the state vector (Y(t),m(t)) is subject to

ay () = (AY (t) + Rea™(®)) dt + (QV” + Kaq(t)) du(t),  (34)
which results from the combination of (26) and (31), and

dm(t) =(rm(t) - ¥ T (t)ke (rmlk;y(t) mpT(AY(i) + I?q;tzT(t'))) ——c(t')) dt

+ YT (W)kup” (@2 + Roq(t)) dul(t), - - (39)

which results from the combination of (30) and (34). In addition, note that
the entries of Y'(¢) must satisfy the relationships

yi(t) = D(t) = De(t) = yelt), (36)
(D) +va() =00 +3(£) = 0(E) = Ou(t) = Ou(t)+Pe(t) =ys(t) +yo(t) (37)

for every t > 0. The following Proposition can be established, see the

Appendix for the proof.

11



Proposition 3 Let us assume that (33) is of the form
‘V(t’ Y, m) - “6_(pt+%YTLY-i-1{:wnz+)\), (38)

‘where L is a symmetric matric and X is a real parameter. Then, L must
satisfy the equations

784 (L + «,brp,é&;) v = 0, | o (39)

and ' | |

vT (rL + (L + wvﬂpk,}:)T Q (L + @brpkg) , o | C40)
——(L%—¢mmg)Tﬂf—ﬁT(Lﬁ—wmﬁJ)-mw(kwhz—%kmkg))Y’zD,‘

for every Y € RY whose entries are characterized by (36) and (3’7), and \
satzsﬁes

F (LA T0(r) — p %tr (TTLT) -0, (41)

where Y = QY% — (R{ LKg) 7 Kp K LQM?. Moreover, the optimal trading
strotegy is given by

&(t) = —~(Rg LK3) " (B3 LA + yrKph )Y (1) (42)

an&- . L ‘
§(t) = —(K{ LEg) ' KL LQY?, | (43)

and the optimal consumption is

19T (LY (£) + yrmlt) + A — In(r)
| ¥ ’
where (Y (t),7(t)) s the solution of (34 ) and (35) correspondmg to the
choice of the control (&(t), ¢(t), &(t)).

(1) = (44)

Remark 4 Note that, by applyz’ng a well known verification theorem (see

e.q., Fleming & Rishel [5, Thm 4.1, p. 159] (1975), Fleming & Soner [6,
" Thm 5.1, p. 172] (1998)), it can be shoun that (88) is actually the value
function ( 388}, for the choice of the symmetric matriz L and the real number

X satisfying (39), (40), and (41).

12 -



5 Bayesian-Nash Equilibrium

To get a Bayesian Nash equilibrium we have to find a positive symmetric.
solution X of the algebraic Riccati Equation

CMIAS+ SAT + Q)M - M (SAT + QMR- 1MT(2AT + Q)TML = (),

a symmetmc matrix L which fulfills )
| fﬁ§(L~+¢ka$)}’w(L | T

and | |

yT (?”L + (L + w‘rpkgf s, (L + qprpk}}) )

- (L + a,brp;c‘&;)T A-AT (L + wpk;g) — g (kq,k;f + kmk;) )Y =0,

for every Y € R'? satisfying (36) and (37), and a set of parameters

o' = (a1,09,03,04,05), b = (b1, b, 3, b4, bs) , q" = (q1,q),

such that
@Y ()t +qdult) | @)
= —(RyLEe)™ ((RILA+yrRIphd ) Y (B dt + RLQM du?))
Equation (45) comes from the optimal filtering problem of the mar-

ket maker; Equation (46) and (47) come from the optlmal consumption-
, mvestment problem of the insider trader. The first one is needed to elimi-

- " nate the linear term in the Bellmann equation related to (33) and the second

one represents the first-order conditions on the quadratic term of the Bell-
mann equation. Equation (48) comes from a fixed point argument requiring
that the optimal strategy of the insider, conjectured by the market maker,
coincides with the optimal strategy of the insider trader and vice versa.

The computations needed to this task are rather heavy. However, we are
able to prove that there exists a unique linear Bayesian-Nash equilibrium
such that no insider’s trade and no market maker’s learning occur. Also i in
this case, see the Appendlx for the proof.

Proposition 5 In the linear Bayesian-Nash equilibrium we. have

9‘1—1%261:&2‘:@3:@4:@5:51mbzmbsxb&L:bs:O,

13



for an unconstrained coefficient 055 > 0, and

M

Il
SO Do
cooo
coooo
SO O DD

0

Q .
s oo oD
on

)

e

©

o

by:  —log —las —fas ~lss fie —ler —fes —flog —ls10

~f2.6
—b35
‘ {45
oy ~f56
L= ’
l1g

—fg 8
~{g.9
~£g,10

where

—fer .

0
0
0-
O.
log
0

D .
0
0

0 0 0l
foo Lo 0 L36
o boo 0 lag
0 0 Tt g

€36 fas s Lo

0 0 % ’ £6,7
~fg9 ~foo 0  fsg
—lgg —lgo 0O lso .

0 0 0 foo

6 Conclusions

0 0 0 0
0 —fyo —lop 0
0 ~dgg ~fos O
£ 0o 0 0
ler Los Loy loao |’
0 0 0 0
0 - %o fog O
0 129,9 eg,g 0
0 0 0 0

 (50)

b1 =—20e+0ls),  logF#0,

and the other entries £;; can be chosen freely.

-This paper provides a striking result. In the Kyle setting with noise traders,
when the insider trader knows the drift of the dividend process, no trade
occurs. Noise traders are not enough to hide the trading of the insider: as the
insider trades, the market maker identifies exactly his private information,
sets the market price according to it and this renders the trade of the insider
not profitable, As a consequence, in equilibrium the insider trader does
not trade, there is no learning by the market maker and no diffusion of
information in the market. '

14



Appendix

Proof. of Proposition 1
Substituting (13) into (8), we obtain

dy(t) = Ay(t) dt + Bye(t) dt + Q'/* dw(z). (51)
Then, combining (51) and (11), we have #
dyo(t) = M T Ay(t) dt + M Byc(t)dt + MTJQW dw(t),  (52)
~ and, substituting the 1attér into (15) ﬁve can write |
dye(t) = Ac(t)y(t) dt + Bo(t)ye(t) dt + Q3(2) duw(t), (53)
where | ‘
A= H(OMTA, B.)=Ce(t)+ He()MTB, QY2(t)=He()M QY2

Hence, introducing the stacked vector ¥ (t) = (Y; (t))lwz, given by

Y(t) = ( i ((tt)) ) ;

‘on account of (51) and (33}, it is easy to see that Y (¢) satisfies the stochastic
differential equation

dy(t) = A(t)y(t) dt + QY2 (1) du(t),

where

- A B - : QY2 -
Aty = . L , Y2y = . L (54
0=( iy s ) @0 ( ol )
On the other hand, thanks to (52), we can formulate the evolution of y,(?)
in terms of Y{f) by writing ‘
dyo(t) = CY () dt + RY? din(2),

where o A X
C=(MTAM'B), RV=MTQY2 (55)
Therefore, the filtering problem becomes

{ dY (t) = A(£)Y (t) dt + QY3(t) dw(t),

dyo(t) = CY (t) dt + RY? dw(t). (56)

15



The latter is a generalization of the standard Kalman-Bucy linear filtering
problem, because the matrix

. 2 '
R = RV2(RUNT = ( D op4g; )
\ S apq (00 + @) +

has positive eigenvalues, and we assume that for some initial time Zo the
prior ¥ (tg) ~ N(¥y, 5o) is independent of the Wiener. process w(t). Hence,
we are in a position to apply {14, Thm 10.3, p. 392} to obtain the equation
for the optimal estimate Yu(t} = E [V (£)|37°] for every t > tg. This is given
by :

aY,(t) = A(t)Ye(t) | | (57)
+@POERT + HOOR(C (Y (1) - Yalt) dt+ B2 du(t)),

‘where, setting Q(£) = Qlfﬁ(t)(él/ﬂ(t)‘)t the matrix
() =B [(Y() - %.(t) (V) - Yet)]
satisfies the Riceati equation
| di(t) = (ji(t)f:(t) + f?(t)}i%(t) + Q(t)) dt | (58)
- (@ OET +S0OT) B (@OEAT + 20T
On.the other hand, ye(t) is the market maker's estimatg of y(t), therefore

we must clearly have :
ve(t) = B [ye(t)[57°] -

nm=(i%),

and it is easily seen that £(t) can be decomposed into four 5 * 5 blocks as
follows ()
: < () 0 :
E(t) - ( 0 0 ) ’ . (59)
where £(t) = E {(y(f;) (1)) (y(t) ~ ye(t))T] . Then we have
e [ B 0N AM Y\ _ [ DH)AM
HOo = ( 0 0 BM )\ 0 ’
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‘ and

" @1/2(t)(R1/2)T.+ ST = ( @+EAT )M ) '

| H ()R
where Q = Qi/ 2(QY"T. Hence, (57) becomes
' A B
i) = ( H(OMTA  Gu(t) + H()M™B )Ye(t) a (60)
+ ( @ *;%AT)M )R"‘lMT (A (y(t) = el)) dt + RY2 du(t)).

On the other and, on account of (51},
Ay - ve(t)) dt + R/? dur(t) = —(A+ B)ye(t) + dy(t)
and thanks to (11), we can rewrite (60) as |

‘ ( dye(t) \ _ ( (A+B - (Q+E(t)AT)MR““lMT(A—I-B))ye(t) dt )
.dye(t) ) N Ge(t)ye(t) dt

O+ SOATIME  dyo(t) -
- ( He(t) dyo () ) !

" and the latter clearly implies that (17) and (18) are fulfilled. Now, a straightw )
forward computatzon gives

e e« (ADM A EMAT O (HMT(ASE) + Q)T
AS(t) + E(t)AT +Q —(He(t)MT(_AZ(t) +Q) H.()RH] (£) ),

and
(@1 12(RA/2)T ««;»i(f)()”) R‘—l(QI/? ( R1/2)T+§J(t)OT) !

((Q+2(t)ATWR""1MT(Q+E(t)AT) (He(t)MT(AE(tH@))T)
He(t)M T (AZ(t) + Q) - H(ORH/ (1) '

Therefore, on account of (58) and (59), (19} 1mmed1ately follows. 0

Proof. of Proposition 2 ‘
It is evident that with respect to the vector 9,(t) = M y(t), which
“cerries the same information of the observation vector yo(t), (19) becomes

D) =(AZ() + SOAT + Q) dt | (61)
~ (SHAT + QMR MT(SWAT +QT) dt.
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Now, since the columns of the matrix M make up an orthonormal basis of
R5, (61) is equivalent to

AMTDEM) = MT(AS(t) + i":(t}AT +ONTd (62)
- ~ MT(EAT + QMR (AT + Q)T AT at,

which sphts in (21) plus the three following

| d(MTx(t) )= MT(AZ(t) + DAY + Q)M dt (63)
~MTEOAT + ORI (SMAT + OV M dt,

M T ML) = MT(AS() mw + Q)M dt - (64)
~MTEOAT + QMRIMT(EWAT + Q) M, dt,

CAMISOM) = M (ATS® +S@AT + Q)Mdt . (65)
~ M (ZmAT + OME ' MT(S)AT + Q)TMdt

On the other hand, the first and the second column of the matrix E(t)M

are given by
E ((D(t) ~ De(t)) (D(t) — De(t))
E[(D(t) — De(t)) (n(t) — me(t))]
E[(D(t) — De(t)) (O(t) - @e(t))] ;
E[(D(t) = De(t)) (2(2). ~ 2e(2))]
E[(D(t) ~ De(t)) (¥(t) — e(t))]
and
[ E[O() - O(t))(D(t) D, i))]
E [(O(t) = Oc(2)) (n(t) — 7e(t))]
1/V2 | EB[(OQ) - 0.(t)) (O(t) ~ ©e(t))] |,
E [(O(t) ~ Oe(1)) (2(t) — ®e(t))]
E [(O(t) = Oc(t)) (¥(t) — Te(?))]

respectively. Therefore, since both the processes D(t) and O(t) are ob-
served, the matrix X(£)M vanishes identically. Hence, a straightforward
computation shows that also (63) (65) vanish identically, and the desired
result follows. o
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Proof of Proposition 3 '
It is well known that (33) must satisfy both the Bellman equatwn

OV (t, Yy m) + max{ LV (1, Y, m) — e” W9} = 0, (66)

where £ is the infinitesimal generator of the diffusion process (34), (35), and
the transversality condition

Jim Bimy [VE+TVE+T),mt+T)] =0, (67)

where (Y (t), (1)) is a solution of (34) and (35) c'orrlcsponding to the choice
of an optimal control (&(t), q(t),c(t)) In this case, a feedback optimal con-
trol is given by .

(@(t), 4(2), C(t)) = argmax {EV(?‘ Y(¢),m(t}) “6"“ " 1”’c(t))} (68)
U a0

where (Y (t), m(t)) is a solution of (34} and (35) corresponding to the choice
of the control {a(t), g(t), c(£)). '

To prove that the function V(t,Y,m) = ~e @Y LY +9rmtd) jg o g0
lution to (66), let’s start by computing the operator £. It is easily seen
that

c=} 3 (@ k) @+ k) By @)

i =i i,
> (pT (@2 + Kaaq) (@2 + R@q)f) ey,
=1 ) j
+ %YT’C\IJPT (Ql/z + féq»q) (Q1/2 + ffq»@')TPng rnm
~+- 201 (AY 4 K@G,T)j 3yj

o+ (rm =Y Ty (1Y — f (Ar + R@IQT>) - lc) O
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Hence, on account of

GV = ~pV,
O,V = —(YTL);V,
BV = —yr'V,

6y,V = (LYYTL-1) v,
b ' (v}
8%,V =r(YTL); V,

OV =V,
where we are using V' as a shorthand for V(¢,Y, m}, we obtain

LVe= %:Y_Oj ((Qf/z + R_'@q) (Ql/_z + -.r"fq,q) T) . ‘(LY'YTL - L) vo(0)

t,] ]
b= . .

‘ 10 _ _ B _ T L
+r¥ Thy Sop7 (@2 4+ Raq) (@Y7 4+ Kaq) (Y7L V
g | _
1 ) . - - - — T
+ S0 Y Thp” (QY2 4 Rog) (QV2+ Keq) pRIYV
.‘}'

10
_ ; (AY + K@a"")j(}f”‘“L)j

—pr (rm =Y Thy (r-?é:;;y ~p" (AY + f@‘f)) e} V.

On the other hand, thanks to the projaerties of the trace functional, we can
write ' ' ' '

19 . .
> ((Ql/z -+ R@q) (Q1/2.+I¥¢g) ) (LYYTL . L) vy

§je=1 Wi R
oty ((cji/? + f_fq)q)T (LY'YTL - L) (Qlf 24 I“(q,q))
=YTL (623/2 ~4~.I"(¢>q) (@1/2 + quq) "Ly

- ((Q”"" +I"(q,q)TL (QW +f(<pq)) :

20



Moreover,

51_0: (pT (@” 24 K@q) (Q” 2+ K’cpq)_T> 7L (72)
=1 : . J
—p" (Q”2 + fi"'«i»q) (Q”Q + I?@q)TLK

and
10

ST (AY + Kea") (¥7L); =YTL(AY + KeaT). (73)
d=1" . J . ‘
Therefore, combining (70) with (71)-(73), and observing that

%YTL (Q” 24 f?cpq) (Q” o qu)T Ly

| opr¥ Thp” (QE/ 2y fi‘@q) (C?” 2+ fi'@q)T Ly
oY ThapT (@Y7 + Roa) (@ + Kag) oY
- %YT (z+ v,brpicé,’)T (@ + f(@q) (@2 + K@Q)T (L+vrok}) ¥,
“and | |
Y7L (ZLY + f{@a?) —i—.w?"Yszqu? (AY + K@@T)
=¥ (L+ ¢rpk31;)T (&Y + Roa™)
we can rewrite o
Ve —%tr ((Q” 2 K’qsq) L (Ql/ 7+ ff@q))V {14)
4 éYT (L + z/wpkl}}) T(Q” 2 f—(@q) (Q” Y4 f(q:q) T(L + 'sb'r'pk\};) YV
~YT(L+ i/)?"pkg)?—: (A’Y + Koa) V |
gy (rzm - YTlse;pTY) V + yrcV.

From the above computations, it follows that to achieve the maximum in
(66) we must get rid of the linear term ~

~yT (L + ql)rpk‘},—) ! Kpa V.
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To this goal, we need to establish (39). As a consequence, (74) becomes

LV = ——;—tr ((Q1/2 + Kq,q)-r L (Qlfz + I_{q;q)) Vv
+ %YT (L + rpky )T o) (L + ¢7’pk5$> vy o
~ YT (L + d)?pk\},") T AYV
) (’rgm + Y Thkghl Y) V + eV,

where Q@ = QV2(QY2)7. Hence, setting

f(t’?’ m, a, ) def %«tr ((Quz + _fi’q,q)T L (Ql/z + R@q)) 1%
+ %YT ( I+ w-,,ﬂpkg;)"r Q (L + ;brpic&:) YV
YT ('L + zbrpk:;,r ) ' .ZlYV
PV 9 (sz + Y kyhy, Y) v,

and A ' .
J(t,Y,m,¢) € yreV — e b9,

(66) becomes

max {I(t,Y,m,a,9)} + mca,x {J(t,Y,m,c)} = 0.

(75)

)

(78).

Maximizging I{(t,Y, m, a[, g} with re;spect to g, the first order conditions yield

aytr (@4 Raa) £(@7 4 Koa) ) =0,

22
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* for j =1,2,3. On the other hand,

oy (@4 Koa) L(@2+ Faa)
= tr (8% (QW + I"i’q»q)T L (@”2 + ff@qD
xm%gﬁi@w+%®+@W+%anﬁw)
- e (o B (@4 Raa)) e (04 + Rog) Dy
= 2tr (e] K31 Q" + Kaq) )
= 2R3 L (Q"* + Keq) ¢;.

Therefore, from (79), we obtain

g=—(RILEs)RILQYV. (50)
and
It _ o la(rTrr ' 4- 81’
mex {I(t, m,a,q)} = ~5tr (TTLT) (81)
1 T . \
57T (L + wrpk?g) O (L + w;;@) YV

~YT(1+ «,brpkgf AYV = oV = (rPm+ Y ke, Y ) V.

* Similarly, maximizing J (t,Y,m, ¢} with respect to ¢, the first order condition
yields ' : S .
e~ PtYe L py =, (82)

and" this clearly implies

o %YTLY + wrﬂ;(t) + A —In{r) :
; _

and

mex {J(t, ¥, m, )} = fr(%YTLY FprmA—In() + V. (83)
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Finally, éombining (81) with (83), we obtain

‘ max {I(t, Y, m,c)} + max {J(t,.Y, m,c)}
=\ =In(r)+1)~p)V étr (TTLT) v
+ Y’?(}“TL +1 (L + 'l,b'rpkq,> Q (L +vrohi)
- (L + wrpkg) A— Phgkl )YV

-

~ The latter clearly implies that V'(¢,Y,m) is a solution of the Bellman equa-
tion (66) provided that (40) and (41) are satisfied. _
Now, to show that the trasversality condition (67) holds true we apply
the I’ao formula to the identity
V{t+ At Y (t+ Al) ,m(t + At)) - V(¢ Y(t) m(t))
tHAL .
= / dV(s,Y (s),m(s)).
Ji
Therefore, we can write '
V(t+ ALY (¢ -+ AL), 7t + AL) — V(& Y (£), 7(t)) (84)
AL . .
— [ @V ¥ (o), nls)) + LV, (5}, 70 (5) ds
t
S - VI _ . ‘
+ / o(Y (s),(8))VymV(s,Y (s),7(s))) dw (s),
JT ] .

where o(Y (t),7%(t)) denotes the diffusion matrix of the process (¥ (t), 7(t))
and Vy, denotes the gradient operator in the state space of (Y (£),7%(£)).
On the other hand, since V' (¢,Y,m) is a solution of the Bellman equation
(66) and (Y(t),m(t)) corresponds to an-optimal control, we have

t+t . .
/ (8 (s, Y (s), () + LV (s, ¥ (5) 71 (5))) ds
Jt . R
rt AL
_ [ o~ (P8 0E(S)) go
JT . :

On account of the latter, by applying the expectation operator on both the

24



sides of (84), we obtain

Eevm [V(t + ALY (t4 A),h (t + At)‘)] —Biym [f/(t, ?’(t),m(t))]

At

| 1 t- A ;
= LBy [ / o~ (psHasE(s)) ds} ,
JT

At

and, passing to the limit as At — 0, it then follows

dBrym | V(8,7 (), (0))]

- = Biym [ew(mwé(s})} ,

where, by virtue of (82),

Therefore E; ym {

e—(,ﬂt"f‘QI'JC* (“‘)) e ——7”‘}(16 }of(t)’ Th(t)) '

Vi(t, Y(t},m(t))] satisfies the differential equation

By |V (2, ¥ (2), 1(2))]

— = —Boym [x"/(f,i?'(_t_)', ()],

and the desired transversality condition clearly follows. :
Finally, we are only left with the task of proving that (@(t),4(t), &%)

given by (42)-(44)

satisfies (68). To this, let’s begin by observing that, on

~account of (39), for an optimal sample path Y(¢) of the state vector of the

economy, we must

have

R’g'(f) —I—z/)'rpk\};) Y({t)=0

for every t > 0. Differentiating the latter and substituting dY (¢) with its
expression (26) we obtain

. K] (L + qprpkg) (AY(t) dt + QY2 dw(t) + K5 dB(1)) = 0, -

which implies

~K3 LKgdd(t)

= Kg LAY (t) dt + ¢r K] pkg (AY () dt + QY2 du(t)
+ Ko d®(t)) + K LM ? dw(t) |
= K3 LAY (t) di + yr K pky dY (t) + B LQY? dwl(t).
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Hence, taking into account that
kg dY (1) = dU{t) = ®(t) dt = kg Y (t) dt
we end up with

ds(t) |
= (R LEo)™ ((RILA+yrEIpkd) Y(t)dt+ RILQY2 du(t)) .

* Therefore, from the previous computations, it clearly follows that we have

max {LV(t,Y(t),m (1)) —e PPN = LV (1, V (1), 70 (1)) — e~ (PEHHEE),
 a(t)g(0)e(t

where (Y{t),7(t)} is the solution of .(34) and (35) corresponding to the
choice of (&{t), 4(t), é(t}), which in turn satisfies {42)-{44). o

Proof of Propes;tlon 5 - .
The algebraic computations exploited in the proof are rather heavy. We-
give here only asketch, informing the reader that a-more detailed version is
available from the authors upon request. '

We divide our Proof in-several steps.

As a first step, setting

11 O12 013 014 015
71,2 022 023 0Uz4 025
01,8 23 033 034 O35 |,
01,4 024 034 T44 045
01,5 T2,5 035 045 055

g
~

we note that, since T =0 (see Section 3), we must hé,ve

| o11=0, o12=0, o3=0, 014=0, o15=0, (85)
and
| 024 = —On3, O34 =033, 044= 033, O45= —035. (86)
In addition, it can be shown that (45) implies

ogp = 0.
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From the latter, taking into account that ¥ is a variance-covariance matrix,
it follows
023=0 o2,4 = 0, 025—9

Hence, (45) gives rise to the following equatmns

((oie + ag — a3)os s —asoss)? (87)
—200(0e + @) (e + @4 — ag)ozz — asoss) -
+200(00 + q2)%033 = 0,

((ag + a4 ~ a3)os3 — a503,5) (@ + as — as)oss — asos,5) (88)
- —oe(oe + @) ((ae +as — ag)oss — asos )
' (oo + g2)* o33 + aposs) =0,

(oo + a4 — a3)o3 5 —a5055)" + 2(06 + g2) %035 = 0. (89) -
As a second step, by virtue of (46), we can prove that |
ReLQ'? =0.
This implies 7 ) o
g =gz = 0. - (90)

Moreover, it can be shown that
K}E p=0,
Which gives
(a",h") = m(KTLK@) 'R4 LA

On the other hand, computmg K TLK«;[: and K LA on account of (46), we
obtain ‘
az—agmagwaémag)wblwbzwbgwbswo ) .(91)

and o
by = —(lsg—Lgg+Log) H(lyg+Lg). ' (92)

As a third step, we note that, thanks to (90) and (91}, Equation (87)
yields
o33 =0

and, on account of the nature of X,

o34=10, o035=0
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As a consequence, (88) and (89) are satisfied for any posﬁ;we value of o5 5.
Therefore, we obtain (49).
As a fourth step, it remains to prove that by = 0 and (50) holds true. To
this task, by a straightforward computation, it follows that (47) gives rise
“to the following system of quadratic equations
r(€11 + 216 + Log) + op (013 + 2016 + Lo g)’ f (93)
+0%(l1s — 14+ a5 —Lag)’ —4(f1o+ bag) =0,

(b2 + o) + 0Bl + 26 + loe) (12 + Log) (94)
+05(brg ~ b1a + 3 — Lag) (Lo ~ boa) ~ 2o =0,

(s +lig+ e+ leg)  (95)
+0% (81 + 216+ Log) (13 + b1 + L6+ Loo)
+08 (b3 ~ s+ L —Lag)(las — L34+ £39 — Lag)
~2(lo,3 + Lo.g) — (bs + @) (f15 -+ bog) + e (L3 + £ag) =0,

r(lia+Lig+Lag+4s9) (96)
+oh{b11 + 2016 + Log) (f14 + bro + la6 + Lo9)
+ob(l1s = lia+bsp —Lae)(lsa — Laa+ 39 — La9)
~(bs + @) (f1,5 + €o,8) — 2(Lo,a + Lo9) = 0,

P15+ Usg) + 0B (i + 2 + Log) (W + o + £ 6) (97)
+od(brs — bia+ s —Lag)(lss —Lag)
—(ly 4+ Lap) — 2805 = 0,

(b7 + o) + o (b1 + 2616 + Lo,6) (f1,7 -+ lo,7) (98)
40d(brs — b g+ lag — Lyg)(lay — byn) — 2Uor =0, -

T(F18—£19+568—369) (99)
+oh (61 +2€zs~%~€66)(€zs ~ 19+ log ~ U,9)
405l g — b1 g+ las ~ Lag)(lag — L9 — Lag -+ Lyg)
+2(bg + ag}l1s + los) + aollis + l36) — 2(los — fa9) =0,

28



r{€1,10 + £a,10) + 0B (€11 + 206 + Le.6) (D130 + fe10)
+08 (61,3 ~ 1,4 + a6~ La6) (3,00 — La10)

~{l19 + leg) — 28910 =0,

réy o + G?)(ELQ + £2,6)2 + o‘%(ﬂg,g — 52,4)2 - 0’

r(loz 4 Log) +0h(l1o+ Lag)(f15 + L3 +-Lrg + Lo 9)
08 (los — £oa)(lags — €34+ Lag — l1g)

—(bs + oo }lo g + aplys =0,

(324"?‘6.‘29)"?"00(512"%”*’226)@144“3194”846"i“eﬁg)
+C79(E23“£24)(£84+‘£39 ""“544”*4349) — (ba + o) lyg =0,

a5+ oh(lg + fz,s)(?,b + 815 + £5,5) |
+03(fa,3 = bo.a)(lss ~ Las) ~ £aq =0,

réy 4 0% (b2 + 132,6_).(31,7 +2g7) + 05 (l2n — Loa)(day — Ley) = O,

r(log — lag) + 05 (fra + ba6)(lig — b9+ log — lg.9)
+0%(bog ~ o) (lag — 39 — Lag + Lug)

+aplys + 2(bs + ag)lsg =0,

rla,10 + 0H b1z + lag){f10 + 46,10)
+0% (82,3 ~ Lo.4) (300 — £a,10) — Lo9 = 0,

r(fss + 239+ loo) +0 5 (b3 + las + brg + Lo o)

+o &(lss — U4+ lag — lsg)*

- (64.+ o) {(fag +€a9) + 200 (€33 + f39) = 0,

T{€3,4 + €39 + f49 + £99)

+oh(lrs + o+ Los + Loo)(lra + Lrg + Lag + log)
+od(lss — aa+ 39 —a0) (34 + b9 — las — Lag)

+ae (f34+ la9) —

{(by + ap)(fag -+ 2089 +fsg) =0,

29

(100)

(101)

(102)

(109)

(104)

(105).

(106)

(107)

(108)

(109)



r(fss + Ls,9) + oh(bs + i + las + o) (W + f15 + U5 6) (110)
' +0d (033 — laa+ 39 — Lag)(fss — .84’5)
+aelss — (fas +lag) — (bs+ ao)lsg =0,

{La7 +lrg) + oh(brs + Lo + Lo+ Log) (brr + Loyr) (111)
+08 (33 — 34 + 39 — Lap)(far — La7)
. oglyr (54 +ag) brg =0,

m(fs8 — fa9. +389~'£99) (112}
+~JD(€13 +€19+336 +4o9)(£18 — L19 + Log — Lo)o)
+0%(Lsg — Laa +lag —Lag)(las — L9 — Lag + Lag)
+ kg (53,3 +438) + (ba + a@)(2€3,8 + 359 —lgg) = 0,

r(f3,10 + £o,10) + b (€1 + Lrg + lag + Lo0) (110 + £6,10) (113)

+03(la 10 — La10)(las — l3q + fa5 — L)
—(la9 +4op) + ol o — (by + o) £330 = 0,

r(€a+ 204+ log) + Oh(fra+ fro+ bug + lep)? O (114)
ob (€504 lag — Laa ~ Lag)? . '
“Q(bé + ao)(las + 38,9) =0,

?‘(345 +£59) +0D(E;4 +519 +€46 + lg0)( 1/)+515 + £5.6) (115)
+0@(«‘33,4 + 039 —Laq —L19)(f3s ~ 2 5)
—(Ly 4+ Lag) — (bg + ) lsg =0,

(g7 + brg) + 0B (b4 + g+ Lag+Lo9)(Crr + lo7) (116)
+08(laa+ a0 — lag ~ Lag)(ls7 — La7)
—(bs + o) frg =0,

r(lig — oo+ Plso —log) (117)
+0% (L4 + £1,9+ Lag + o.9) (brs ~ £r9 + fos — Log)
04434 +E59 — laa — Lag)(lag — bag — Lag + Lag)
+ap(laa+ g) + (ba + ae)(2lss + 3lgo — feg) = 0,
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r(€10 + o,10) + 05 (14 + brg Lo + £e.9) (1,10 + L6,10) |

0B (34 + €39 — Lag — La9)(£3,10 — La10)

Ly +Log) — (b + o) s 10 =0,

rlss + oW+ b+ ?5,6)? + U(?-}-(g.'i_,5 — Ly 5)* — 2y 5 = 0,

rhsg+ 0B+ s+ Ls) by + le)
| 4‘“?9{33,5 —bas}(lar — Lay) — Ly —P =0,

r(lsg — Lsg) + 0B + L1+ ls6)(l1g — Lrg + Log ~ Lo9)
+0B (Us5 — Las) (a8 — £3.9 = fas + Lag)

(118)

(119)

(120)

(121)

+oplys — (lag —L4g) + 2(by+ ap)sg =0,

s 10+ 05 + £1.5 + €5.6) (£1.10 + fe.10)
+05 (€35 ~ £a5) (€310 — La10) — (b5, + €a30) = 0,

rlry 4+ oh(lr + 136,7)2 +03{la7 — Lag)? =0,

r(frg —drg) + 0B (81,7 + Ler)(lig — b1, + Lo s — Lo,0)
| +08 (b — bar)(lag — f39 — Lag + Lug)

+aglsy + 2(by + ag)lrg =0,

réy 10+ 05l n +_ Oo.7) (41,10 + 0s,10)
+0d (€3,7 = £a,7) (3,10 — La,10) — €79 = 0,

r(lss — s +Loo) +0p(lig —lis +los — Lo9)’
+o&(lag — lap — Lag+ Lag)”
- +2og (&3,8 - 4?3,9) + 4 (b4 - Ot@) (23,8 e Eg,g) =0,

r{ls10 — £o,10) + 0H(l1s — b9 + Lo — Loo) (41,10 -+ le,10)
405 (las — b3y — ag + £10)(€310 — Ls10)

+agly 1o~ (€9 —~ £o9) +2(bs + o) £ 10 = 0,
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(124)

(125)
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10,10 + 0H(£1,10 + £6,10)* + 0B (€310 — La,10)° — 29,10 = 0.

In addition, (46) yields the linear system

bra+81g+Lag+ los =0,
| lya+log =0,
laa+l3g+ a0+ 4l39=0,
Cra+lag+lag+ g9 =0,
Lo +il58 =0,

Ly 4478 =0,

fyg — a9~ lg9 + 458 =0,

fy10+8g10=0,

' ~and, from (92), it follows that we must have

lag —lgg+log #0
and Lo _ ‘
| (1.+ ba}lag + (1 — b4)€g‘,g + badg g = 0.
* Hence, combining (129)-(136) with (138) , we obtain

ba -
ol D (90
34 Lag 7 54( ls9 — Lo,9),
‘ 2by
= g - _
lyg=1lgg 5 +,b4(238,9 Z59),
les = —lys + —2 (250 — fog)
48 = ~laz + - (Uso — b)),

by
lao = ffs,g + 17 b (2889 — £9.9),

log = —fag4,
Uy = —by,
g = —lan,

fs10 = —L410,
big = —(l14+Lyp + Los),
and | 1 _
fng — ¥ PR —— ) — ;
lag—lag+ fop pn 54( 7% . fs.9)
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- (128)

{129}

- (130)

(131)
(132) -
(133)
(134)

(135)

(136)

(187)

(138)

(139)
(140) .
(141)
(142)

(143) -
(144)

(145)

(146)
(147)

(148)



Now, substituting (139)-(147) in (114), (117), and (126), we obtain

. r(lgs — 2089 + £9,9)
+0% (014 +E19+f46+569) +Ue(€38~339+589~399)

—2{by + ag) (g9 — 38 st (238 o —4fg9)) =

—r{lsg — 2lg9 + Lo9)
~0h(01a+ lg+ Lap +Lo)’ — 0d(las ~ Lag + las ~ la0)°

2bg + ap)b
gmm%_ﬁ@l_%(gg gwggg)

+3(54 + ap) (ag — Lgg) “068(338 —l39) =

r(fs.g — s+ Log) — 0B (Lra+b19 +Lag + Lop)°
- ' 403 (b8 — U39+ fag — ls0)
+2ao (a8 — £3,9) -+ 4 (bs + ao) (fss — La9) == 0,

Hence, summing term by term (149) and (150), we have

(bs + Oé@) (fgo —lgg) — ao(flss — £3.9)

aoby
T (259 — £y o) =

and subtracting term by term (149) and (151), it follows

=2(by + ap) (feg — L9} — 206@ (fss —{3.9)
(2589—399) = 0.

—2{bg + Oée)

Therefore, combining (152) and (153), we obtain

263
1+ by

(2639 — £ ,9) =0,

This, by virtue of (137) and (148), implies

by = 0.

Finally, on account of what shown above, it is possible to obtain (50).
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(149)

(150)

(151)

(152)

(153)

(154)

(155)
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