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Abstract. The estimation of the size of an elusive population is a problem frequently
addressed in many fields of applications. In the paper, under the assumption that each
unit of the population is presént at least in one centre of aggregation, a two step
sampling strategy for the estimation of the population size is proposed. At the first step
a sample of centres is selected, at the second step, from the selected centres, a sample .of
ultimate units is observed. The design extends the traditional network sarhpling
introducing an additional step of selection. The pfoperfies of the Horvitz-Thompson
type é'stimatb.r' are evaluated in a design-based approach: the estimator is admissible and-
coﬁsistént; the design‘ is measurable. The approach is also used to estimaté other
descriptive parameters (the fotal and the mean of a study :vgriablé)' for the same
popu..la’sion. The expressions of the variance of all the préposed estimators and of their -
unbiésed sample estimators are also proposed. The Strategy is: applied to a simulated

population.
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1 Introduction
- The single step centre sampling was introduced by Blangiardo (1996) in order to obtain
reliable information abéut elusive populations. Tﬁo different approaches for single step
centre sampling have been developed in 1itera@e_. Béth are based on the following
assum?tions: each member of the population #tteﬁds at least one centre of aggegation;
._the ‘centres are known (or hav'erl‘)een identified in previous sﬁﬁéys) and theif nﬁmﬁer is
finite. In the first ai)proach (Me_cat’ti‘ and Migliorati 2001) an overall sample of
individuals is selected drawing a simple random sample of fixed size independenﬂy
- from each cenﬁe and the distribution of populaﬁbn members among the aggregation
centres is estimated and used: iﬁ order to obtain an estirﬁatolz; for the mean .o.f a
characteristic of interest. Blangiardo, Migiiorati and Terzera (2004')l use this approach
-~ alsoto obtdin an estimator of the populat_ion size. |
~ In the other approach developed by 'Pratési and Rocco (2002) a simple random sample
of centres is selected aﬁd all the individuals of the sampled centres are éonéidered. The
‘individuals in the selected centres are .a‘ssﬁned identifiable and they are stratified by
their multiplicity (number of frequented centres). The network sampling theory is then
adapte& fo the.e'stimatién‘ of the. i)opulation size (Bii‘baﬁm and Sirken 1965). Diané. et.al
(2003 } use this approach also to obtain aﬁ estimator of the total and the mean of a study
variab.le,selecti.ng the centres with unequal selecti:or; brobability desi_gn.
-Folim&ing this second approach, wheﬁ the number of individuals in the selected centres
is relevant, it is reasonable to propose a secoﬁd step of selection. The individua_is_ in the
| selected centres are listed and only é random sample of them is observed. For each

selected ultimate unit we assume to know its multiplicity (the number of frequented
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centers in the popuilation)'. The design extends the traditional network sampling
introducing an additional step of selection.

The methodology is useful aiso when the population is not elusive and several lists of
the population members exist, but they are suppoéed to be incomplete or not well
maintainedf Many contributions explain how to use the lists jointly to estimate the
population size (Haines, Pollock, Pantula, 2000; Pratesi, 2001) But they limit the
analysis to situation where all the lists are considered. When the lists (capture occasions
/cen&es) are many, it is reasonable to select a sample okf them and, if the size of each
list is relevant, it is natural to select a random sample of their units.

In section 2 the two-step seiection'procedure is described and the probabilities of
inclusions are derived. Seption 3 is devoted to the estimators of the ﬁopulaﬁon size and
of the total and the mean of a study variable and to the proper{ies of the two~ste1$
étrategy. Concluding remarks; on _thg basis (;f a simuiation‘ studjg described in section 4,

are outlined in section 5.

i

2 The two-step centre samplingprocedul_'.e

Assume that the populétion is composed by units. that are ﬁresent at least in one centre.
The objective is the estimation of N,, the size of the population. The two steps
sampling procedure ﬁi's;t randomly selects m» centres from the list' of M centres of
aggregation. Then, the list of the units in each selected centre is built and a simple
random sample of units is independently selected from each centre. Since we assumed

that each unit may be in more than one center, the final size of the sample »n is

generally less or equal to the direct summation of the centre sample sizes (ZZ1 noZn).
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Each unit in the population has the possibility to be selected in the sample s, but the
more are the centres at which a given unit is linked, the higher is the probability that the

unit will be included in the sample. -

2.1 Tke probabz‘lz‘ty of inclusion of the first order

At the ﬁrét—step the first ordef inclusion. probability of uni't_ i, Ty, depgnds on the
nurhb;:r g of centres where .the unit is preéent (its' multiplicity) .besides depending on
the total number M of centres in the population and tﬁe number of selected centres .
The higher is its multiplicity, the higher is. the prébabiiity that the unit is enclosed in the

sample. The probability is constant for all the units with the same multiplicity.
(M . gJ (
m - -

or equivalently 7z, =)

=T L
m ' _g 7

with | h =[rhax(1,m+g-'M),...,mi1'1(g, mijand 1w, =1,VYg>M-m .

mY M-m
hf\g-h )

In order to define the second-step first order inclusion, let s, be the event “the sample

selected from the centre & includes the unit i given that iisin % ", then:

Ty = Pr[U sk]
¥

where the logic summation is extended on the number of events. This number depends
on the number of selected centres » and on the multiplicity of the unit 7 in the selected
centres. The probability depends also on the sampling fréction'in the selected centers,

n, . : " o L '
—%. _ The details for the derivation of the previous expression and an example are
, e

reported in the Appendix A.
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2.2 The probability of inclusion of the second order
The second order inclusion pmbabiliﬁes are d.eﬁnéd on the two steps of selection as

well: Ty = Ty Ty -

The probability 7

s depends on the multiplicities of individual 7 and j (respectively g
| and g') and on the number of centrés to which both the imﬁviduals beldng (cotﬁmon
centres, ¢). Consid from‘now on, only g<g', for thé symmetry of the matrix of the
probabilities of inclusion. The 'expressioﬁ 6f the second order inclusion probability at

the first step is:

[M“g”g'-;«cJ ’ﬁg ' ife=g -

et

where , k and k can assume the following values:

Ty =m, +m,—1+ -
v & # otherwise

1=(0,...,min(c,m)); |
ife=0o0ri=0, A=(,.. ,min{g —-c,m~1)) and & = (,...,min(g ~c,m—h));
if1#0 h=(0,.,min(g—c,m~0)) and k = (0,...,min(g — c,m—1 —h)). |

The second order inclusion probabilities at the second step 7, are:

=2 .06 1)

kh
where s, is the e\.fent. “the sample selected from the centre & includes the unit i given
. that the unit ; is in the centre k" and s, |/ is the event “the sample selected from the
center h includes thé unit j, given that the unit / was selected and that the unit j isin
the centre #”. The logic summaﬁon is ex{ended on the number of events skﬂ.(sk |§).

This number depends on number of selected centres m, on the multiplicity of the units 7
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and j in the selected centres, and lon the numbe; of common centres in the selected
centres. The details for the deri;s}ation of the previous expression and an example are
| reporte"& in the Appendix A. |

Nofe that uﬁder the condition tha; at least two centres are selected and that at least two
units are selected from each of them , bofh the componen';s of second orde; inclusion

probability =

o and 7, are strictly positive and 80 7, =y Ty >0 Vi, j .

3 The estimation of the p’opulatio'n size and of the total and the mean of the study .

variable
3.1 The unbiased estimation of the population size

"The process of selection, described in the previous section produces- two final

' complementary outcomes: the unitA iis or is not in the sample s. The two e\_(e‘nts' are
described by an indicator variable I (Yifies ',' 0 otherwise) and its expected Value, the
probability of inclusion in the sample, is éaicuiated conditionallﬁ to the first step of
selection: |

E(Ii)=E1(E(If ii))mEz (E(Iil 'Iizu ))zEl(Iil)'_E(Iizﬁ)“";,75:1"”5211 Zﬂ'r

where /, is the belonging indicator of ito one of the selected centres (at the first step

the event “7 is in §” is equivalent to the event “one or more of the centres which i is

linked to, is selected”), and [, is the indicator of the selection of unit i among the

-

units of the selected centre.
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An Horvitz-Thompson type estimator of N, is:

N n

I
N Z—‘ or equivalently n, = Z———
=l 7 =l 7C;

with variance:

2
i=1 i i<j

)10 i)

- The proposed centre sampling design, under the condition that at least two centres are

selected, is measurable (S&rndal et al., 1992). In other words, 7y >0 Vi, j . So the

design allows the calculation of valid variance estimates. An unbiased estimator of the
variance, which however may seldom assume non positive values, is:

TSI

=7 i< \ % i

Under the two-step centre sampling design_, N, is unbiased for N, and, being an
Horvitz-Thompson estimator, is admissible in the class of all the unbiased estimator of

N, (Cassel et al.,1977).

3.2 The unbiased estimator of the fotal of a study variable
The Horvitz-Thompson type estimator of lY is easily derived by the abové-expressions_
for the estimator of the population size: |
Y = j\: L i or eqmvaiently y= Z Y
=l =1
with variance:

A L. N, Thvy
S A Ll SR

=] 7T i<f ﬁiﬁj

H
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An unbiased estimator of the variance V(A) is

27
7 ’

Under the twd-step centre sampling design, Y is unbiésed for ¥ and admissible in the '

gl zz[

i= i<f

class of all the unbiased éstimator of ¥ (Cassel etal.,1977).

3.3 The apprqximately unblased estimator of the mean of a study variable

~An a;ﬂproximately unbiased .e_stimator for the population. mean ¥ is given by the

weighted sample mean |

la

b
1l

Hts approximate variance is:

4 Some empirical results

A Monte Carlo expetiment was carried out on the simulated population given in Pratesi
and Rocco (2002): in the following this population is indicated as population 1. The

population size is N, =3100 individuals, each indivfd_ual frequents at least one of the
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M =4 centres (4, B, C, D). The structure of population 1 is described in Table 1
and Table 2: Table 1 contains the multiplicity profile of the'pop_ulatioh and the -

: “distribution of the sfudy variable ¥ by profile. The partial totals ¥, associated to each

profile are derived by the numerical example given'in Diana et al. (2003). Table 2

summarizes the joint distribution of the population by centre and muttiplicity profile.

Tablel. Multiplicity profile of population I

Multipﬁcity ' Centre_s Frequency | Partial totals
profiles Y B C D of the profile | of the profile
Only 1 centre 1 0 0 0 200 3240
o : 0 | 1 0 0 300 : 4550
0 0 1 0 400 6119
‘ 0 0 0 1 300 4957
Only2centres : 0 | 1. 1 0 200 - 4960
' 0 0 1 1 300 4476
! 0 1 0 - 300 4954
0 1 o | 1 400 6607
S 0 0 100 . 3111
. I 0 0 1 ] 100 2038
Only 3 centres i 1 1 0 200 4487
1 0 1 1 50 © . 2525
1 1 0 I 160 2310
‘ 0 1 1 1 - 100 2742
All 4 centres 1 1 1 | 1 50 2340
| \ 3100 60316 -

Each row of Table 1 represents a possible multiplicity proﬁlé. In the example there are
4 multiplicity pfoﬁleé: the profile “only oﬁe centre” occurs'when' the .individual
frequents only 1 ;:entre; the proﬁie ‘foniy two centres” occurs .when the individual
frequents only two of the four centres, and so on. The number of different occurrences
‘of each profile is equal to fhe combinatién without feplécement of the number of
frequénted centres on the total number of centres M = 4. For example, the proﬁle “onlyl

two centres” can occur in 6 different manners.
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Table 2. Population I: joint distribution by centre and multiplicity profile

Centre A s ‘Centre B

Multiplicity | Numberof | - Number of
profile individuals Yo 1 individuals %
Only 1 centre 200 - - 18,18 . 300 © 20,69
2 centres 500 45,45 700 48,28
3 centres 350 31,824 - - 400 27,59
4 centres 50 455 . 50 3,45
1100 100] . 1450]: 100
Centre C Centre D
Multiplicity | Number of Number of
- profile | individuals % individuals %
Only 1 centre | 400 25,00 3000 2143
12 centies . 800 50,00 800 57,14
3 centres 350 21,88 250 17,861
dcentres | . - 500 3,13 50 3,57
' 1600 100 1400 100

Given the partial totals ¥, associated to each profile, individual vatues of the study

variable ¥ in pbpu'lation 1 have been simulated in 'the foﬂowing cases:

. umform dzstrzbutzon in the prof ile: the study vanable for the 1nd1v1dua1 iin the

centre h, mdicated by vy, 18 s the result of the equal dlstnbutlon of the profile
partial total ¥, among the 1nd1v1duals with the same profile. |

2. normal disi_ribution in‘ the profile: the stud.yl variabié fof the individual iin the
centre 4 - is. normaily:‘ distributed v"vith. mean 'equal to the. ﬁroﬁle mean,
Y, =Y,/N,, andl variance equal to (cx(Y).-%; ), for different values of the

 coefficient of variation of the study variab_ie: c.v(f ) ~05,1,2.

3. lognormal distribution in the profile: the Stilciy variable for the -indiv‘idim.l iinthe
Céntre h | foilbﬁrs a lognormal distribution with mean equal to-the p:oﬁle mean,
Y, =Y, /N ,-,. and variance l.e'qual to (c;v(Y )f’:)z, for 'differe;latl values of the

coefficient of variation of the study variable: c.v(Y).z 05,1,2.

10
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The synthesis of the distribution of the study variable by multiplicity profile for each of
the simulated populations are reported in Appendix B: mean, total, standard deviation
and coefficient of variation of the study variable Y in the population are shown for each

occurrence of the multipiicify profile. -

The experiment consisted in 1000 two-step centre random selections according to the

following rules: a simple random sample of m =2 centres was drawn, then only a
simpie random sample of their units was observed. For each sample the estimates N,
[

and v(N ), ¥ and _v(n), f’ﬁ and v(?), were calqulated. The sampling distribution of |

each of the above estimators, indicated by 3, is then summarized by its expected value,
E(ﬁ), empirical bias dy = (}3" (ﬁ)w 3)/ &, sampling variance, v, =E(§mﬁ'(l§))2 , and by

the expected value of the variance estimator, v, =K (v(@))

4.1 Estimation of the population size: eﬁ@piribal sampling distribution of N .

'I’he. ‘Variabiiit-y of the estimator of the popuiation size is a functi.oxi of thé first and
second order probabilities of inclusion. They are determined, as shown in section 2, by
the second step sampling fraction and by both the multiplicity of the single individuals
and of the couples of individuals. |

The results for differf;nt sampling fractilons' in the centres are reported in Table 4, which

shows the effect of a constant sampling fraction for f=20%,33% ,‘ and of a variable
sampling fraction obtained selecting the same number of individual n, =279 from each

centre in such a way that the average final sample size is the same. than for

£ =20% (5 =537).

11
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The effect of the multiplicity of the single individuals and of the couples of individuals
is shown in Table 5. The same size of the plopuiation, N, can be reached moving the
joiﬁt distribution of the individuals. by centre énd multiplicity profile. 'Then‘, the
-simulation ..study has been repeated in order to single out the effect on the variz;biiity of
the estimator of the distribution by multiﬁlicity proﬁle...We. moved the distﬁbuti’on by
profilé of Table 2 (population 1), given the marginal distribution of the individuals by
centre. The target populatidn has been inodiﬁéd as shown in Table 3 (populatz‘on 2). in

italics the percentage distribution by centre, given the multiplicity profile.

Table 3. Population 2 joint distribution by centre and fnultipiicity profile

Cenfre A Centre B

Multiplicity | Number of Number of
" profile individuals % individuals %
Only 1 centre 300] 27,03 - 315 21,72
24,39 25,61
: : : 500 45,05 T, 685 47,24
2 centres 19,23 26,35
- ' ‘ 290 26,13 430 . 29,66
3 centres 17,58 26,00
20| - 1,80 20 1,38
4 centres 25,00 ‘ 25,00
1110 100, 1450 100
- Centre C Centre D
Multiplicity | Numberof | =~ Number of
profile individuals % individuals %
Only 1 centre 280 - 17,500 335 23,93
- 22,76 27,24
2 centres | . 780 . 48,75 635 45,36
' 30,00 . 24,42
13 centres _ 520 32,50 410 29,29
31,52 24,85
4 centres _ 20 1,25 20 1,431
‘ ' _ 25000 . 25,00

1600 100 1400 100

The rationale of the modification is to mimic a situation that is likely in real life

app}ications: centres which attract more people, in our simulation centre B and C, are

12
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likeiy to attract individuals with-higher multiplicity profile. In other words, under the
assumption that each iﬂdividual frequents at least one centre, crowded centres are mo;e
likely frequented by individuals wﬁo frequent also other cent:rés. In the ecﬁnomy of our
simulation this means that, given the cenires, the pércenmge of individuals with
multiplicity profile “only 3 centres” is higher in Table 3 than in Table 2 (centre B: 30%
vs 28%, centre C: 33% vs 22%, cenire D: 29% vs 18%). Given the multiplicity profile,
centre B and C are mo*e attractive for people with multiplicity 2 and 3: centrg B
attracts the 26% of those individuals and centre C, respectively, the 30% and 31% (see
figures in italics in Table 3). Obviously this is not true for the individuals W_h.o frequent

all the centres: the percentage is 25% for all the 4 centres.

Table 4. Sampling distribution of chc by sampling fraction.

f " E:(ﬁc)’ d!&c % v, d

. 20% 537 1 3110 ¢ 0.0033 | 70377 | 72128 0.024.
Constant fraction :

33% 872 { 3110 { 0.0033 | 68840 |70010].0.017

Variable fraction | p, =279 | 537 | 3111 | 0.0035 | 70908 | 71648 0.010

The empirical bias dﬂ, = (E‘(Kf C)—_NC )/ N, is negligible for both the constant sampling
fractions and also’in case of variable sampling fraction. Also the empirical bias of the
estimator of the variance, d, = (v, —=v,)/v,, is acceptable both in case of constant and

variable sampling fractions. The effect of the increase in the sampling fraction on the
variability of the population size estimator is in line with our expectations: when the

sampling fraction increase both the sampling variance, v|, and the expected value of the

variance estimator, v, decrease. Given the target population of Table I and 2, the exact -

13
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~variance of the estimator J\Afc Undef the one step centre design is 68266.67 (average
sampie. size # = 1441 , see Pratesi and Rocco, 2002): the hevidence seems to be that the
second step of selection does not édd a reievant-§uom tol the variance. The increase of
v, is under about the 5% of the refereﬁce value for both the se;:ond Step constant -
sampliﬁg fractions '(3..1% for f = 20% , 0.8% for f =33% ). Fixing ‘the average
‘sample siz,e the results seem equivalent both for constant sampling fraction 7 =20%
and varigble sampling fraction », = 279 .

: ’fhe effect of the distribution of the individuals by centre and multiplicity profile .can be
seen frbm the results of Table 5. The. simulation has beén r_e_pe_c;ited for constant and
variable. sampling fraction for the two different target populét_ions (population 1 aﬁd
population 2) described above. The variability of our estimaﬁor is highly influenced by
the distribution of the individuals é%néng_ ‘the cen&es. Tt seems that an higher
.concentration of individuals .With high multiplicity iﬁ éfowded centreé dramatiéally
reduces the variability of our eStimafor: 'in case of population 2 both v, and v, are more |
than the 80% 1ower than rin popufation 1. The reduction in -van'ability is obtained for

constant and variable sampling fraction. -

Table 5. Sampling distribution of & _ by target population

Sampling — . Al d.
fraction target " .E(Nc) N i | % 4,

£=20% | populationl | 537 | 3110 |0.0033 | 70377 | 72128 | 0.0249

£=20% | population2 | 534 | 3005 |-0.0015]| 13068 | 12496 |-0.0348

n} =279 | population1 | 537 | 3111 | 0.0035 70908' 71648 | 0.0104

=278 population 2 536 3095 |[-0.0015| 13141 | 12657 -0.0368

14
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4.2 Estimation of the population total and mean: empiricdl sampling distribution of Y

and of ¥
The two step centre sampling allows for the unbiased estimation of the total of the study

variable and the approximately unbiased estimation of the population mean. The

empirical sampling distribution of the estimators Y and of Y has been summarized in
Tables 6 and 7 for different distribution of the study variable Y in the population. The
simulation has baen carried out selecting 1000 two step centre samples from pop_ulation

I with constant sampling fraction ( f = 20%) at the second step. -

Table 6. Sampling distribution of ¥ (¥=60316, f =20%, # = 537 )

Population ] .E:'(I’}) Cdy v x10Y | v, x107 | 4,

uniform distribution in | 60475 | 0.0062 | 1.2717 1.2855 | 0.0108
the profile ' ‘

normal distribution. in | 60496 | 0.0030 | 1.4850 | 1.4301 |[-0.0370
the profile —cv=0.5 . :

normeal distribution in | 60527 | 0.0035 | 2.0641 '1.9209 -0.0694
the profile — cv=1 . .

normal distribution in | 60677 | 0.0060 | 4.8560 | 4.4885 |-0.0757|
the profile — cv=2 :

lognormal distribution | 60483 | 0.0028 14369 | 14313 {-0.0039
in the profile — cv=0.5 : '

lognormal distribution | 60482 | 0.0027 | 1.8791 1.8340 |-0.0240
in the profile — cv=1 . ' S

lognormal distribution | 60474 | 0.0026 _3.1946 3.0606 |-0.0420
in the profile ~ cv=2 ‘ _

The results in Tables 6 and 7 confirm that the variability of the total and- mean
estimators is linked to the variability of the s_tudy variable in the population: the

empirical sampling variance v, -increases when the coefficient of variation in the

15
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population increases. This happens for normal, lognormal and uniform distribution of
the study variable in the profile. The expected value of the variance estimator v, |

follows the same pattern.

' Table 7. Sampling distribution of ¥ (¥ =19.4568, f =20%, 7 = 537 )

.Populatién I | E (I—;— ) d?_ 2 | V2 d,

uniform distribution in| 19.4891 | 0.0017| 03469 | 0.4194 | 0.0724%"
the profile : : _

normal distribution in | 19.494910.0020{ 0.5312 | 0.5921 | 0.0609"
the profile — cv=0.5 ' .

normal distribution in | 19,5039 | 0.0024 | 1.0960 - 1.131'1‘ 0.0320
the profile — ¢v=1 ' - o -

normal distribution in | 19.5491 {0.0047 | 3.9189 | 3.8951 | -0.0061
the profile — cv=2 ‘ .

lognormal distribution | 19.4907 {0.0017 | 0.4764 | 0.5719 | 0.0956"
in the profile - ¢v=0.5

lognormal distribution | 19.4890 | 0.0017| 0.8931 | 0.9922 | 0.0991
in the profile — cv=1 :

lognormal distribution | 19.4847 | 0.0014| 2.1937 | 2.2629 | 0.0315
in the profile ~ cv=2 : _

® when V, is less than 1 we have considéred d, = (v1 ——vz) rather than

d, =(v -v,)/v

Given the target popglai;ion of Table 1 and 2, the exact variance of ? and ¥ under the
one step éentré design are, rerspectiveiy, 11749234.7 and 0.31“4 (avefage sample size
7 = 1441 , see Diana et al. 2003). The seconci step of selection a.d(i to this variance a -
variable Quota depending on the distribution of the étudy vaﬁable-in the éroﬁleé.

Note that .in a single step selection we observe completely the multiplicity profiles of
the individuals which are present in one of the selected cén&es. In ofher wofds, the
selection of the centres induces the “selection” of the multiplicity profiles. When there

is a second step of selection we observe only part of the multiplicity profiles selected at

16
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the first step: the part that corresponds to the individuals which are in the centres and are
selected at the second step. When the distribution of the study variable in the profile is
uniform, this does not cause an appreciable increase in the variability of the estimators,

For the uniform distribution we have only a relative increase of the 8% for the total

estimator ¥ and of the 10% for the mean estimator Y. In the other situations (ﬁorrhal
and lognormal distributions with different cvs) the variance inqreases dramatically. IFor
the simulated bopuiations where the two est‘i.mators reach the highest _\..iariabiiity (see
Tables 6 and 7: normal distribution in the profile with cv=2) the variability of the

estimators is more than doubled: we have 48560000 vs 117492‘35 for the total estimator

¥ and 3.9189 vs 0.314 for the mean estimator f’"

The enlargement of the sampling fraction produces on the variability of the two

e

estimators ¥ and ¥ the same effect seen for the population size estimator: when the
sampling fraction increases both the sampling variance, v,, and the expected value of -
the variance estimator, v, decrease (see Table 8 that reports the results for the uniform

distribution of the study variable in the profile).

Table 8. Sampling distributions of Y and ¥ for different sampling fractions

Sf;ag’ilg;g | Estimator }2"(9) d; |y v, d,

£ =20% 7 60475 | 0.0062 | 1.2717 | 1.2855 | 0.0108
f=33% 7 60487 | 0.0028 | 12261 | 1.2290 | 0.0023
F=20% & 19.489 | 0.0017 | 0.3469 | 0.4194 | 0.0724%
f_=33% 'y 19.491 | 0.0018 | 03224 | 0.3917 |0.0693

" when v, is less than 1 we have considered d, = (vl —-vz) rather than

d =(1§1 ""vz)/vl

v
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5 ancluding remarks

The ‘;Wo~ste§ centre s._ampling adapts and exteﬁds fhe network sampling intrdducing an
_ad&itional selection step. This is af:preciable thn the centres éggregate 1ﬁany units:
time and costs of the survey decrease.and, at the same time, thezproposed'estimators of
t}ie p‘opulle.ltion size (N, ),0f the total ( I? ) and of the mean (I_A; dhave good properties. ‘.
The épprbach is complefely design based, the design ié measurable.

The‘esti:mat_c.;r of the population size (ﬁcj is admissible, is unbiased and has good
émpiricél pr_opertiés wilen we consider efficiency in term of vaﬁénée and compare it
: witﬁ the oﬁe_ associated fo o:_ae-stép centre samplihg. -

At the increasing of the final samplé size the variance of the two steps estimator
vanishes. In othér words the sufficient condition for the consistency of the estimator is‘
tenable In fact the behawour of the estimator when the final sample size mcreases can
be explored foliowmg the two steps of selectlon at first, moving the size of the simple
random sample in the selected centre to the population size of the centres themselves, -
and then increasing the number of selected centres.‘ In the se_cond step givén the selected
centres, the limit situation is -reached:when_all the sampling fraétions in the ceﬁtres are
equal to one. This case corresponds- to the selection in one étep of a's'ample df m
centres w1th complete enumeration of the mdmduals in the selected centres. At the
mcreasmg of the number m till M (for eluszve populatlons of increasing size M can-
remain constant or increase as well) the’ most of the terms in the variance of ‘the
| ~estimator Vanish (see Pratesi and Rocco, 2002). |
The wvariability of the population size estimato'r fffc is highiy influenced by the
distribution of thé indi{fidualé-among the centres. This is an advéntage of the estimator

in real life applications where it is likely that individuals with ﬁigh multiplicity are
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concentrated in crowded centres. In this situation, the variability of our estimator
decreases. The reduction in variability is obtained for constant and variable sampling

fraction.

The estimator of the fotal (f’ ) is admissible and unbiased. The estimator of the mean

() is approximately unbiased. As we expected, the variability of both the estimators is linked

to the variability of the study variable in the population: both the sampling variance, v,, and

the expected value of the variance estimator, v,, increase when the coefficient of variation
in. the population increase. The contribution of the second step of selection to the sampling
vatiance of ¥ and ¥ is mainly due to the distribution of the study variable in the proﬁles. The

variability of the two step estimators can become relevant in case of high. variability of the

_distribution of the variable in the profiles.

Appendix A. Derivation of the second step inclusion probabilities

The second Step inclusion probability of the first order
Let s, be the event “the sample selected from the center £ includes the unit i ",

equivalent to the event “the unit i belongs to the sample selected from the center £ 7, -

then

Ty = Pr(Usk)z ZP(‘S})“’ZP(S/: Ns;)+

k<t
Y P(s, s, 05,) = DT Pls NS, A L0s)
k<i<h ’

‘where the logic summation is extended on the number g of events sy .
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The probabilities of the events § K depends on t.he second step sampling design and also
on tf;e ﬁmiﬁplig;ity of fhe indiVidﬁ_aI in the séleéted centreswhich is less or equal to
g (éhe mﬁltiplicity of the individual in the popuzatioﬁ).- | |
| To fix the ‘-i.d'eas, let aésﬁme to. select é simple.random .sam.ple of m=2centres that
aggrggate,'.respectiveiy-, N, and N, uifif_nate unifé aﬁd select from them again a simpie_

random sample of n, and #, individuals. In this case, the second-step inclusion

probability, detéfmined by the sampling fractions —%‘—— in the selected centres, is:

i ' if i belongs only to the first selected centre
T =<'%@ : if i belongs only to the second selected centre
- z L
T T W if i belongs to both the selected centres
N, N, N, N, | |

 The second step inclusion probaéilizj; of tke second order
Only the couples of units who are at least ;n one of fhe selected centres‘have a non ‘zeror
- probability to be sairnpled at the second st_ép; :
The second gtép inciusion: pmbabﬂity of the second order is the probability of the union
of several events .'E o ; each of them fepresentiﬁg  a way in which the couple i,j is

enclosed in the final sample:
Ty = Pr Q(Ekh)

where E,, ={s, N(s, 11))}; s¢ is the event “the sample selected from the center k

includes the unit i s, |1 is the event “the sample selected from the center 4 includes
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the unit j given that the unit ;/ was selected”. The logic summation is extended on the

number of events E . - Let the size of this set be indicated by ¢:

Ty = P{U(Ekk)) = ;P(Ek)“ZP(Ek NE)+

kb

k<

D P(E,NE NE)-.. . +-D)"P(E, "NE N..NE,)

k<i<h

The probabilities of the events E,; depends on the second step sampling design, on the

multiplicity of each unit in the selected centres and on the number of selected centres to

which both the units belong (commdn centres, ¢). Again, this multiplicity is less or

equal to g, the multiplicity of the individual in the population. Also the number of

- common selected centres is less or equal to ¢, the common centres in the population.

For the sake of simplicity, let assume again to select a simple random sample of units at

both the steps (m=2centres, n, and n,individuals), the second order inclusion

~ probabilities 7, are such that:

7o

= 4

R ificland je2
N, N, |

m m-l if i, el

N, N -1 |

My -l ifi,je2

2 .Nz“l
mfm o m=l my m-l if ielandjel2
NN, N,-1 N, N~
mm  mol om -l if ie2andjel2
NN, WN,-1 N, N,-1

n-1

+n2—1_£1_.n2~—1]_ ‘

R I P N IS
-1)  N,\N, N,-1 N, N,-1

n -1 n~1

N, -1

if ,jelandi,je2
N, -1 Nz-—l) / /
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Appendix B. Simulated distributions of the study variable ¥

Table B1. Normal population, ¥ =19.4568,
o” =02 + ol =164.6211=115.0986+49.5225 -, cv(¥) = 0.6594

M. Pratesi, E. Rocco

Centre A |Centre gengzi&e C [Centre D szigl;ﬁ'ﬂ; f g Yo (Y) Vi (Y)
1 0 0 0 2000 3240 1620 870  0.54
0 1 0 0 300, 4550 1517 7.86]  0.52
0 0 1 0 4000 6119 1530, 7.54 0.49
0 0 0 1 300 4957 i6.520 8200 0.0
0 1 1 0 2000 4960, 24.80, 10.81]  0.44] .
0 0 1 1 300 4476| 14920 752 0.50
1 0 1 0 300 4954] 1651 833 0.50
0 1 0 1 400] 6607 16.52] 814 049
1 1 0 0 100] 3111] 31.11] 1747 056
1 0 0 1 100] 2938 29.38] 1631  0.56
I I 1 0 200 4487 2244 1202 054
i o 1 i 50| 2525 50.50 3136  0.62
1 1 0 1 100]  2310[ 23.100 1095  0.47
0 1 1 1 100 27420 27.420 1091 0.40
] 1 1 1 500 2340 46.80] 25.84] 0.5

‘ 3100 60316 -

Table B2. Normal population, ¥ =19.4568,

o =0l + ol =552.2312 = 502.7087 + 49.5225 , cv(¥)=1.2078

Centre A |{Centre ]E(; emé:fltre C |[Centre D 'Figzl;ii%: g % N (Y) i (Y)
1 0 0 0 2000 ' 3240 16.20] 16.58]  1.02
0 1 0 0 300, 4550) 15.17] 15.87}  1.05
0 0 i 0 4000 6119 15.30] 15020  0.98
0 0 0 1 3000 4957] 16.52] 1598  0.97
0 1 1 0 200 4960| 24.80 20.18 0.8
0 0 1 1 300, 4476{°14.920 1509 101
e 0 ] 0 300 4954) 16.51 16.86] - 1.02
0 1 ol 1 400, 6607 16.52] 16.16]  0.98
1 I 0 0 100f 3111 3111 36.34 1.17
1 0 0 1 100 2938 29.38] 3418 116
1 1 1 0 2000 44871 22.44] 25.05 1.12
] 0 1 1 50 2523 50.50, 74.09 147
1| 1 0 1 100] 23100 23.10| 2213, 096
0 1 1 1 1000 2742) 27420 20121 073
1 1 1 i 50 2340| 46.80] 60.54] 129

3100 60316
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Table B3. Normal population, ¥ =19.4568,
o’ =0 + 0} =2.9331e+003 =2.8836¢+003 +49.5225 , cv(¥)=2.7835

: Frequenc =
Ceﬁtre A [Centre }(3: entégitre C |Centre D thg prof'g;eo g Y, Y, Gf (Y ) ¢V (Y )
1 0 o - 0 200] 3240| 16.20] 3025  1.87
0 1 0 0 300, 4550 15.17] 3233 213
0 0 1 0 400 611901530 29.76/  1.95
0 0 0 1 3000 4957] 16.52] 30.36 1.84
0 1 1 0 200 4960 24.80] 35.64 1.44
0 0 1 1 300, 4476 14.92] 3038  2.04
1 0 1 0 300] 4954] 16.51] 3453 2.09
0 1 0 1 400, 6607 16.52] 31.89 1.93
1 1 . 0 0 100 3111l 31.11] 7897 2.4
1 0 0 1 100, 2938 29.38] 75.60| - 2.57
1 1 1 0 2000 4487 22.44] 54.68 2.44
1 0 1 1 50| 2525} 50.50{ 232.50|  4.60
1 1 0 1 100| 2310 23.10] 45.16 1.96
ol - 1 1 1 1000 2742] 27420 3480 127
1 1 1 1 50| 2340] 46.80, 184.13]  3.93
3100 ‘60316
Table B4. Lognormal population, f’" =19.4568,
6% =0l +oF =152.5066 =102.9841+49.5225 , cv(¥)=0.6347
Centre A [Centre 1(3: entCr:iltre C [Centre D Fzg‘;;‘;‘%; ' Y, Y i (Y) s (Y)
1 0 0 0 2000 32400 16200  7.14 044
0 1 0 0 300 45500 15.17  7.25 0.48
K 0 1 0 400 6119] 1530,  7.06]  0.46
0 0l 0 1 300] 4957 16.52]  8.65 0.52
0 1 1 0 200 .4960| 24.80] 13.49 = 0.54
0 0 1 1 300{ 4476 14.92 7.14 0.8
1 0 1 0 300] 4954| 1651 823  0.50
0 1 0 1 400! 6607\ 16.52]  9.15|  0.55
1 1} 0 0 100/ 3111} 3L.11] 15.00| 0.8
1| 0 0 1 100, 2938] 29.38 14.84)  0.51
1 1 1 0 2000 4487 2244/ 1005 045
1 0 1 1 500 2525| 50.50| 24.97 049
1 1 0 1 100} 2310] 23.10| 11.89] 051
0 1 1 1 100, 2742 27.42] 12.00] 044
1 1 1 1 500 2340| 46.80] 20.50  0.44
3100 60316
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Table B5. Lognormal population, ¥ = 19.4568,
o =02 +o? =430.9115 = 381,389 +49.5225 , c¥(¥)=1.0698

M. Pratesi, E. Rocco

Centre A, |Centre g ent(;:jxtre C [Centre D F:flg‘;ggl: ' Y, Loy (Y) Vi (Y)
Y - 0 0 0 200] - 324016200 13.13] . 0.81|
0 ] 0 0 300 4550] 15.17 13.65]  0.90
0 0 1 0, 400] 6119 15300  13.91] © 091
0 0 0 1 300] 4957 16.52| 17.75  1.07
0 1 1 0 200] 4960 24.80, 26.54 107
o -0 1 1 300|__4476| 14.92] 13.50| 091
1 0 1 o 300 4954 1651 16.13] 098
0 1 0 1 400 6607 16.52] 18.97 1.15
1 1 0 0 100 - 3111] 31110 29.26]  0.94
1| 0 0 1 100, 2938 29.381 27.80, 095 -
1 1 1 0 200} - 4487) 22.44) 17.67, 079
1 0 1 1 50 2525 50.50{ 46,52 0.92
1 1 0 1 100] 2310 23.10 23.63] 102
0 1 1 1 100 27420 27.42)  22.95|  0.84]
1 1 1 I 50 2340 46.80] 34.78]  0.74
3100 60316 '
- Table B6. Lognormal population, ¥ = 19.4568,
o2 =0l + 02 =1.23%0e+ 003 =1.18%4e + 003 +49.5225 , c(¥)=1.8091
Centre A [Centre gemcrifltrec Centre D |, Fiﬁzl;rggl: ' i o cr,.(Y) i (Y)
1 0 0 0 2000 3240 16200 2143 132
0 1 0 0 300 4550 15170 2270 - 1.50
o 0 ol 0 4000 6119] 15300 26.03] 170
ol . 0 0 i 300, 4957 1652 36100  2.18
0l . 1 ] 0 200 4960| 24.80|  46.07  1.86
0 ol | 300] 4476 14.92] 2295 154
1 0 1} 0 300 4954] 16.51 2939 = L.78
0 1 0 1 400] 6607 1652 37.25 2.6
1. 1 0 9 -100] 3111] 31.11] 49.79]  1.60
1 0. 0 i 100, 2938 29.38] 4837  1.65
1 1} 1| . K 200 4487) 22.44] 27480 123
1 0 1 1 - 50| 2525 50.50| 75.831 . 1.50
1 1 0 1 100] 2310 23.100 43.06 1.86
0 1 1 1 100, 2742 27.42) 3874 141
1 1 1 i3 50, 2340 46.80] 50.24]  1.07
' 3100 60316
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