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Abstract

The aim of this paper is to propose a solution algorithm, based on
the optimal level solutions method, which solves a particular class of
box constrained quadfatic problems. The objective function is given

- by the sim of a quadratic strictly convex separable function and the
“square of an affine function multiplied by a real parameter. The con-
vexity and the nonconvexity of the problem can be characterized by
means of the value of the real parameter, Within the algorithm, some
global optimality conditions are used as stopping criteria, even in the
case of a nonconvex objective furiction. The results of a deep compu-
" tational test of the algorithm are also prowded

Keywords 'Quadratic programming, optimal level solutmns d c. Op-
timization.
AMS - 2000 Math. Subj. Class. 90C20, 90C26, 90C31.

" JEL - 1999 Class. Syst. (61, C63.

1 Introductien

The aim of this paper is to study, from both a theoretical and an algorxthmzc
point of view, the followmg class of box constrained problems

p.l min f(z) = 1 TDm+cTz+1k(hTm+hg)
z€B={zeR":i<zlu}

where D = diag{d;,...,dn) € R™*" is a positive definite chagonal mabrix,
¢, h,l,u € R®, vnthh>€) h# 0, andkhoéék :

*This paper has been partially supported by M.LU.R.
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The interest in studying this class of problems is witnessed by some
paf)ers appeared in the literature and related to the particular case k = 0
(see [1, 5, 6]). It is worth noticing that problems of this Kind are a variation
of the tax programming model studied in [7} (see also [1}).

The aim of this paper is to deepen on the properties of these problems
and to propose, in an unifying approach, a solution algorithm able to solve .
them for any fixed value of k € R. It is worth noticing that for k < 0 small
‘enough the quadratic objective function is not convex.

* The provided solution algorithm is based on the optimal level solutions

‘method [2, 3, 4]. The algorithm, in both the convex and the nonconvex case,

stops after no more than 2n—1 iterations and its complexity is O(n?) from a

~ CPU time point of view. The solution algorithm has been fully implemented

and tested from a computational point of view. Some theoretical optimality
conditions are also studied and used as stopping criteria; this improved
the algorithm performance so much that nonconvex problems are solved in’

" almost the same number of iterations than convex ones.

In Section 2, the convexity of the objective function is characterized and
some further useful properties are stated. In Section 3, the optimal level
solutions method is applied to the problem and some theoretical optimality
conditions, useful to implement stopping criteria, are stated. In section 4,
a solution algorithm is described in details, pointing out its correctness,
its finiteness and its complexity. The algorithm has been implemented in
a symbolic calculus environment and the results of a deep computational
test are provided and discussed. Finally, in Section 5, we propose some
enhancements to the initialization process of the solution algorithm which

- may improve its performance. The modified version of the algorithm has
- been implemented too and the results of a computational test are given.

2 Preliminary results

The aim of this section is to state some preliminary properties of problem
P which will be useful in the rest of the paper. X .

As regards to the definition of problem P, let us first notice that the
semipositiveness of vector h is'not a restrictive assumption since each neg-
ative component h; < 0 of i can be trivially converted it a positive one by
means of the following change of variables:

By —my,  hii= =Ry, G=—a, L= ow, Gi=ch

2.1 Convexity. properi_:y\

First of all, it is worth ﬁoticing that the conve:dﬁy of the problem depends
on the value of parameter k. With this aim, let us prove the following
preliminary result. - g



Theorem 2.1 Let Q € R™" be a symmetric positive definite matriz, let
E e R and let h € ®*. Then, the symmetric matriz A = (Q + thT) 18
positive semidefinite if and only if
1
S
k2 hTQ1n

Proof For the canonical form of symmetric real matrices, there exists a real

unitary matrix U € %% (such as UUT = UTU =I) and a positive definite
diagonal matrix D = diag(Ay, ..., \s) € R™*™ such that Q = UDUT, where
A1, -« -y A are the n positive e1genvalues of Q. For the sake of convenience, let

us deﬁne the positive definite diagonal mathc‘DR ‘d;tag(\'/ﬁf, VAL e

®™*", It is worth noticing that D = D% and that Q! = 13~2UT Matrix
- A is positive semidefinite if and only if

7 (Q+khhT)x>D Vr & %" @y

Let us now define the vector y = D RUT&'J Smce D g and U are nonsmgular
(2 1) holds if and only if: ‘

(UDR T (UDRUT + kRATYUDF) 20  Wye®  (22)

that is to say, since D}}l is dialgonal and U is a real unitary matrix, that:

I +RDFUTRDZUTH 20 Ve (23)

Condition (2 3) holds if and only if the eigenvalues of
G (I + K(DFUTR)DFUT 7)

. are nonnegatwe First note that 1 + khTQ7h is an ezgenvalue of C with
D"IUTh correspondmg eigenvector:

C(DEIUTh) - (I_I_k(DI—%IUTh)(D IUTh)T)( “IUTh)
= (14 HDR VT (DFUT)) (D UTH)
= (1 —i—khTQ‘lh)( 1UTh)

Note also that C hasn—1 elgenvalues equal to 1, with eigenvectors beiongmg
to the set (Dz'UTh)* = {v € ®" : ATUDZ!v = 0}:

Cv=v+k(DFUTR(ATUDR ) =v Vo & (D50 h):

Asa consequence, all the eigenvalues of C' are nonnegative if and only if
1+ khTQ 1R > 0 and the result is proved since Qlis Dpositive definite.
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By means of this theorem we can characterize the convexity of function
f in problem P. With this aim, let us define the following negative value:
| 1 1

O DT T TR AN

(24)

Function § is convex if and only if its hessian matrix D + .khhT is positive
semidefinite, and for Theorem 2.1 this holds if and only if:

k> ko (2.5)

2.2 Initialization remark '
It is worth noticiﬁg that the zero components h; =0 of vector h pfovide' a
separable variables subproblem which can be solved explicitly o priori.

Theorem 2.2 Letz* € B be the optimal solution of problem P. Then, for
© all indices i == 1,...,n such that d; = 0 it is: :

L oif —F<h
=g w ¥ —F2w
-4 i L<-F<w

Proof Let'i € {1,...,n} be such that d; = 0. Then, function f can be
rewritten as follows: . ‘ _

fl@) = (%d@m? +'oz:cz-)'+

' 2
71 1 ' ‘
+Z ("édjﬂ:? + ijj) -246 (ho + 2 hjmj)
it : JFL _

and hence: -
. _ . 1 2 -
mpUe) - g, (et rondt
. . _ . . 2
. j 2 : . k
+ Eé% jii (Edjmj + Cj-jrj) + *ék (ho + jééi hjm_,-)

Notice that the derivative of 3d;a? + ¢;z; is diz; +¢; which vanishes in —%.

The result then follows since -%d,mf + ¢;z; is a convex parabola. .
As a consequence, the variables z; such that h; = 0 can be fixed to their

optimal value in an initialization process. This can be trivially implemented
by reducing the feasible region as follows: ' '

. .



o if --ﬁie ‘< l; then set ug =l
o if m»’f‘f > u; then set [; 1= u; ,

o if l;—\.< ——é’j <.'u,; thep set I; = “% and u; 1= ""?% .

3 The optimal level solutions approach

. In this section we show how problem P can bé solved by means of the
optimal level solutions approach (see [2, 3, 4]).

3.1 Brief description of the approach

For any £ € % let us define the following strictly convex parametric sub-
problem, which is obtained just by adding the constraint th_ +ho=£&:

Pe min f(z) = —~TDm+ch+Ik§2
: .’L‘EBE--{:BE.SRH I<zLu, hT.'B“‘I"'hg £}

‘Note that the feasible region B is no more given by box constraints.

The parameter ¢ is said to be a feasible level if the set B,g is nonempty.
Clearly, since the feasible region B is box constrained and since & > 0, then
the set of feasible levels is given by the interval [£in, £mas] Where:

Emin = ATl 4 hy and Smar = hTu+ hg

An optimal sclution of problem P is called an optimal level solution. For

any given £°€ R, the optimal solution for problem P can be computed by

means of any solution algorithm for strictly convex quadratic problems.
For the sake of completeness, let us now briefly recall the optimal level

solutions approach {see for example (2, 3, 4]). Obviously, the optimal solu-

tion of problem P is also an optimal level solution and, in particular, it is
the optimal level solution with the smallest value; the ides.of this approach
is then fo scan all the feasible levels, studying the corresponding optimal
level solutions, until the minimizer of the problem is reached.

Starting’ from an incumbent optimal level solution, this can be done
by means of a sensitivity analysis on the parameter £, which allows us to
move in the various steps through several optimal level solutions until the
minimizer is found.

Let us recall that Subsection 2.2 shows how some variables can be a.l

priori fixéd. As a consequence, from now on we can suppose that the optimal
values of the variables x; such that h; = 0 have been already fixed in an
- initialization process (see Subsection 4.1}, that is to say that in the rest of
this section We can assume: :

uy=1lforalli= 1 .«yn such that h; = 0. - (3.1)

Notice that é,ésumption (3.1) implies Bg, . = {i} and B, = {u}.

5
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3.2 A study of the optimal level solutions . ‘
Let 2 be the optimal solution of problem Py, with ¢ = hTz + hy, and let
us define, for the sake of convenience, the following partition LUUUNUZ .
of the set of indices {1,...,n}: :
Le{i: h=zi<w} , N={i:L<az}<u}
Um{i:ii-’(mémui}. , Z='{i: gma:§=u.;} |

Since Pp is a strictly convex problem, z’ is its unique optimal solution if

" and only if the following Karush-Kuhn-Tucker conditions hold (1):

( D' +c=M+a-j

thf + hy = g’a
I<z'<u- feasibility
‘ 030, B20, . optimality 3-2)
of(z —1)=0, ffu—2")=0 complementarily '
{ AER, a,BER” '

These Karush-Kuhn-Tucker conditions can be rewiitten in the following
componeniwise way: :

(=0, f;=0, A=} (dz}+a) VieN
Bi=0, as=dili +es— >0 VieL
o; =0, ﬁimkhiwd¢u5~q_>_0 -Vi_EU
a; = max{0, dili+a—-My}>0 VieZ
B = max{0, \h; —diu; ~ ¢} 20 Vi€ Z
| Tz +hy=¢, Izlu

Noticing that assumption (3.1) implies h; > 0 foralli€ LUUUN, we get:

A=k (diwl ) VieN
A< 7%;(dil,-+ci) Vie L
Az E(duita) VieU
As a consequence, >g;iven the optimal level solution z’ for problem P,gr, the
value of X' can be determined as follows: -

E—"fgﬁ,fo_ranyiEN if N'# @
N = mime_r_,.%h?i} ¥ N=0andL#0  (3.3)
maxiey {4%¥%} i N=fandL=0 -'
1 | £ u, that i§ L = u; for some indices 4, the Karush-Kuhn-Tucker conditions are
sufficient but not necessary since no constraint qualification conditions are verified. These

indices will be handled implicitly in the rest of the paper by properly choosing the values
of the multipliers. . :




Then, o/ and 8 can be obtained as described below: |

-0 VieNuU
ol = dili+o—~Xhi - Vi€l S (34)
max{0,dil; + ¢~ Nk} VieZ
0 ‘ Vie LUN
i = Nhi—dws —¢;. VieU (3.5)

max{0,Nhi — du; — ¢} VieZ

3.3 Sensitivity analysis

In the light of the optimal level solutions parametrical approach we no{v
have to study the solution of problem Py g, with ¢ > 0. Since the Karush-

Kuhn-Tucker system is linear whenever the complementarity conditions are.

implicitly handled, then the solution of the optimality conchtmns regarding
to Peryg is of the kind:

d@) =1 +0A;, N(@) =N+ 04, (3:8)

f&’(ﬁ)ng!+9ﬂa5 @ =0 +6As - (3.7)

Since 2, X, o/ and #' are known, we are left to compute Ag, Ay, A, Ag.

From (3.6) and (3.7) we obtain the following Karush-Kuhn-Tucker condi-

tions oorresponchng to PE,,,_Q

D&+ 08s) +e= (N + BB+ (of +0Ag) — (B +0A5)
| W + 00 +ho =€ +68 |
I<a' +-00g<u - L (38)
o + 00 >0, B+ 0030 . '
(o + 64, V(' + 64, - 1) =0, (ﬁ’—i—ﬂAg)T(u T «-BAm) ='().

This system can be simplified as described in the following lemma.

Lemma 3.1 Let (N,e, 8"} be a solution of (32) and let-9 be any value in

the interval (0, €), € > 0 small enough. Then, system (3.8) is equivalent to:

(7 DBy=Axh+A,—Ag
hT Ay =1
Iz’ 4+ 0A;<u
o + 008,20, B+ 64520 -
. Ay, =0VieZ (3.9)
Ay, =0Vie NUU -
A,31—~GV?,€LUN
ofAg; =0, A Ay =0 Vi€ L
( BlAg; =0, Ap Ay, =0 VieU

Proof The first and the second equations follow directly from (3.2) taking

" into -account that @ # 0, while Ay, = 0 Vi € Z follows directly from the

7



| deﬁmtmn of Z. From (3. 2) we have also that the complementanty condltxons
1 o of (3.8)-can be rewritten as:

A (:E b lz) + dAm! + GACI;AS; — 0 VZ ——_—- 1
Aﬁ,(u, a:’) ﬁ’A,,, 00,00, = 0 Vi=1,.

These conditions hold for all 9 € (0,€) if and only if for all i = 1,.
Aoy, =0, AgAg =0 (3 10)

oz~ 1) +olAn =0 , Ag(ui=o) =Bl =0 (11

Noticing that z} + 84z, < u; forall i € LUN and for § > 0 small enough,
from the complementanty conditions (5} +9Ap Yy —af~0Az,) = 0 it yields
B, + 8Ap; = 0; analogously, we also have of + A, =0 forall i e UU N.
Since 6 > 0, for (3.4) and (3.5) these conditions imply:

A, =0Vie NUU , Ag=0Vi&éLUN

==
=

" s0 that: S ' - -
Au(oh =) = Agui —a}) =0 Vi=1,.

and the result is proved. - - 7.

positive deﬁmteness of D imply:

. A =ATDA,>0
We are now able to prc;Ve thé following further preliminéxy lemma.
Lemma 3.2 The following propertie% hold for all mdzces i=1,...,n

i) it is Ay = =~—-t—13 > 0;
) A Ext.\zrﬁo h

m) if Az, %O then hy > 0, Ag, = AA%": >0 énd Ay, = Ag, _—;O;
i) if Ay, =0 then i ¢ N, that is to say that either o} =1 or of = ui;
i) if Ag, =0 d?zdz' € L then Ag, =0 énd Ag, = —Byhi <0;
bi it ) if Ay =0 andi €U then Ag, =0 and Ag, = Axhs >,
A vi) if Dy, = 0 ond i € Z we can assume Ag, = 0 and Ag, = Apyhi 2 ﬁ,
' wi)itis Ay #0 if and only if either i € N ori € L with o =0,
U i) itisAe20,An<0, Ag20. ’ |
- Proof i),ii) If Ay, # 0 then from the two last conditions in (3.9) we have that

Aa; = Ap = 0, hence from the first equation of (3.9) it yields Ay, = A\g: Bir

8

R '
Lo }ll ' _ Let us point out that the first and the second equations of (3.9) and the



this implies h; > 0 and A, >OsmceAA>0 d,z>0 h;>0andA #0
From the second equation of. (3.9) it then follows:

B D I O <.
RS TS #8250 L EAg#D

~and the results are proved.
iit) Let Ag, = 0; in the case h; = 0 for assumptzon (3. 1) itisie Z and
the result is proved. Let now be h; # 0 and assume by contradiction that
i € N. From (3.9) it follows Ay, = Ag, = 0 so that from the ﬁrst equation
of (3.9) we get 0 = Ayh; > 0 which is a contradiction.
#)),v),v) Follow directly from (3.9).-
vii} The necessity follows from (3. 9) taking into account that for #) it is
A, >0, s0 that ¢ ¢ UUZ. For the sufficiency assuine by contradiction that
Ag, = 0; from i) it yields that i ¢ N so that it is i € L with of = 0; from
.iv) it then results Ay, < 0 and since ¢ > 0 this contradicts of + BAa, > 0.
viii) Fo]lows d1rectly ﬁ*om u),w),v) a.nd vi), . 0

The following important monotomcxty propert1es fo]low straaghtforwa,rd
from wviis) of the prewous Lemma 3.2: :

i) since Az 20 then z'(0) is componenf:mse nondecreasmg,
ii} since A, < 0 then &/(6) is componentmse nonincreasing,
iif) since Ag >0 then F'(6) is componentwise nondecreasing.

‘We are now able to fully determine the values of Az, Ay, Ay, Ag. With this
aim, the following further sets of indices are needed:

. L+~*{zeL. of > 0},
o 0={ieL: o =0},
e M=L"UN= {z z # uy a;n&aﬁmO}
thus obtaining the partition L+ UM vluz c')'f the set of indices {1,...,n}.

Theorem 3.1 For all indicesi=1,...,n it is:
' 1

Ay = e i . )
ao= {agao WM o
8o = { aco WEL @19
Bs = {A;\hgzo g:E?UUZM " (3.15)



Proof Follows straaghtforward from Lemma 3 2 - [3 '

We are-finally abie to determine the values of § which guarantee both .
the optimality and the feasibility of =/(f). From the feasibility conditions -
1€’ + 84, <u and (3.13) we have:

9<13“m{ miniet { %t} ‘fM?é@
= 0 HM=0

For the way A is computed it yields M = 0 if and only if 2/ = u, so
that £ > 0 if and only if ¥’ % 4. On the other hand, from the optimality
conditions o + 8A,>0 and (3.14) we have: ‘

. gy, . ’
0 < 0w MLt {'A_R:} f Lt #0
- +oo . HLt=0

so that O > 0. Asa conseqﬁeﬁce? z/(8) is an optimal level solution for all §
such that: ' L
0< 6 S fm=min {#,0}

- Let us notice that @, > 0 if and only if =’ 5 w.

3.4 Some optimality results

Since Ay, = ATDA, > 0, Al¢’ = AZS = 0and hTAz =1, the follomng‘
explicit formula for the function z(8) can be stated:

z(e)_ = Ew’(B)TD:c (e) +ch'(e),+ -ﬁk’(g +6)*
= L(ATDAL + B + (AD(DS + )+ KN+ ()
= lavrpe e LA (3.16)
Asa cansequencé, we have that % (6) = (A; +k)0 + (N + k&) and hence: |

XN +EE >0 I[)\’ + k€' < 0] then z(B) is locally increasing [decreasing] at 6 = 0. |

Level optimality &m be helpful also in studying local opﬁmaﬂity, since a

‘minimum point in a segment of optimal level solutions is a local minimizer

of the problem. This fundamental property, together with (3.16), allows to
prove the following conditions,

10




Theorem 3.2 Let 2’ be an optzmal solution of problem Per The followmg
Jproperties hold:

i) if N+ kE > P 0 and Ay + k > 0 then £’ is a minimizer for f (:1:) on the
region

{zGB §’<th+ho<§’+o}

i) if N+kE' <0, Ax+k >0 and ' = — 55 < min {F O} with ¢’ # 0

then z'(6') = o' + 8'A is a local minimizer for problem P.

Some more optima]ify conditions, which will be very useful in stating
efficient stopping criteria in the solution algorithm, can be obtained by ana-
lyzing the following parametric problem which differs from Py probiem only
in the absence of the box constraints: ‘

{ min f(z) = 227Dz + To+ 1re?

hT:v +ho=¢ (3.17)

For the sakq of cqnvenience,.let us also deﬁne the following notations:

& = ho—hTD ¢ | ALY
o =kobh . K& . \ N
£ = ———kmko--{h _—kmk ifk#ko | : (3.19):

Lemma 3.3 The guadratic problem (3.17} attains zts minimum al
| 2(€) = ~kol€ — &)D"h =Dl
with minimum value :
1 ' 1 1 -
$(6) = 567 (k — ko) + kol — 5hotf — 5" D

Proof The minimum point of the strictly convex problem (3.17) verifies the
following necessary and sufficient optimality condition:

'} Dr+c=Ah
RTx 4+ ho=¢

Hence z(£) = M£)D~h — D~1c and, by means of simple calculations, it is: -

ME) = —ho(¢ ~ &) .
o(g) = —k(€~&)Dh-D7c
He) = ZoOTDa() + Talg) + k6 =
= -;-A(g)zhf"‘p**h - %C?’D-lc + %kgz =
= 26 (k ko) + Ehota — 5koi} — 57D

11
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It is worth noticing that, since kp < 0 and A 2 G, the optimal solu-
tions z(£) of problems (3.17) are componentwise either strictly monotone or
constant with respect to the level £,

The study ‘of the minima line z(£) allows us to propose the following

‘stopping criteria which will greatly improve the performance of the solution

algorithm in the case of NONCONVEX problems. With this aim, notice that
the frst denvatwe of ¢(¢) is

#(€) =€k — ko) + kaéh

Notice also that in the case k # ko it is ¢’ (E) (k— l;uo) (& — &) so that
¢'(€) =0ifand only if € = &. '

Theorem 3.3 C’onsider pﬂoblem P and let z* € B and £ € {£min, Emax] be
such that f(z*) < ¢(£). If one of the following conditions holds:

i) k< ko ond $lémas) 2 F(@),
#) k> ko and /(') = &' (k— ko) + kofn 2 0,.

. then f(z*) < f(z) Vz € B such that Rz + ho >¢.

Proof i) Noticing that function qﬁ(g) is concave for k < ko we geb

$(&) = mn{¢(§') Qb(fmam)} 2 f (%) Vé€ [fl ‘fm]

‘hence the result is proved since f(z) > ¢(hTz + ho) Vz € B.

i) Noticing that ¢/(£') = 0 and that functmn qb(E) is stnctly convex for

k> ko we get _
. - Ple) = ¢(~5) > f(a*) V€2 E’
and the result is proved , . ‘ 0

4 Solution algorithm

Tn order to find a global minimum it is necessary to solve P, either explicitly
or implicitly, for all the feasible levels ¢ (obviously, if f(z) is convex we can
stop as soon as a local minimizer is reached). In this subsection we will show
that this can be done in a finite number of iterations, by usmg the results
stated go far. : :

12



4.1 Imt1a11zatlon steps

The algorithm starts from the minimum Ievel and then scans all the greater
ones, either explicitly or mphmtly, looking for the optimal solution.

" Initialization
1) For all i such that h; = 0 and [; < u; do
7= -3
i< lthenuy =1
else if 7 > u; then [ 1= u;
else I; 1= 1 and u; —-'q
end if

end if
end do

2) Compute the vélues Emin 1= AT+ hg and §r.rmm = BT u 4 hoy
3) Determine the starting optimal Jevel solution and the starting incum-
“bent optimal (level) solution z*, that is: :
if f(u) < f(l) then z* 1= u else z* ;=1 end if
Ei=bnin; T =l UB:= f(a:*) .

3

The Optiﬁlai éoiution can now be searched iteratively by means of the
following algorithms.
4.2 Convex case k> k.

First note that when f(z) is 2 convex function, that is to say that k > ko,
then AA+k>AA+kU > 0.

AIgorithm—‘CX
1) locali= false;
2) While not local and & < Emaz do

2a) Wlth respect to & and 7' determine X, o ﬁ AG,, Ay, Aa, Ag,
F, O; 0, := min{F, 0};

2b) If X + k€' > 0 then local;= true
elkeif Ay +k=0thent' =+ 02 =1 +9 Agy T ==
else begin

- Let 0 1= —(N + K&')/ (A + K);

13




S I &y < 0, then T := =’ + 1 Az; locali= true;
else & 1= &'+ Oy o' 1= 2 + O Ay T 1= 2
~.If f(%) < UB then z* ;=% and UB = f(Z);
- end -

3} «* is the optimal solution for problem P.
| O
‘This procedure looks for the minimizer by visiting segments of optimal
level solutions where the objective function is decreasing. The procedure
stops when the region has been fully scanned or a local minimizer (which
is also global for the convexity of the objective function) is found. Note

that the stopping criterion i) of Theorem 3.3 is 1mphc_1t1y implemented in
Algonthm~CX by means of the use of the flag “local”.

4.3 Nonconvex case k < ko

" Let us notice that in this case function f is nonconvex while the convexity

of 2(6) depends on the value of Ay + k. Asa consequence, all the feas1b1e
Ieve]s have to be examined (either explicitly or implicitly).

Algorlthm—NC

1) stop false;
2) While not stop and €' < fmm and UB > min {¢(£'), qS({m,,)} do
,2&) Wlth respect to & and z’ determine N, o, B’, Az, AA, Ag, Ag,
B, 05 O := min{F, 0},

2b}) Determme the best optimal level solution % for the levels £ e
[¢, & + 0,,] and check the variable stop;

%) If f(Z) < UB then z* :=7 and UB := f(&); ' ‘
2d) &’ i 5’ + Qm and .’I: = -'.B + emAm,

3) z* is the optimal solution for problem P.

]

Note that in all the iterations the variable UB gives an uppér bound |

for the optimal value with respect to. the levels £ > &', while z* is the best

optimal level solution with respect to the levels ¢ < &. Note also that the

stopping criterion ) of Theorem 3.3 has been implemented in Algorithm-NC
by means of the condition “UB > min {¢(¢"), $(€maz)}” in line 2).

It remains to show how to implement step 2b) in the previous procedure.
‘With this ajm, first note that for all 8 € [0, 0}, the value 2(8) is a lower bound
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for the parametnc problem Pe4o; in fact if § < F then ' (8) is an optimal

level solution, otherwise (if § > ) z'(8) is unfeasible for Ferpg but is an
optimal solution of a problem with the same obj ective function as Pyr.ig and
a feasible region containing BEI_}_B

Moving Steps 2b)
Orie of the following exhaustive cases occurs:

1) (Ayx4+k>0and N4 kf’ < 0}, that is z(ﬂ) is stnctly convex and locally
decreasing at 6 = 0. Let 0y := —(N + k&")/(Ax + k); two subcases
have to be considered: . . '

la) 6 <O Fi=a + 91A 23 & 4+ 0> Emas then stop = true, |
Ib) 1 >0 Fi==xn +9mAm$ ‘

2) (Ax+k>0and N4 k¢’ =2 0), that is z(&) is convex and locally non-

decreasing at & = 0. Then F := &'} if & + O > £nep then stop ;= true,-

3) (Awk Oand N+k£ <0)or (A;.+k <Oand N +k& < 0) that is
z{8) is concave and locally decreasmg at § = 0. Then T:= 2’ + 0, Ay;

4) (Ax+k < 0and ¥+ k&’ > O), that is z(f) is strictly concave and

locally increasing at ¢ = 0. Let 8, be the positive root of the second
order equation z{f) = UB, that is:

b, =

~(X'+ ké’) VN R - 2(A) + L)(f (ﬂr’) 4 B)
' (Dx+k) ‘

three subcases have td be considered:

4a) 0 <6, T = af; i ¢+ 0> €maz then stop\:r- true;”
4b) F <, <O =o' i & +0, > €maz then stop = true;
de) Oy < Ot Fi= 2+ Oy |

]

The previously described Moving Steps 2b) use some global optimality
conditions which allow us to implicitly examine some of the feasible levels:

thus reducing the number of iterations needed to solve the problem.

4.4 Correctness and finiteness

The correctness of the proposed procedures follows just noticing that all the .

optimal level solutions are examined, either explicitly or implicitly.

As regards to the finiteness of the procedures, it can be proved that "

the optimal solution is found in no more that 2n — 1 iterations. With this

15
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aim, let us determine the maximum number of iterations that the algorithm
needs in order to reach the maximum feasible level émar starting from a
certain optunal Ievel solution z’. Let L, U, N, Z, be the sets of indices
corresponding to ' and computed as described in Subsection 3.1; let also

7y, ny, ny and ng be the number of indices in L, U, N and Z, respectlvely

First notice that in every iteration of the while cycle at least one of the
two following sxtuatmns occurs: .

e at least one of the variables z;, with ¢ € L, bas a correspondmg mul-
tiplier e; > 0 which is reduced to zero; .

e at least one of the va.r:ables :c;, thh i& L UN, 15 mcremented up to
its upper bound.

Notice also that no more than np+ny variébles z; in LUN have to be moved
to their upper bound wu;, while no more than ny — 1 variables z; in L have a

corresponding positive multiplier to be reduced to zero. As a consequence,

since the optimal level solutions 2/(6) are componentwise nondecreasing (as
it has been pointed out by Theorem 3.1}, the maximum number of iterations
needed to complete the algorithm results fo be:

(2ng — 1) +nn

In this hght we can say that the variables z; in LU N are “active”, while
the variables in U/ and Z do not affect the complexity of the algomthm' with
respect to the number of iterations. As a conclusion, considering the starting
case 7’ = I (hence N = {}) we can say that the maximum number of iterations
needed to solve the problem is 2nz, —1; in particular, the maximum number
of iterations is 2n — 1 in the worst case I < u. * '
In other words, we have just pointed out that the problem is solved

.A in O(n) iterations. With respect to the time spent to find the optimal

solutions, in each of the O(n) iterations a linear number of additions and
multiplications are needed to compute the required scalar products, hence
the total number of additions and multiplications is O(n?) and this provides
a quadratic comple}uty with respect to the CPU time spent by the algorithm.

4.5 Computational results

The proposed solution algorithm has been fully implemented by means ofa
symbohc calculus software (Maple? in an Appler» MacOSX environment).
Both the average number of iterations and the average number of seconds
needed to obtain the optimal solution have been evaluated.
"The following different implementations and cla.sses of problems have |
been tested:

C) convex problems solved with Algorithm- ox,

16



Num || Average number of 1terations Avera,ge CPU time (seconds)

Prob C Ny . Il Ny N

100000 | 1.8016 | 2.2074 1.8326 0.0047254 0.0067800 | 0.0062558
100000 | 2.7112 | 3.6621 2.8660 H 0.0060679 | 0.010932 | 0.0095664
100000 || 3.6714 | 5.2691 3.9333 )| 0.0096195 | 0.016146 | 0.013296
100000 || 4.66565 | 6.9418 5.0104 |1 0.012718 | 0.022302 | 0.017504
100000 || 5.6472 | 8.6696 6.1137 ]I 0.016332 | 0.020338 | 0.022542
100000 | 6.6675 | 10,426 7.1884 || 0.020400 | 0.087320 | 0.027871
100000 [i 7.6653 | 12.211 { 8.2448 || 0.024888 | 0.046460 | 0.033982
100000 -§| 8.6596 | 14.012 | - 9.3038 0.030113 | 0.056750 | 0.040885
10 [{ 100000 3 9.6438 | 15.831 10.387 0.035401 | 0.067485 | 0.047785
15 || 50000 || 14.593 |- 25.248 15616 || 0.070148 0.13737 0.002317

IS B IY-ARLIEN XN 5 -

20§ 50000 |l 19.554 | 35.135 20.807 0.11804 0.23520 0.15253
25 || 50000 |} 24.501 | 45.220 26.030 0.17769 0.35771 0.22666
35 i 25000 } 34.426 | 65.706 36,427 ~0.33151- | 0.67896 0.41625
50 || 25000 | 49.314 | 96,366 | 51.756 0.65825 | 1.3607 0.80886

Table'1: Compuﬁatiohal results

- Np) nonconvex problems solved with Algorithm-NC without the use of the
stopping criteria “UB > min {$(£'), ¢(€mez)}” in line 2), ‘

N»). nonconvex probiems sclved with Algorithm-NC and with the use of
the stopping criteria “UB > min {¢(¢), ¢(Emaz)}” in line 2),

The obtained results are summarized in Table 1 and graphically repre-
- sented in Figure 1. In particular, the first column provides the dimension of
the solved problems (number of variables), the second column provides the
nuwmber of different randomly created problems solved in each of the tested
mplementatlons .

The obtained results confirm the O(n) theoretical number of iterations
and the O{n?) theoretical number of seconds needed to find the optimal
solution. It is also worth noticing that:

e convex problems are solved in an average number of iterations very
close to the number of the variables, pointing out the enhancement
given to the performance of the solution algonthm by the use of the
"local minimum” stopping criterion

o ‘nonconvex problems without the use of the “UB > min {¢(¢"), d(£maz)}”
stopping criterion are solved in an average number of iterations very’
close to the upper limit 2n — 1, pom’cmg out the mherent difficulties

. of nonconvex problems,

e nonconvex problems using the “UB > min {¢{¢"), ¢(€maz)}” stopping
criterion are solved in an average number of iterations very close to
the number of the variables (just like convex problems), pointing out

17
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Figure 1: Performance representation

the great enhancement given by such a stopping cm;enon to the per-
formance of the solution algorithm.

For the sake of completeness, we finally provide some computational re-
sults related to problems having 100-300 variables. These results have been
obtamed by solving about 500 randomly created problems for each dimen-
sion. It is worth noticing that these further results confirm the premousiy

- described behaviour.

Average number of iterations || Average CPU time (seconds) .
S n C' N1 ) Nz . ¢ N 1 l Nz

100 ]| 98.620 | 196.45 113.61 2.5491 | 5.2490 3.3579
150 || 148.61 | 205.25 164.52 5.8038 | 11.803 7.2609
200 [} 197.10 | 304.04 217.46 10,248 | 20.786 | 12.653
250 | 248.08 | 493.18 244.44 16.325 | 32.750 17.886
300 | 297.08 § 591,40 | - 306.18 23.871 | 47.648 27.148

" Table 2 Problems with 100-300 variables

5 Algorlthm 1mt1a11zat10n enhancements

The aim’of this section is to deepen on the study of the considered class of
problems in order to state some improvements for the mltxa,hza,tmn process
of the solution algonthm :

Let us recall that the maximum number of iterations needed to solve the

“algorithm is 2ny — 1. As a consequence, a feasible region reduction might

18



improve the algorithm performance whenever the set of not active indices
UuZis a,ug;mented that is whenever at least one variable % is fixed to its
optlmal value z} by setting I; = u; = xf

With this aim, two dlﬁ'erent kinds of results are proposed

5.1 Nonempty intersection with the minima hne :

Let us first see which conditions guarantee the existence of a nonempty

intersection between the minima ]me . v

2(€) = —ko(é = &) D~ h— Do

and the feasible region B. Such an mtersectmn, thch provides a segment '

of optimal levei solutions, ex:tsts if for a.ll ie {1 . 1} it is:

kﬂ(E fh)g; - "&: <

In other words, this intersection exists if both the two following conditions
are verified: ‘

L s'—% Sui Vi: hi=0 | 6.1)
1 dili + c,} L fdutg .

— <E< :
e B reses ma (M e 62)

As a consequence, by using the following notations: o
dils + ¢ } N diu; + ¢
o= hfﬁa{ hi : "‘2"‘.;3%?;0{ h; }
1 _ 1 '
51"”——- pr+én fy=——-p2t+én
ko kp -

we can say that the itersection exists (invelving the feasible levels £ € [£1, &)
. when both ) < po and Cond1t1011 {5.1) holds. Note ﬁna.ily that for Lemma .

3.3 it is: _
z(&) = D" th~D"le, 2(&) = peD 7 h — D—lc {5.3)

and that if there exists at least one mchce,s i€ Z such that hy # O then
B2 e

The existence of the intersection described so far suggests a reduction of |

the feasible region in the light of the following result.

19
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by

Theorem 5.1 Let us consider problem P and let £ € [Emin, Emaz] e a fear
gible level with Z comspondmg optzma,l level solution.

i) If & is the best incumbent solution for all§ <€ then

1<<U@} iy (16

m) If & is the best incumbent solution for ali € > £ then

l<<wmy~anM}

Lgls

- Proof Follows from the assumptions taking into account that for 'I‘heorem
3.1 the optimal level solutmns z'(f) are componentwise nondecreasmg n

In the case the intersection exists, the initialization process can then be
improved by adding some optional Steps 1-bis) as described below. With
this aim, some exhaustive subcases have to be considered. Let us notice that
the use of the minima line guarantees in the next subcases that at least one

" variable is fixed toits optunal value whenever the bounds ! or u are redeﬁned

Subcase k > ko
Noticing that ¢(§) is a convex parabola with Vertex in &, the following

_possibilities occur:

i) if & > £ then z(£») is the best incumbent solution for all £ < &,
hence we can reduce the feasible region as follows:

L= z(«52)
11) if 61 < & < & then the problem is solved since the global uncon-
strained minimurm z(&o) is feasible. :

i) & < & then x(&;) is the best incumbent solution for all £ > £; and
the region can be reduced as follows: :

U= a:(l;’;)

Subcase k= ko
- Since ¢(£) is a linear function which results to be decreasmg if §h > 0,
mcreasmg if &, < 0, constant if &, = 0, then the next p0551b111t1es occur:

i) if €, > 0 then 2(&3) is the best mcumbent solutlon forall§ < éz, hence
B can be reduced as follows:

=S 1‘((‘;‘2)‘.
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it} if &, = 0 then the problem is solved since the global uncostramed
minima, z(¢) with ¢ € [€1,£2] are feasible.

iii) if &, < O then z(£1) is the best incumbent solutlon for all £ > £&; and
B can be reduced as follows:

wimile)

Subcase E < ky »
Noticing that ¢(£) is a concave pa.ra.boia with vertex in {0, the following
possibilities occur: :

i) if 50 = §_1j2_-_§_z_ then x(&;) is thé best incumbent solution for all £ €
{61,260 — £1]. As a consequence, problems P; can be studied only for

€€ lmim&i] i fmas < 20— &1
£ € lmin, £}V [280 ~ &1, Emaz) I &ax > 280— 6

#) if €0 < ©32 then a(£,) is the best incumbent solution for all £ €
{260 — &2, £2). As a conséquence, problems P can be studied only for

£ € 2, ma] i 2 20— &
e [Emim 260 — 62] U {§2v §mam} if Emm < 250 - 52

The following merovements can then be obtamed
o if & > 952 and Ea < 2%, ~ €1 then u = z(&) |
o if &y < Q;;ﬁa and Emin = 2§g — &y then | = z(&)

e otherwise, in the solution subprocedure we can just take into account

that whenever & > min {{1, 28g — €3} and 5" < £y it is possible to skip
directly to ¢ == Eg with 2’ 1= z(&). :

Remark 5.1 In order to avoid the need of solving problem Pyag, —&), in the
case !;‘g > §l—5~ with &mez > 260 — & we suggest to skip to the level &,

even if it is smaﬂer than 2£g — £, since the optimal level solution z(£5) is
analytically known.
5.-2 Componentwise monotonicity '

A variable z; can be a prioti fixed to its optimal value if the objective
function is monotone on the whole region with respect to z; itself. With
this aim, notice that for any variable z; it is: ‘

5}:(99) = xid; +§£ + kh; (hTw + ho)
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i aq €7=

[ T ICURE EAEN

| iﬁugng 1! :

‘and

. 'fmaml == aX

Hence, since h >0 a.nd D is positive cha.gonal in B we have:

Lid; + c; + Ehy(hTl1+ho) if . k2> 0

Yiming = TR { s (w)} { lid; +c; + khy(hTu +ho) i k<O (5.4)

a5 wids+ o+ ks (R u+ hy) i k20
(@)= { wd + i+ EheWTL+he) 8 k<0 &)

xzeB
It is now clear that'

o if Yrin, = mingep {B:a: (:c)} > 0 then f(z) is always increasing in the

~ feasible region with respect to variable z; a.nd hence the optimal va.lue
w111 be reached for the value z7 =, -

& i Ynag, = MaXgeB {gf‘(m)} < 0 then f (a:) is always decreasmg in the _

feasible region with respect to variable z; and hence the optimal value
will be reached for the value T; = g ‘

Summarizing these results, we can say that the feasible region can be
reduced, without affecting the optimal solutions of the problem, by simply
applying the following optional Steps 1- ter)

Box Reduction Steps 1—ter)
Emin = AT !+ ho; Emazx 1= h u -+ hoy found = truea
while found do
found := false; .
for all ¢ such that l; < u; while not found do
compute Ymin, &8s in (5.4);
i Ymin; 2 0 - - o
then found = true; &max = Emas — halus — bi); w == b
else compute. Ymaz, 88 in (5.5); ‘

if Ymae, < 0
then found := true; §mn 1= &mm + hy{us — L:); lt = 'U'z;
end if;
end if;
end do; : _ :
end do. - - - ; ‘ : 0

Remark 5.2 Note that at the end of the previous steps the foliowmg im-

- plication holds:

- (of af
A , J 24 Sty |
: <u = %{6@@)} <O<I£éa§£{a$z(m)}
Note also that the external “while” cycle in the previously described steps

. produces at most n iterations, so that the complexity of the prewous pro-
' cedure is O(nz) '
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Average pumber of iterations Average CPU time (seconds)
C Ni .| Nz (¢ ' Ny i Nz
0.51440 | 0.69475 | 0.59354 | 0.0038832.| 0.0046186 | 0.0048749
1.3606- | 2.0509 | 1.5619 |} 0.0059829 | 0.0085522 | 0.0080690
2.3962 | 3.6760 | 2.6840 0.0086411 | 0.013725 | 0.011956
3.4877 | 5.4163 | 3.8543 | 0.0118B5 | 0.019920 | 0.016503
45002 | 7.2082 | 5.0364 0.015773 | 0027031 | 0.021676
5.7180 1 9.0349 | 6.1907 0.020064 |°'0.035126 | 0.027227
6.7065 | 10.88]1 | 7.3232 0.024797 | 0.044467 | 0.033625
7.8705 | 12.766 | 8.4431 0.030175 | 0.054714 | 0.040593
10§} 8.9406 | 14.673 | 0.5865 0.035803 | 0.065626 | D.047997
15 || 14.148 | 24.476 15.076 0.071410 0.13661 0,003246
20 [§ 19.249 | 34.633 20.567 0.12014 ¢ 0.23627 £0.15601
25 § 24.306 | 44.915 25.789 0.18148 0.36198 | = 0.23204
35| 34270 | 85463 | 36.210 0.33818 0.68659 0.42428
50 ) 49.161 96.092 51.494 (.66815 1.3725 0.82021

] oo} =1 v wnj in oo wofl

Table 3: Perfdrma{z;ce with initialization enhancements

5.3 Computational remarks

The enhancements to the initialization IPIOCIBSS propdsed in this séction have
been fully implemented and fested from a computational point of view. In

particular, the same problems used in the computational test summarized.

in Table 1 have been solved with implementations based on the enhanced
initialization. The obtained results are given in Table 3. -

These results have been compared with the ones of Table 1 in order to
verify the usefulness of the proposed enhancements. The obtained percent—
age improvements are provided in Table 4. .

CItis worth noticing that:

e with respect to the average number of iterations, the lmprovement.

is decreasing with respect to the number of variables; for example,
- for problems having 5 variables the number of iterations are reduced

of a 22-25%, while for problems having 25 variables the number of
_iterations are reduced of less than 1%;

¢ with respect to the average CPU time needed to solve the problems,
the improvement is decreasing with respect to the number of variables;
‘in particular, for problems up to 8 variables the enhanced initialization
reduces so much the number of iterations that the global CPU time is
reduced too. On the other hand, for problems having more than 15-
20 variables the improvements provided by the enhanced initialization
result to be not sufficient to decrease the average CPU time needed
to solve the problem; nevertheless, notice that less than 2.4% of CPU
time is wasted in these cases.
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Average mumber of iterations || -Average CPU time (seconds)

. f Ny Nz’ C "Ny ‘ sz
71.447 68.525 67.612 17.828 31.879 53076 |
49.816 43.997 45,310 14.136 21.767 | 15.120
34.734 | 30.235 31.762 10.170 14.993 10.077
25045 | 21.075 | 23.075 }| 6.5478 | 10.677 | 6.2056
18.558 16.914. | '17.622 3.4182 T.8630 3.8430
14.227 13.33¢ | 13.879 1.6466 5.9025 2.3130
11.334 10.811 11178 (L.36773 4.2009 1.0498
9.1131 8.8041 90,2508 -0.20595 | 3.5880 0.71434
10 7.2010 7.3196 7.7032 § -0.87834 2.6510 -0.44382
15 3.0483 3.0588 3.4587 -1.7985 | 0.55507 | -1.0068
20 || 1.5606 14282 b 1.6734 ~1.7T854 {--0.45449 | -2.2815
a5 || 0.78784 | 0.60380 | 0.892632 -2.1322 | -1.1940 -2.3721
35 |} 0.42701 { 0.37092 | 0.59670 -2,0108 -1.1234 -1,9295
50 | 0.30888 | 0. 28367 0.506086 -1.5041 | -0.86906 | -1.4027

wl ool ~a] o] o] ] i o}l B

Table 4: Averaae mprovemen,ts (percenta.ges)
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Fiart Manfredi - E, Salinell, About an imteractive mode! for sexual Papu!abons ) .

Giorgio Glorgt, Adcuni aspetti matematici del modello di sraffa & produzione semplice !

Alberio Canbint - §.Schaibl - Claudio Sodini, Parametric linear fractional programming for an unbounded feasible Region.
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Riseardo Carsbini, Un problems di programmazione quadratica nella costituzione di capitale.
. Gilberto Ghilardi, Stime ed error ‘campionasi ﬂell'indag‘tne ISTAT sulle forze di lavoro,

Vincenzo Brune, Alcuni valor medi, variabiiit pareliana ed enfropia.

Givvanni Boletto, Gli efetli del frascinarmento del prezzi sulle misure delfinflazione: aspefti metodotogm
P. Paolicchi, Gli abbandoni neil‘unsve:stta modelli interpretativi, ‘
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Maria Francesca Roman, Criter df scelta delle variabili nel modelii MDS: un'applicazione sulla popolazione studentesca di Pisa,
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Alberio Cambini - Laura Martedn, Optimalily conditions in vector and scalar oplimization: a unified approach.
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Riccardo Cambinl, Alcune condizicn di otfimalita relalive ad un insieme stellato.

Gilberto Ghilardi, Uno schema di cammpioriamento areale per le ﬂlevazionninsulte’fémigﬁe in lakia.

Riccargo Cambini, Studio di una classe di problemi non linearl: un metodo sequenziale.

Riceards Cambini, Uns nota su%%e possibili estensioni @ funzioni vetloriali di significative classi di funzioni concave-generalizzate.
Alberlo Bonaguidi - Valerio Ten'a Abrzmi, Melropolitan aging transition and metropolitan redistibuion of the efderly in ltaly,

) Ddo Barsofti - Laura Lecchm: A comparison of male and female migration strategies: the cases of African and F’hpmo Migrants to ttaly.

Gilberto Ghilardi, Un modelfo logi per lo studio del fenoteno delle nuove imprese,

8. Schaible, Generatized monotonicity. ’ '

Vincenzo Brung, Deli'elasticlta in economia e dell lncertez?.a statistica.”

Laura Martein, Aleunz classi di funzioni concave generahzzme nelottimizzaziong veﬂona[&

Anna Marchi, On the relatmnshlps batween bicriteria problems and non-inear programming prob!ems
Giovanni Roletio, Consideraziohi metodotogiche sul coneetio di elasticitd prefissats,

taura Martein, Soluzione efficienti & condizioni di otimafita nell'otii-mizzazione veftoriale.
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Maria Francesca Romano, Le mevaznoﬁi ufficiali ISTAT della popolazione universitaria: problemi e definizioni altemative,
Marco Bottai - Odo Barsotli, La ricerca "Spazio Utilizzata™ Obietivi & primé risuitat,

Marco Boliai - F.Barfiaux, Compuosizione familizre ¢ mobilith delle persone anziane. Lina analisi regionale.

Anna Marchi - Claudio Sodint, An algorithm for a non-tifferentiable non -inear frackional programming problem.

Claudio Sodint - B.Schaibie, An finite algorithm for generalized inear muttiplicative programming.

Alberio Cambini « Laura Martein, An approach to-optimality conditions in vetior and scalar oplimization,

Alberin Cambini - Laura Marialn, Generalized concavity and optimality conditions in vector and stalar optimization.
Riccardo Cambini, Alcune nuove classi di funzipni concavo-generalizzale.
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Albesto Cambint - Anna Marchi - Laura Mariein, On nonlsnaar seatarization in vector optimization.

Maria Francesca Remano - Giovanna Nencionk, Analisi dielle carriere degli studenti immatricolati dal 1980 al 1982 ' s
Gitberio Ghilardi, Indict statisticl defla congluntura, ..

Riccardo Cambini, Condizioni di efficienza locale nella clilmizzazione vettoriale,

Odo Barsotti - Marco. Bottai, Funzioni di mﬂlzzazlone dello spazio,

Vincenzo Bruno, Alcuhi aspetti dinamicl defla popolazione del comuni della Toscana, ‘distinti per ampiezza derhografics e per classi di urbanits
e di ruralita.

Giovanhni Boletto, | numer indici del potere d'acquisto defla moneta

Alberio Gambini - Laura Markein - Riccardo Cambini, Some optimality conditions in multiobjective programming.

3, Schaible, Fractional programming with sume of ratios.

Stefan Tigan - 1M, Stancu-Minasian; The minimun-tisk approach for confinuous e linear-fractional prograrmming.
Vasile Preda - 1M Stancu-Minasian, On duality for muitiobjective mathematical jzrvgramming of n-set.

Vasile Preda - LM.Stancu-Minasian - Anfon Batatorascy, Oplimality and duallty in nonfinear programming involving semiocally premvex and
related functions, ‘
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Elena Melis, Una nota storica sulla programmazions fineate: un problema di Kantorovich rivisto alla luce def problema degli zer,
Vincenzo Bnmo,' Mobilita territoriale dell'lialia  di tre Regioni ipiche: Lombardia, Toscana, Sicilia. '
Antonic Cortese, Bibliografia stlla presenza siraniera in Halia

Riccardo Cambini, Funzion! scalar affini generaiizzate,

Piero Manfredi - Fablo Tarind, Modelli epidemiologict: ieoria e sxmu!azsane 0]

Marco Boftai - Maria Caputo - Laura Lecohing, The "OLIVAR" susvey Methodology and quality.

Laura Lecchint - Donatefia Marsigiia - Marco Bottal, Old people and sociat network. ‘

Gilberto Ghilardi, Uno sfudio empirico stil confronto tra alcunt indict statistici della congiuniusa,

\incenzo Bruno, B irafiico nel port italiani negli anni recentt,

Abberto Cambini - Anna Marchi - Laura Markein - 8, Schaible, An analysis of the falk-patocsay algorithm,
Alberto Cambini - Laura Carosi, Sulla esistenza 4i elementi massimalt.

Anno: 1996

Cln. 98
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Riccardo Cambini - §. Koribsl, Generallzed concavity and generalized monotomcity contapts for veclor valued,
Riccarde Cambini, Second order optimality condifions in the image space.

[n. 100 Vincenzo Bruno, Lz stagionalita delle correndi di navigazione maritiima.
Jn. 101 Eugene Mausice Cleur, A comparison.of alternative discrete approximations of the Cox - ngerscl - ross  model
I n. 102 Gitberto Ghilardi, Suf caloolo del rapporto di concentrazione del Gini. -
[ n. 193 Alberto Cambini - Laura Martein - Ricsardo Cambini, A new approach 0 second order optimatity conditions in vector optimization.
1. 104 Fausto Gozzl, Alcune osservaziont sullimmunizazione semideterninistica.
£1n. 105 Emilio Baruest - Fausto Gozz, Innovation and capital accumulation in a vinage capital model an infinite dimensionat control approach
[In. 106 Alberio Cambint - Laura Martein - I M.Stancu-Minasian., A survey of biciteria fractional problems.
~ [In. 187 Luciane Fanti - Piero Manfredi, Viscosia dei salar, offerta di lavoro endogena ¢ cidlo,
1. 108 Piero Manfredi - Luciano Fanti, Ciclo di vita di nuovi prodotii: modellistica non fineare.
[Jn: 108 Piero Manfredi, Crescita con ciclo, géstazione dei piani di investimento ed effett;
[In. 190 Lugiano Fanti - Piero Manfredi, Un modelio "classico” di cicle con crescita ed offerta di lavero endogena,
In. 111 Anna Maichi, On the conpetitedness of the efficiert frontier : sets without locsf maxima.
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Eln. 142 Riccasdo Cambin, Generalized concawty for bicriteria functions,

Eln 143 Vincenzo Bruno, Vatlazioni dinamiche (1871-1861- -1954)de; fenomens demiogratici den oormunt {urbani e rural) defle Lombardia, in relaziohe ad
alcune caratterisfiche di mobilith temtonale

Anno: 1997
{In. 114 Piero Manfredi - Fabio Tarini - J.R, Williams - A. Carducm B. Casinl, Infectious diseases: epzdemnology mathematical modets and
immunization policies,

[In. 118 Eugene Mawice Cleur - Piero Kanfredi, One dimensional SDE models, luw order numerical methods and simulation based estimation: a
c,ompanson of altemative estimators.

CIn. 116 Luciano Fanti - Piero Mantredi, Poin! stabifity varsus osbital stability {or msiab:lrty) remarks on pohcy imptzcatmns in classical growth cydle
model,

‘[In. 147 Piero Manfredi - Francesco Billar, transition infte adulthood, mamage and timing of iife in a stable popolation framework.
[In. 418 Laura Carost, Unz nota sul concetto di estremo superiore di ingiemi ordingti da COT Convessi.
¥n. 419 Laura Leachini - Donateliz Mamgha Reti sociali deglt anzlant: selerione e quality delle retazioni,
[lin. 120 Piefo Manfredi - Luciano Fant, Gestation lags and efficiency wage mechanisms in a gootwin type growth model.

" [In. 121 G.Rivellini, La metodologia stafistica multilevet come possub;ie strumenio per io stutio delle inferazioni tra il comportamento proereahvo
individuale e i contesio

[ln. 122 Laura Carosi, Una nota sugli insiemi C-imitatl e L-limitat. -

"[In. 123 Laurs Carosi, Stifestremo superiore i una funzione linsare fratta ristretia ad un insieme chiuso & illimitao,
[In. 124 Piero Manfredi, A demographic Tramework for the evaluation of the umpact of impotied infectibus diseases.
CIn. 125 Alessandro Valeniin, Calo della fecondita ed immigrazione; scenari e considerazioni sul caso izfiano
[ n. 126 Alberto Cambint - Lawra Martein, Second order cspi?maliiy conditions.

Anpo: 1998 . .
E1n. 127 Piero Manfredi and Alessandfo Valentmi Populations with beEow replaoementferhhty‘ théoretical mns:deraﬁuhs and scenarioes from the itallan
laboratory,
[In. 428 Alberto Cambini - Laura Martein - E. Morett], Programmazione frazlonana & problem] bicriteria,
{JIn. 128 Emilio Barucci - Fausto Gozzi - Andrej Swiech, incentive compatibility constraints and dynamic programmmg int continuous time.

Anno: 1999

Cin. 430 Nessahdro Vateniini, iImpatto delle immigrazioni sulia popolazione italiana: confronto tra scenar altemativi.

" E1n. 131 K iglicka - Odo Barsotti - Laura Lecchini, Recent develupement of migrations from Poland to Europe with a special emphsis on !taty K.ighka -
. Le Migrazioni est-ovest: le unioni misie in Ralia

Cin. 132 Alessandro Valentind, Profszioni detnografiche multiregionali & due sesst, con immigrazioni internazionali e vincoli di consistenza,

Cln. 133 Fabio Anfoneli - Emilio Bamocl iara Elvira Mangcino, Batkward-forward stochastic drﬁerenhai uitl;iy“ existence, consumption and ethbnum
analysis.

[In. 134 Emilio Barucok - Maria Ehvira Mancino Asset pricing with endogenous aspirations.

[In. 136 Eugense Maunce Cleur, Estma:mg & tinss of diffusion models: an evaluation of the effects of sampled discrete obeervations.
[J=. 136 Luciano Fanti - Piero Manfredi, Labour supply, time delays, and demoeconomic oscilafions in a Solow-typegrowih model.
[In. 137 Emikio Banicd - Sergio Polidoro - Vincenzo Vespsi, Some results on partial differential equations and Asian options.
"[In. 138 Emifio Barucs - Maria Eivira Mancing, Hedging european contingent claims in a Markovian incomplete markel.

[n. 139 Alessandro Valentinl, E'applicazione del modelo muttiregionale-multistato alia popolazione in italia mediante 'utilizzo del Lipro: procedura di
adatiarmento del dati & paricolarita tecniche del programma.

[En. 440 LM.Stancu-Minasian, optimality sonditions and duality in fracional programmmg-mvoiviag semiiocaﬁy prejnvex and related funclions.

[In. 141 Alessandro Vatenting, Projezioni demografiche con algoriimi di consistenza per la popblazicne in lalia ne! periodo 199?—2142 presentazione
_ dei dsultati 2 confronto con melodelogie di stima alternative. .

Cin 142 Laura Carusi, Competitive equilibria with money and restricted partecipation.
[ . 143 Laura Carosi, Monetary poficy and Parete knprovabilily in a financial economy with restricted partecipation

EIn. 444 Bruno Chefl, Misurare il benessere e o swluppa dai patadossi del Pl a misure di benessere economico sostenibile, con uno sguardo alio
“sviluppo umane

1. 145 Bruno Cheli - Laura Lecchini - Lucio Masserini, The old people’s perception of well-being: the role of matetial and non matetial resources

Cin. 145 Eugens Maurice Cleur, Maximum Tkelihood estimation of one-dimensionat stochastic differential equation madels from discrete data: some
computational resutias’

{"In. 147 Alessandro Valentini - Francesco Billari - Pisro Manfredi, Utshzz: empmcl di modelli mulistato confinyg con durate multiple

{In. 148 Francesco Billar - Piero Manfred: - Alberio Bonaguidi - Alessandro Valentin, Transition info adulthoold: ity macro—demographm CONSBLUENTES
in a multistatew stable population framework :

[In. 443 Francesss Billar - Piero Manfredi - Alessandro Valerdini, Becoming Adult and its Macro-Demographic Impact: Mulnstate Stable Population
Theory and an Application to Kaly

"1 n. 150 Alessandro Vatenlini, Le previsiont demografiche in presenza di immigrazioni: confronto tra modelli altemativi e 1oro uilizzo empirico ai fini
della vajutarione deffequilibrio nel sistema pensionistico

{1n. 151 Emilio Barucci - Roberio Monte, Diffusion processes for asset prices under bounded rationality

n. 152 Emisio Barucci - P. Cianchi - L. Landi - A. Lombardi, Refi reurali ¢ ahalisl delle serfe stotiche: un modello per la prewsto:ze el BTP future
" [n. 183 Alberio Cambiri - Laura Carosi - Laura Martein, On the supremum in fractional prograraming

"in. 154 Riccardo Cambini - Laura Martein, First and second order characierizations of a class of pseudoconcave vector functions

[1n. 155 Piere Manfredi and Luciano Fanti, Embedding populat.ron dyriamics in macro-ectnomic models, The case of the goodwin's growth cycle

[Jn. 156 Laura Lecchini e Odo Barsott, Migrazion! detf preti daila Polonia in lalia

CIn. 457 Vincenzo Briho, Analisi def preza, in italia dal 1975 in pol

[In. 158 Vincenzo Brunc, Analisi del commercio al minido in italia

[dn. 459 Vincenzo Bruno, Aspetti cickci defla liquidita bancaria, dal 1971 in poi

On. 160 Anna Marchi, A separation theorem in alternative theorems and vector optimization
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CIn. 216 Luciano Fanti - Piero Mankedi, Fog}ulaﬁon, unempéoyment and economic growth éycles a fur%ﬁer explanatory perspective

Cln. 217 J.R.Williams, P Manfredi,S. Saitmaso,M.Ciofi, Helerogeneity in regional notification patterns and its impact on aggregate national case
notification data: the example of measles I italy.

E£1n. 218 Anna Marchi, On the connecledness of the efficient frcnﬁer sets without jocat efficient maxima
Cln. 219 Laura Lecehini + Odo Barsott, Les disparités territoriales au Maroc au travers d'une optique de genre.
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[In. 220 Gilberfo Ghitard] - Nicola Orsird, Sull'uso del modetlt stalistict lineart nella valtzzione def sisterni formativi.
[In. 221 Andrea Mercatanti, Un'analis! descrittiva dei laureati deif'Universit di Pisa :
[1r, 222 E. Barucel - C. Impenna - R. Rend, The itelian Overnight Market: microstructure effects, the martingale hypoﬂws&s and the ;)ayment system,

[On. 223 E. Baruco, P, Maliiavin, M.E.Mancino, R.Rend, A, Tha!mmer The Pnc&votatshty feedback rate: an lmptemeniakﬂa malhemahcal indicator of
market stability.

-fln, 224 Andres Mercatant, Missing atf random in randomized expariments with imperfect cﬂmphance
[In. 225 Andrea Mercatant, Efetlo defuso di carte Bancornal e carte di Credito sulla Hquidits famdiiare: una valutazione empirica

CIn. 226 Piero Manfredi - John R. Wilkams, Population decline and population waves: their impact upon epidemic patterns and morbidity rates for
chitdhood infectious tiseases. Measles in, ltaly as an example.

L1n. 227 Piero Manfredi - Marta Ciofi degli At La geografia pre-vaccinale det morbillo in talia, L. Comportamenti di contalio & stora necessan
alleliminazione: prediziont dal modells base delle malattie prevenibili da vacoine.

CIn. 228 {M.Stancu-Minastan, Optimality Conditions and Duality in Fractional Programiming Involving Semﬂocally Preinvex and Relaled
Cln. 229 Nicola Salvati, Un software applicativo per un'analist di dai sui marchi genetici {Genetic Markers)

[In. 230 Pierc Manfredi, J. R, Witiams, E. M. Cleur, 5. Salmaso, M. Cioft, The pre-vaccination regionat tandscape of measies in taly: contact patiems
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Eln. 231 Andrea Mercatant, | tempi ¢ Jaurea presso Flniversita di Pisa; un'applicazione dei mbdelli di durata i in tampo discreto
In. 232 Andrea Mercatanti, The weak verston of he exclusion restriction in causal effects estimation: a simulation study
£In. 233 Riccardo Cambint ang Laura Garosi, Duality in multiobjective optimization problems with set consiraints
[In. 234. Rictardo Camnbin and Claudio Sodini, Decomposition methods fof nonconvex quadratic programs’
[1n. 235 RCambini and L Carosi and S.Schalble, Duatity in fractiona! optsm:zahon problems with set constraints
- [In, 236 Anna Marchi, On the mix-efficient pntn’(s

Anno: 2003

[In. 237 Emanuele Vannucst, The vatuation of unit linked poficies with minimal retum guarantees under symmetnc and asymmefric mfonnahnn
hypoteses

[In. 238 Johr R Williams - Piero Manfredi, Ageing populations and chilghood mfecﬁons the potenilal impact on epidemic patiems and morbiddy
[3n. 239 Bruno Cheli, Erata Corrige del Manuale defle impronte Ecologiche (2002) ed alcuni utili chiarmenti . .

[n. 240 Alessandra Petrugci-Nicola Salvati-Monita Prates!, Stimatore Combinato r Correlazione Spaziale nelia Stima per Piccole Aree

1. 241 Riccarde Cambini - Laurd Caresl, Mixed Type Dualily for Mulfishjective Oplimization Problems with set constraints

[In. 242 O.Barsoft, L.Lecchint, F.Benassl, Forelgners from ceniral and eastern European countries inf aly: current and future perspectives of ey
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Cin. 243 A, Cambini - L. Martein - 5. Schaible, Pseudoconvexity under the Chames—Conpa; transformation

Cin, 244 Fugene M. Cleur, Piere Manfredi, and Jobn R, William, The pre-and post- Vaccmabon regional dynamics of measles | in Haly- Insights from time
series analysis

Anno: 2004

CIn. 245 Emilio Baruesi - Jiry Falini, Determinants of Corporate Govemarme in ltaly Path dependence or convergence?
[In. 248 R. Cambini - A. Maschi, A note on the connectedness of the efficient frontier
[In. 247 Laura Carosi - Laura Marein, On the pseudocpnvexity and pseudolinearity of some classes of fractnonal functions
[Odn. 248 E. Baruesd - R. Monte- B Tnvella:o. Bayesizn nash equilibtium for insider frading in'conlinuous fime
[1n. 249 Eugene M. Cieur A Time Sefies Analysis of the Inter-Epidemic Period for Measles in ltaly
[In. 250 Andrea Mercatanti, Causal inference méthods without exclusion restrictions: an eaonamtc applzcaﬁon
i-1n. 251 Eugene M. Cleur, Non-Linearifies in Monthly Measles data- for lialy :
o [Jn. 252 Eugene M. Cleur, A Treshold Mods! for Prevaccination Measies Data: Some Empirical Results for England and Haly
[In. 253 Andrea Mercatanti, La gestione det dati mancant nef modelf di inferenze causale: il caso degli esperimentt raturali.
' {Z1n. 254 Andrea Metcatanti, Rilevanza delle analisi ¢i misture di disiribuzioni nelle valutaziont di efficacia
. 258 Andrea Mercatanti, Local estimation of mixiures in instrumentat variables models
[In. 256 WMonica Pratest - Nicola Salvati, Spatial EBLUP In agricutural surveys. an application based on alian census data.
£In. 257 Emanuele Vanriucch, A model analyzing the effects of information asymmetries of the traders
[in. 258 Monica Pratest-Emilia Roceo, Two-Step centre sampling for estimating elusive population size
EIn. 259 A Lemmi, N.Pannuz, P.Valentind, B.Cheli, G.Berf, Estimating Multidimensional Poverty:
A Comparison of Thiee Diffzxsed Methods®
Anno: 2005

In. 260 Nicola Salvati, Stnall Area estimation: the EBLU? estimator using the CAR model

In. 261 Morica Pratesi- Nicola Salvati, Small Area Estimation: the EBLUP estimalor with autoregressive random area e!fects

In. 262 Riccardo Cambini-Claudio Sodini, A solution algorithm for a tlass of box constrained quadratic programming problems

1n, 263 Andrea Mercatanti, A constrained likelihood maximization for relaxing the exclusion restriction in causal inference.

CIn. 264 Marco Botial - Annalisa Lazzini - Nicola Batvati, Le proiezioni demografiche. Pisa 2003/2032

[In. 265 Andrea Mercatanti, An exercise in estimating causal effects for non-compliers: the retum (o schooling in Germany and Austiia

Cin. 266 Nicola Saivati, M-quantie Geographically Weighted Regression for Nonparamefric Small Area Estimationy

[tn. 267 Ester Rizzi, Alessandro Rosina, Linflusso defla Luna sul comportamento sessuale
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n. 181 Piern Manfredi and Luciano Fand, Labour suppley, popu!amm dynarnicics and persistent oscmahons ina Goodwnn-type growth cycle mode!
Jdn. 182 Luciano Fanti and Piero Manfredi, Neo-tlassical iabour market dynamics and chaos {(and the Phnhps curve revisited)

{In. 163 Piero Manfredi - and Luciano Fanti, Detection of Hopf bifurcations in contmuos—hme maciy- economic models, with an app&:catzon to reducible
. delay-syslems.

{1n. 164 Fabio Antonslii - Emilio Bamcm The Dynamics of pareto allocations with stochastic differential umrty

[In. 165 Eugene M. Cleur, Computing maximum ilkehhood estimates of a class of One-Dimensional stochastic differential. equation models from
discrete Daie™

{In. 168 Eugene M. Cleur, Esfimalng the drift pa:ameter in diffusion processes more efficiently at discrete imes:a role of indirect estimation

In. 167 Emilio Barusel - Vincenzo Valor, Forecasting the forecasts of others e ka Politica di Infiation targeting

[in. 168 A Cambini - L. Martein, Firsl and second orde: optimality conditions in vettor optimization

LIn. 169 A. Marchi, Theorems of the Allemative by way of Separatron Theorems

[in. 170 Emilic Barucel - Maria Eivira Mancino, Asset Pricing and Diversification with Partally Exchangeable random Vaﬁabses

[In. 174 Piero Manfredi - Luclano Fanti, Long Term Efects of the Efficiency Wage Hypothesis in Goodwin-Type Economies,

I n. 72 Plero Manfredi - Lucianc Fanti, Long Term Effects of the Efficiency wage Hypoﬁsesis in Goodwin-type Economies:  reply,
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