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1 Introduction

The paper considers an application of causal inference methods with non-
compliance when the exclusion restrictions is relaxed. The exclusion re-
striction basically states that in an experiment with non-compliance the as-
signment to treatment has no direct effect on the outcome, but has only a
treatment mediated effect. Recently the problems related to this assumption
has been analyzed from theoretical and applcative point of views (Hirano
et al., 2000; Imbens and Rubin, 1997; Jo, 2002). In particular Imbens and
Rubin (1997) introduced a weak version of the exclusion restriction requir-
ing that the assignment to treatment is unrelated to potential outcomes for
non-compliers. Their is a first step towards less restrictive causal model;
but relaxing completely the exclusion restrictions produces weakly identi-
fied models, in the sense of not having unique maximum likelihood points.
Section 1 analyses the likelihood function of a randomized experiment with
imperfect compliance, without exclusion restrictions and with a normally

~ distributed outcome. In particular, a simulation based analysis suggests to
impose appropriate restrictions on the parametric space in order to obtain
unigne maximurni likelihood estimates. The proposed procedures will be used

- in Section 2 for evaluating the effect of the educational level on earnings using
the cohort of birth as an instrumental variable and supposing the existence
of direct effects of the instrumental variable on the outcome.



2 Theéretical framework

The likelihood function for a.randomized experiment with imperfect compli-
ance can be written as proposed by Imbens and Rubin (1997). Given the
assumption oft SUTVA (Stable Unit Treatment Value Assumption), random
assignment to treatment, monotonicity (Angrist et al., 1996), and supposing
normal distributions for the outcomes, the likelihood function is (Mercatanti, -
2002):

LOyw) o T woN (sltao %)% TI wnrlV (3alftnr, %)) ¥
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$€(Dy=0,2;=0) ‘
where y; is the individual outcome; w; is the probability of an individual
of being in the ¢ group, t=c (complier), n (never-taker), a (always-taker); p,, -
is the mean and oy, is the standard error of the outcome for individuals in the
t-group and assigned to the z-treatment; N (y;|p,,, 02,) is the normal density
function. The treatment is supposed to be a binary variable. Under this
set of conditions, the three probabilities w,, w, and w,, can be consistently
estimated respectively by (Imbens and Rubin, 1997):

e the proportion of treated in the group of units not assigned to the
treatment, ¢,; ‘

~ » the proportion of non-treated in the group of units assigned to the
treatment, ¢,; ' ‘ - '

e the difference ¢, =1— ¢, = .

- The likelihood function (1) is characterized by the presence of two mix-
tures of densities; this complicates an analytical study of the likelihood and
justifies a simulation based analysis, Mercatanti (2003). In order to address
complications in making likelihood based inference from (1), we firstly con-
sider artificial dataset #£1; this is generated by drawing 10000 units from an

2



* hypothetical population and according to the function (1). Table 1 presents:
the value of the parametric vector (8y) for this hypothetical population and
the masdmum likelihood points detected using the EM algonthm (8,..).

Table 1. MLE for Da_taset #1 ‘
8 o 01 . Oy, 031 041

w, 04 04 0400 0400 0387 0.387
wn 025 025 0252 0.323 0250 0.323
We 0.35 0.35 0349 0276 0362 0.289
s 0 -0.014 -0.014 -0.014 -0.014
P! "~ 0.906 0907  7.025 7.025
Lo T 1.020 5085 1017 5.987
finy 2 1.090 - 1.990 1.090 1.990
lieo 6 5978 1.034 5977  1.039
fey 7 7.025 7.026 0.906 0.905

LogLik. : -30332 -30394  -30345 -30345

. (O*ao, Tals Tndy Tniy T, O’cl) = (1, 12, 115,1,085, 07),
- P(Z; = 1) = 0.25. -

The choice of the EM algorithm (Dempster at al., 1977; Tanner, 1996) is
suggested by considering its main peculiarity, that is the two steps, imputation-
maximization, way for locating maximum likelihood points (a short illustra-
tion of it is in the Appendix). In particular the analysis of the matrix whose
entries are the imputation probabilities calculated during the imputation step
has been proved véry helpful for our aim. Indeed an analysis of the imputa- -
tion probabilities obtained at convergence of the EM algorithm, shows that
the three solutions 92 1, 931 and 34 1 are characterized by a wrong disen-
tanglement of the mixtures (apart from sampling variabilities). The right

imputations correspond fo 91 1 where, differently from the other three solu-
tions, the estimates of w; are in a small spherical neighborhood of the vector
¢ = (¢,, ¢s, ¢,)- Then, for artificial dataset #1 a maximization procedure -
restricted to a neighborhood of ¢ could be sufficient to obtain an unimodal
likelihood function. In order to evaluate the performance of the proposed
restricted procedure, repeated samples of 10000 units had been drawn from
the same hypothetical population. Table 2 shows the operating character-
istics for 100 replications of the maximum likelihood estimates restricted
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to a neighborhood of ¢ and in comparison to other standard methods {i.e.

maximum likelihood estimation under the usual exclusion restriction and In-
strumental Variable method). The proposed procedure is clearly superior in
term of mean biases, mean squared errors, coverage rate and mean width of
corresponding 95% confidence intervals. Only for the Instrumental Variable
Estimator (IVE) the coverage rate of corresponding 95% confidence intervals
is higher but at the cost of a dramatically higher mean width.

1

Table 2. Operating characteristics of various p?"ocedm"és

for replications from Dataset #1

95% interval

estimator - Mean bias  Root MSE Cover@ge Mean

S : 5 , rate width

Koo MLE restr. neigh.of ¢ 0.002 0.079 0.947 0.312
MLE under excl. rest. 0.204 - 0.220 0240 0.306

et 'MLE restr. neigh. of ¢ 0.002 0.024 0.991 0.072
‘ MLE under excl. rest. 0.256 0.272  0.237 0.377
Ted MLE restr. neigh. of ¢ 0.004 0.041 0.947 0.163
- MLE under excl. rest. 0.042 0.088 0.846 0.156-

el MLE restr. neigh. of ¢ 4.9 x 1074 0.054 - - 0.940 0.224
-~ MLE under excl. rest. -0.006 0.061 0.920 -0.216
CACE* MLE restr. neigh. of ¢ 1.1x107* - 0.096 0.940 0.368
MLE under excl. rest. 0.051 0.111 0.912 0.368

IVE -1.844 . 1.857 - 1.000

*: Complier Average Causal Effect

15.99

Another simulation analysis concerns artificial dataset #2; it is generate‘d'

by drawing 10000 units from an hypothetical population whose parametric
* vector (6;) presents the same values of @, apart from a smaller difference
(Mno — Heo), Table 3. Now restricting the maximization to a spherical neigh-
borhood of ¢ is not sufficient to get an unique solution. Table 3 shows that
the restricted procedure produces two maximum likelihood points. The close-
ness of o to py reasonably confounds the two densities in the mixture of
never-takers and compliers not assigned to the treatment, then obstructing
its disentanglement. Extra restrictions on the parameter space are required
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for obtaining well behaved likelihood function; an intuitive restriction is in
imposing an order for the two means y,, and u,. For dataset #2 the ap-
propriate assumption is fi,g < fiyg , that is (g — te) < 0.

Table 3. MLE for Dataset #2 (restricted
‘ to a neighborhood of ¢) |
‘ 8; ¢ 0;, 52,2
Wa 04 04 0401 0.401
Wn 0.25 025 0.251 - 0.249
We 0.35 035 0.349 0.349

heo O 0.020 - 0.020
s 1 0.988  0.988
o L 0.038  1.241
Ty 2 9.050  2.050
Lo 1.2 1.200  0.983
fhe 7 7016 7.015
LogLik. 27260 27261

(Gae,%l,Uno,ﬂfnl,(?ce,goz) :
‘ (112115108507)
P(Zi = 1) = 0 25.

These two simulation based analyses have shown that restricting the like- -
lihood maximization to a neighborhood of ¢, and eventually imposing con-
ditions about the order of the outcome means in the mixtures in (1), can be
a feasible way for obtaining an unimodal maximum likelihood function.

3 An application: the evaluation of return to
- schooling using the cohort of bﬂ'th as an

instrumental Vamable
The fields of application for causal inference methods are huge and ranging
for example from epidemiology, to economics and social sciences. In par-

ticular the statistical theory concerning raﬁdom_ized experiment with non-
compliance is very important because not only limited to the analysis of
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experiments but extendible to observational studies. The randomized ex-
periment with non-compliance is indeed a template, the situation involving
so-called instrumental variables, Rubin (2000). In this sense the ternplate
is adopted to evaluate causal effects from non-experimental sources, and
for which the instrumental variable has the role of a random assignment
to treatment; under this theoretical structure the effects for compliers can be
consistently evaluated.

An interesting microeconomic study concerning the evaluation of causal
effects for compliers has been proposed by Ichino and Wmter -Ebmer {2004)
(IW) whose aim was to quantify the long run educational cost of World War
Two (WWII) on earnings. Their idea is in the fact that people born dut-
ing the period 1930-39 was damaged by WWII in their educational choices
“ respect to people born during the immediately previous and subsequent co-
hort. Given date of birth can be reasonably supposed to be a random eveit,
an Instrumental Variable Estimate (IVE) of education attained on earnings,
using the cohort of birth as an instrument, was proposed to evaluate the
long run effect of WWIL The identification of average causal effect for com-
pliers by the IV method relies on the satisfaction of some assumptions and
in particular on the exclusion restriction.

This section illustrates an evaluation of the effect of educational level on
earnings for Germany and Austria using the cohort of birth as an instru-
mental variable, without exclusion. restrictions and adopting the procedures
proposed in the previous section. Definitions of the variables! are analogous
respect to IW. In particular log hourly earnings are observed about 40 years
after the end of WWII (at 1986 for Germany, at 1981 for Austria). In order
to consider the increasing trend of earnings respect to age, the outcomes ¥’
are defined as the residuals of a regression of log hourly earnings en a cu-
bic polynomial in age. An increasing trend respect to age characterized the
years of education too; for this reason the residuals of a regression of years
of education on a cubic polynomial in age are calculated. But in order to
apply the procedures previously proposed, the treatment has to be a binary
variable. Then in defining the treatment, D, a comparison of residuals of the
regression respect to their average is helpful.- More precisely the treatment is
defined equal to one if the residual is smaller than the average {low educated

*The data are from Mikrozensus 1981 and the Austrian Census 1981 for Austria and
from the Socio-Economic Panel and the GSOEP for Germany. The population is defined
as the individuals born between 1925 and 1949 (only males). The sample size is 3326 for
Germany, and 15434 for Austria i ‘



people} and equal to zero if the residual is greater than the average (high
educated people). The cohort of birth is used as an instrumental variable,
Z, having the role of a random assignment to treatment. At this purposes,
Z will have necessarily value one for people assigned to be low educated and
rero for people assigned to be high educated. Table 4 shows that the average
years of education and the average residuals are smaller for individuals in the
cohort 1930-39 than for people in the cohort 1925-29 or 1940-49. These re-
sults suggests to define Z; = 1 for individuals born during the period 1930-39,
and Z; = ( for individuals born during the period 1925-29 or 1940-49.

Tah. 4. Average years of education and average
residuals per Country and Cohort of birth
Country = Cohort of birth  Average years  Average

of education  residuals

Germany - 1930-39 11.438 -0.1702-
~ 1925-29 'or 1940-49 11.941 0.1274
Austria = 1930-39 9.116 -0.205 ‘

1925-29 or 1940-49 -~ 9.480 0.036

- Table 5 shows the results for Germany (calculations are performed by

the EM algorithm); here the restricted likelihood maximization produces an
~ unique solution. In particular the analysis are restricted to a spherical neigh-
borhood of raw 0.015 around ¢. Standard errors in parenthesis are calculated -
by the second derivatives of the likelihood at the maximum point. Last rows
of the Table 5 shows significant effects of the cohort of birth for non-compliers,
but an effect for compliers not significantly different from zero. The impor-
tance of relaxing the exclusions restriction in this application proved by a
comparison of Table 5 results with the estimated effect for compliers pro-
duced by the IV method: -0.4029 (s.e.: 0.1465). The non-parametric local
average treatment effect estimated by imposing the exclusion restriction is
in absolute about five times the difference fi,; — fio. More reasonable results
are instead produced by allowing different from zero effects for non-compliers.
This is in line with microeconomic consideration of general equilibrium ef-
fects. Card and Lemieux (2001) using a model with imperfect substitution
between similarly educated workers in different cohort of birth, argued that
return to education reflects changes in the relative supply of highly educated
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worker's across cohorts. The low average education in the 1930-39 cohort ev-
idently raise the return to education for never-takers, that is for individuals
always educated from a counterfactual point of view..

" Table 5. MLE for Germany (restricted
to a neighborhood of ¢)

e b, 9

W 0725 0.715 (0.014)
On 0.221 ~ 0.219 (0.009)
We 0.054  0.064 (0.007)
[tyy - -0.086 {0.016)
Afigy _ -0.063 (0.018)
Afing 0.287 (0.023)
Afly 0.436 (0.037)

Al 0.465 (0.114)
Aty 0.381 (0.142)
LogLik.” | '~ -605L.5
fror = flog -0.063 (0.018)
g ™ P +0.148 {0.036)
frag — fleo -0.084 (0.1817)

For what concern Austria; the likelihood maximization restricted to a
spherical neighborhood of ¢ (of raw 0.015) does not produces an unique so-
lution. But imposing further rescrictions about the signs of the differences
(o1 — far) @nd (g — o) achieve the aim. The results are presented in Ta-
ble 6 where there are four restricted maximum likelihood points, one point for
each specification of the outcome means order in the mixtures (calculations -
are performed by the EM algorithm). The choice of the particular solution
depends on both likelihood performances and economic considerations; here
the most reasonable solutions could be the first two 8, and 6. These solu-
tions presents log-likelihood values appreciably greater than the others, and
more plausible orders for the outcome means in the two mixtures. Indeed,
compliers can be considered more motivated and able individuals respect to
always-takers (these last are never educated from a counterfactual point of
_ view). Then, it is reasonable to think that outcome mean for compliers are
greater than outcome mean for always-takers in the relevant mixture: p,, >
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Ug1- This is the restriction imposed for obtaining the solutions 8, and &-.
The choice about the order of the outcome means in the other mixture is
more problematic; compliers can be considered more motivated and able in-
dividuals also in this mixture. But never-takers are always high educated
from a counterfactual point of view, so presumably in good social status and
exploiting more advantages and opportunities in the labor market. For these
reason the choice of the sign for the difference (5 — p,0) is more question-
able. Again the importance of relaxing the exclusions restriction proved by
¢onsidering the estimated effect for compliers produced by the IV method:
-0.3006 (s.e.: 0.0720). In particular solution 8 presents a very close value of
the compliers effect -0.3024, joined with a not significant effect for always-
takers and with a small positive effect for never-takers (+0.0289). Solution
6, presents more pronounced effect for compliers (-0.3832) and never-takers
{(4+0.0696). In summary the two more reasonable solutions for Austria share
a not significant effect for always-takers, a positive effect for never-takers and
a negative remarkable effect for compliers.

Table 6. MLE for Austria (restricted to a neighborhood of ¢)

by 0; : Mo =~ 1“[’0;1 6, : He1 = fa1 s : Mol < Mgy 0, ey < Mgy
gy < Hep Hnp = Hey Hng < Fep Fong = Hep

e 0779 0.776 (0.007) _ 0.776 (0.007) _ 0.775 (0.007) _ 0.774 (0.007)
o 0151 0.148 (0.004)  0.148 (0.004) . 0.147 (0.004) _ 0.146 (0.004)
e 0.070 _0.074 (0.006) _ 0.075 (0.005) _ 0.077 (0.005)  0.078 (0.005)
o | 70,074 (0.003)  -0.074 (0.003) _-0.074 (0.003) _-0.074 (0.003)
A Z0.006 (0.005) -0.006 (0.005) 0.007 (0.005)  0.007 (0.008)
Afo 0.354 (0.013) _ 0.395 (0.015) _ 0.353 (0.013) _ 0.395 (0.015)
Af,, 0.424 (0.012)  0.424 (0.012)  0.424 (0.012)  0.424 (0.012)
Al 0.413 (0.028)  0.332 (0.021)  0.412 (0.027) _ 0.333 (0.021)
Ny 0.030 (0.032) 0.030 (0.032)  -0.102 (0.016) _-0.101 (0.016)
Loglik. -20798.6 -20799.4 -20838.3 ~20839.6
Tt — s 0,006 (6.007) -0.006 (0.005) _+0.007 (0.008) +0.007 (0.008)
fiot — oo $0.069 (0.018) -+0.028 (0.019) +0.070 (0.018) +0.028 (0.019)
fi1 — P -0.383 (0.043) -0.302 {0.038)  -0.514 (0.032) _-0.435 (0.026)




4 Conclusions

The problem of relaxing the usual exclusion restrictions in causal model
- with imperfect compliance has been considered. From a theoretical point
of view, the simulations in Section 1 show that restricting the analysis toa
spherical neighborhood of ¢ (estimated vector of the probabilities of being
in a particular compila,nce—status) and eventually imposing conditions about
the order of the outcome means in the mixtures involved in the likelihood
function (1), can be a,pproprlate for obtaining unique maximum likelihood
points. An application concerning the evaluation of the effect of educational
level on earnings (in Germany and Austria) using the cohort of birth as
an instrumental variable has been presented in Section 2.. Results shows
the usual exclusion restriction can be successfully relaxed for Germany. For
Austria an extra assumption about the order of the outcomes in the mixtures
involved in (1) is necessary. The estimated effects for these two countries
proved to be reasonably in line with the recent literature in labor economics.

APPENDIX
The EM algorithm works in general as foilows (at the ¢ iteratzoﬂ)

¢ in the E-step, by calculating the expected log-likelihood {(€|X) with
respect to f( mis| Xops; 8¢~ 1))

(9,9“”15) = f 1(01X) f(Xm-sixobs,G(‘ 1>) AX s

where: Xps is the observed data, X,.s is the unobserved data, and
X is the complete dataset that is the dataset created by mergmg the
observed and unosberved da.ta

If | (81X) is linear in X,,;, this is equivalent to a,ugmenting the dataset
by the quantities Xffb)ig-

X’E’;?zs = E ( mzs!Xabsa 9(1; 1))
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[1]

[7]

e and in the M-step, by maxmnzmg (0, B(t 1}) with respect to € to
obtain 8. If [ (8]X) is linear in X,;, this is equivalent to maximize

the log-likelihood based on the augmented dataset, ! (9|Xf2w, obs), to
obtain 8,
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