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Pseudomonotommty of an afﬁne map

and the two dimensional case.

~ Anna Maréhi *_ Laura Martein

Abétract

In this paper the pseudomonotonicity of the affine map F(z) = Mz +qon the
interior of the positive orthant of R™ is studied. A new characterization is suggested
involving the positive and the negative polar of the cone generated by the open cone

= {7z = Mz+q, z € intR] } The obtamed results are applied to the two d1men—
sional case in order to achieve a complete characterization of pseudomonotommty'

in terms of the coefficients of M and ¢.

KeyWords Pseudomonotonicity, pseudoconvexity.
9000 Mathematics Subject Classification 26B25, 90C32.

1 Introduction

~ Monotonicity and generalized monotonicity arisé in complementarity problems, varia-
tional mequahtles and more generally in equilibrium models [[8} [11], [13]]. In particular,
pseudomonotomczty of an affine map is of partlcu}ar interest for its relationships with
pseudoconvexity and with the linear complementarity problem [[2], [7]]. This subject has

been studied by several authors (see for instance {[5], [9], [10]] ,; and some sufficient and/or .
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necessary conditions e,re given ([5) buﬁ, unfortunately, the obtained results are not very
useful in constructing or in te’stin'g" pseudomonotonicity in a easily way.

The aim of this paper is to move a step in this direction; more preciseiy we suggest a
new approach to the problem which allows us to find a new cha,racterzze,tzon of the pseu-
' domonotomclty of an affine map on the interior of the positive orthant. By means of the
obtamed results, we are able to gwe a complete . charaeterlzatlon, in the two dlmensmnal
case, in terms of i;he clements of the matrix M and of the elements of the vector g 88s0-
ciated to the affine map F(z) = Mz +¢. |

In Section 2 and in Section 3 we establish a new characterizatioﬁ of pseudomonotonicity of
the affine map F(z) = Mz+q on the interior of the positive orthant, | involving the positive
and the negative polar of the cone generated by the set W* = {z = Mz +¢, z € intR% }.

* TIn Section 4 we characterize the pseudomonotonicity of a bijective linear map Mz in terms
of the elements of the 2 x 2 matrix M; we find again, as a particular case, some results ,
gwen in [Pini]. In Section 5 we extend the obtained results to a bijective affine map. At

last in Section 6 we analyze the case where M is a singular matrix.

2 Preliminary results

Let HCR'bea nonempty open convex set In our approach to pseudomonotommty we
are interested to chamctenze the set Zyg = {z € R" : da € H, zYa —‘0} With this aim,
let Cy be the open cone generated by H that is Cy = {ta,t >'0,a € H}.
The next theorem characterizes Zy by meané of the polar cones .

={aeR:alc> 0,Yce Oy} and Cp = {a€ R afe<O,Vee Cy}
More exactly, denoting with clS and with 05 the clesure_and the boundary of the set, S,

~ respectively, we have the following theorems.
- Theorem 2.1
Zy={zeR*:3ae H,Fa=0} = (CHUCR)". (2.1)

Proof First of all we recall the following known properties regarding an open cone C' with

vertex at the origin:




¢ € intC if and only if ale> 0, Vo E—il Ct; ¢ € elC if and only if a¥e >0, Vo € CH.

" In order to prove (2.1), let us note that Zy = {2z € R": Je € Ch, e = 0}.

Let z € Zy and assume z € Cj. Since there exists ¢ € C’f:{ such that 27c = 0, necessarily
we have ¢ € OC§ and this absurd since Cy is an open set so that 8Cy = 3 'Conséquently
z ¢ Cf;. In a similar way it can be proven z ¢ Cy and thus 2 € (Cruly)e. |
Viceversa, let z € (C U Cq)F, that is z ¢ Cf; U Cy. Then there exist ¢y € Cp, ¢2 € Ch
such that 27¢; < 0,27cy > 0. The continuity of the scalar product and the convexity of
.CH implies the existence of c = dey + (1 - X)c% A e (0,1) with ¢ € C‘H and z7c = 0.

Consequently z € Zy and the thesis is achieved. ' ' 0

r}L"l'uac:)r'em 2.2

Let W be an open conver cone with vertez at the origin and set W* = zq+ W. Then
ZW C Zye. | 2)

Proof Fzrst of all we prove that W == Cy C - clCwr. Let w € W; we have zo+nw € To+ W
for every p081t1ve integer n. Consequently (mg + nw) = —:co +w € _CW* and thus w is
an accumuiaﬁ_lon point for C’W* that is w € elCyw+.

It follows (clCyw+)* = (Cw-)* € Ciy, ‘(CEC'W-)W = (Cwr)~ C Cyy so that

Ty = (Cl UCH 2 (CHUCH)S =Zw. | 4

Consider now the féllowing two speciall caéeS':

W = {Mz,z € intRl}; W'={Mz+gz € intn "}

where M is a non singular matrix of order n.

Let us note that W is the open polyhedral cone generated by the columns of the matrix

M while W* = W + g. The following theorem characterizes the set Zw.
‘Theorem 2.3 Coﬁside'r the set Zw. Then
Zw ={z=(M"Ty, y¢RTURT}

FProof Obviously we have Cw = W. It is _knowﬁ that the positive polar cone of W is
giver by W+ = {z : MTz > 0}. Setting MTz =y we have Wt = {2 = (MT) 'y =
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(M~1Ty, y > 0} and furthermore W~ = {z = (M Ty, y < 0} T'he‘thesis follows
from Theorem 2.1. | '{]
Regarding W* = W - g, we have the following theorem:

‘Theorem 2.4 We have Zw- = (C’I}',* U Cyra )¢ In particular:

i) if g€ W then Zw~ = Zw;
i) If “g € W then Zw- = R\ {0},

Proof The first statement follows from Theorem 2.1 setting H = W*.
" Statement 1) follows by noting that ¢ € W 1mphes Gw Cw.
Statement i) follows by noting that —g € W implies 0 € thW*. O

3 A new characterization of pseudomonotonicity of
a bijective affine map on intR%

In this section we will apply the results given in Section 2 in order to characterize the
pseudomonotommty of an affine map on intR7.
We recall that a map F': S CR" —s R is said to be pseudomonotone on S if for every
%,y € S we have: '

(y — 2)TF(z) > 0 implies (y — 2)7 F(y) > 0
* or equivalently (see [1]) | |

(y — x)TF(m) >0 implies.(y —z)TF(y) > 0. ‘.

A very usefull characterization of pseudomonotonicity is given by Crouzeix in {10}; in the
case F(z) = Mz+q where M is a matrix of order n and S = intR} such a characterization

assumes the form given in the following theorem.

Theorem 3.1 F(z) = Mz + g is pseudomonotone on intRY if and only if for all z €
intRT and v € R, |

vI(Mz+q) =0==v"Mv>0. | - (3.3)
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Let us note that (3.3) is obviously verified when B = (M + M7)/2 is positive semidefinite, -
S0 thét the main problem in characterizing the pseudomohotonicity of an affine map is
related to matrices M for which B is not positive semidefinite. |
We say that the affine map F is mereiy pseudomonotone if it is pseudomonotone and
B is not positive semidefinite. ‘

The following theorem gives a new formulation of pseudomonotonicity. -

Theorem 3.2 F(z) = Mz + g is pseudomonotone on intR7 zf and only if
vIMuv >0 Yv& Zys. L _ (3.4)

Proof Taking into account Theorem 2.4, it is sufficient to note that the set of all elements

v such that v" (Mz + g) = 0 is equal to Zy-. O

Corollary 3.1 The linear map F(z) = Mz 1s pseudomonotone on iR if and only if

My >0 Vyd RIURE. - (3.5)

3 Proof We have Zy~ = Zw - {z =M™y y¢gRIU %?_} (see Theorem 2.3). The
thesis is achieved taking into account that (3.3) becomes vT My= y" MMM )y =
y (M. | O
A necessary condition for the affine map F(z) = Mz + g to be pseudomonotone on intRy

is given in the following theorem.

Theorem 3.3 If the affine map F(z) = Mz + g is pseudomonotone on intRY, then the

linear map G(a:) = Mz is pseudomonotone on intRT.

Proof Tt follows immediately from Theorem 2.2 and Theorem 3.2. 0

As an application of the new charé,cterization of pseudomonotonicity given in Theorem
3.2 and in Corollary 3.1, in the next two sections we expréss the pseudomeonotonicity of a
bijective map on intR: in terms of the elements of the 2 x 2 matrix M in the linear case

a.nd in the affine case, respectively.




4 Pseudomonotonicity of a bijective linear map on
intR5

Consider the linear map F(z) = Mz on the interior of the positive orthant, where M is
a 2 x 2 non singular matrix. In such a case, Corollary 3.1 assumes the following simple
form: |

F(z) = Mg is pseudomonotone on intR? if and only if (4.6) holds:
y"M Ty >0 Yy = (y1,42) such that yiys <O (4.6)

By means of (4.6) we are able to'prove the following theorem.

_ : a ¢ ‘ |
Theorem 4.1 Let M = | be a nonsingular matriz. The linear map F(z)= Mz’
b.d

is pseudomonotone on intR% if and only if one of the fqllowing conditions holds:

a d

>0, — > 1+ 0)? — <0 i

detM”O dtM””O A= (b+c) 4od <0 (4.7)
d btc | |

°_ >y, >0, 2TE 50, A= (b40) —dad> 0, (4.8)

detM T detM - dethM ™

’ ' d —cC
Proof From (4.6), taking into account that M = \: ‘ } , F(z) is pseu-
: ' b a

domonotone if and only if (4.9) holds:

d b+c

Vlys v2) = i T T tMy}‘y2+detMy2

O PYs < 0. (49)

Let us note that ¥(y1,y2) = 0 Yy, yz € R if and only if the matrix assomated to the
quadratic form is positive semidefinite that is if and only if (4.7) holds.
Consider now the case A = (bc)? — 4ad > 0. Setting m = o , (4.9) is equwa,lent to

d_ »_bte % Sgvm<o. (4.10)

Yim) = o™ T dam " deth =

‘Assume the pseudomonotonicity of F(z); the validity of (4. 10) implies limy,_..co ¥{m} = 0 -

that is Egﬁ > 0 and limpe.o- U(m) =5 =2 0 The assumption A > 0 together with
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(4.10) implies that ¥(m) must be two non negative roots that is 25 > 0. Viceversa if

detM
(4.8) holds then ¥(m) has two nonnegative roots so that (4.10) is verified. o
. ‘ a ¢ :
Corollary 4.1 Let M = |~ be a nonsingular matriz and consider the linear map
b d ' :

F(z) = M:L‘ Then 1) and i) hold.
i) F(z) is merely pseudomonotone on mt§R2 “if and only if (4. 11} or (4.12) holds.

detM >0, a>0,d>0, b+c=0, A = (b% ¢)* = dad >0 (4.11)
detM <0, a<0,d<0,b+c<0. - (4.12)

i) F(a:) is pseudomonotone (not merely) on mt§R2 if and only if (4.13) holds
020,d>0, A= (b+c)2w—4ad<0 _ '(413)-

Proof It is sufficient to note that detM < 0 implies A = (b H-e)%— ‘4ad. > 0. In fact
(b+c)? — 4ad < 0, ad — be < 0 implies (b+¢)? < ad < be that is (b— ¢)® < 0 and this is
absurd. , . ' IS

Example 4.1 The following matrices are associated to merely pseudomonotone linear

Maps:

M= ,af<0,a+820,v20

o 0 w | |
M= ,af>0,a+8<0,v<0
B

‘ ’-Y
11 2 ~1 =2
15 C M= .
4 3 g’ -1 -1

5 Pseudomonotonicity of a bijective affine map on

mt?Rz

Consider the affine map F(z) = Mz +q where M is a 2 X2 non smgular matrix; by means.

of Theorem 3.2 we _are_able to characterize the pseudomonotomcmy of F(x) on intR2.
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Flrs‘c of all we must charactemze the set Zwx. Smce M is nonsingular, g is a linear
combination of the columns m(®), m®? of M, that is there exist o, B € R such that ¢ =
am® + fm®. In what follows we will use the following notations:

o (MWL, (m®)*+ are the orthogonal space of m®, m?, respectively;

e M is the matrix having g, mY as columns; |

o M, is the matrix having g, m® as columns.-

We have the following theorem.

Theorem 5.1 It results:

) Fa20, B3>0 then Zw- = Zw.

(it) Ifo < 0,5 <0 then Z@ - %2

_ (m) Fa<0,0=0 then Zw =R\ (miht,

| (i) fa= O,_B < 0: then Zwe = R2\ (m@)J‘.
(v) .Ifoz > 0,‘}8 < 0 then Zw ={v = (M{i)Ty, ylyé < 0}.
(vi) If @< O,Iﬁ > 0 then Zwr = {v = (M 1Ty, ylyé < 0}.

Proof (i) It foilowé by noting that W*=¢+W CW.

(#1) It follows by noting that 0 € intW*, so that Cys = Zw= = R4

(i4i) We have Cw = {z = t(z1 + a)m® + tzom®,t > 0,21 > 0,22 > 0,x < 0} Set

h = t(zy -+ a) and p = 1Ty choosing. ¢ > 0 such that zy = —a¢ £ € > .0 and ¢ = ﬁ:-, 2> 0,

we obtain Cye = {Am® +um® X e R, u> 0}. It follows Zyw- = ((Cw)* U(Cw)7) =

R? \ (m(l))_!._

(iv) The proof is similar to the one given in iii). _
~ (v) We have Cw+ = {z = t(:z:l»i-a)m(l}-%—t(xg—!-ﬁ)m(z} t>0,21> 0,2, >0,2> 0,8 <0}
Set A =1 M >0and p=1t- 0‘”"’6”1 > 0; by simple calculations we obtain Cw» = {z =

t(zy -+ a)m(l) + t(zy + B)m = a)\m{l) £ (o MDD = Ag + pm®, A > 0,0 > 0} In
other words, Cyy is the open convex cone generated by the columns of the matrix Mz, 50

that the thesis follows from Theorem 2.3 applied to the matrix Mg.
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{vi) The proof is similar to the one given in v). O

Now we are able to'chara.cterize the pseudomonotonicity of an affine map on the inte-

rior of the positive orthant.

' S a ¢
Theorem 5.2 Let M = be o nonsingular matriz and consider the affine map

_ b d
F(z) = Mz +q. Set (o, 8)" = M~'q. Then F(z) is merely pseudomonotone on intRY if

and only if one of the following cases is vem’ﬁed.

i)a>0, 820 and one of the following conditions holds:
detM >0,a>0 d=0, btec z 0, A =§€‘b"ﬁfﬁjf*b)'2---éi—--ﬁl‘ad >0 (5.14)
detM <0, a <0, <0, bie<0, A=) /4ad>0 (5.15)

i) @ >0, B <0 and one of the following,conditions holds:

a (5.16)

detM>O a>0, d= 0 b+c>0, ——ﬁg
a " b+e
.detM >0, a>0 d> 0, b+c>0, A= (b+ ¢)? ~4ad >l(,], ~——Z— < --———2—d—-\~/~§ (5.17)
‘ defM<0,a<O,d=G, b‘+6<0,. Wgsbi | (5.18)
Jeth <0, a <0, d<0, bte<0, &= (H+ef ~dad>0, ~§ < C; VA 5 19)
m) o <0, B> 0 and one of the following conditions holds:

detM >0, a=0, d>0, b+c>0, —%gbf_c (-5.20):
detM >0, a>0,d>0,b+c>0, A= (B4.6)? —dad > 0, —-% < Hm_%“;_m@ (5.21)
detM <0, a=0, d <0, b.+c‘< 0, —-%.g bic' | - (5.22)
detM <0, a <0, d<0, b+ec<0, A = (Bc)? Zdad > 0, —% E—%i@ (5.2'35

Furthermore, F(x) is pseudomonotone (not merely) on mt§R2 if and only if (5.24) hold

a>0,d=0, A (5;)»w4ad<0 | (5.24)



Proof From Theorem 3.2 the affine map F(z) is pseudomonotone on intR} if and only if

vIMv > 0 Vv € Zy-.
o fa>0, 820, fromi) of Theorem 5.1 we ha,ve s = Zw 80 that the pseudomono—
tonicity of F'(z) reduces to the pseudomonotonicity of the linear map G(z) = Mz which
is equivalent to (5. 14), (5.15) (see Corollary 4. 1),

o fa <0, 3<0, from ii) of Theorem 5.1 we have Zy+ = R? so that F(z) is pseudomono-

tone if and only if 2 ”’“2M is positive _semldeﬁmte, that is if and only if {(5.24) holds..
elfa<0 B=0o0ra= 0, 8 < O,'from iii), iv) of Theorem 5.1 Zw~ is the union
of two open halfspacés so that F(z) is pseudomonotone if and only if MiéA—me is positive
semidefinite, that is if and only if (5.24) holds: _ | _

e Ifa>0, § <0, taking into account v) of Theorem 5.1, F(z) is pseudon'ionotone if and
only it (5.25) holds:

MMMy 20, Vy=(y,92)" with pig2 <0. (5.25)

Consequently (see (4.6)), the pseudomonotonicity of F(z) is equivalent to the pseu-
domonotonicity of the linear map H(z) = Mjz where Mg = MM (M5 :‘-)T]"1 =
- MEMTHM,). ;

‘ aag+fc ¢ . ‘
Setting My = , by simple calculations we have
ab+pd d
o ac? + (b +c)ofB+df* ab+Bd
’ e+ fd o

From Corollary 4.1, taking into, accoun‘s that detM; = odetM and
A* = ((b+c)a+ 98 - d)? — 4d(ac? + (b + c)af + df%) = *[(b + c)? — dad) = &PA,
- F(z) is merely pseudomonotone if and only if (5.26) or (5.27) holds: |

detM >0, A>0, d20, (b+c)a+26d>0, ac’+(b+claf+df* 20 (5.26)

deth <0, d<0, (b+c)a+26d<0, oo+ (b+c)af+df <O (5.27)

Consider the case detM > 0. Taking into account the neceséary pseudomonotonicity con-

dition stated in Theorem 3.3,-F(z) is merely pseudomonotone if and only if the conditions

10
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detM > 0,6 >0, d>0, b+ec>0, A> 0 are verified and furthermore the following two
inequalities hold: ‘ ‘
2d§+b+c20 | '_  (5.28)

Ba

2P+ 0+ - b raz0 (5.29)

Let us note that t‘hle case @ = 0 cannot occur. In fact if @ = 0 and d= 0, the conditions
A>0andb+c> 0imply b+c> 0so that (5.29) is not verified since § < 0;ifa =0
and d > 0, (5.29} is verified for >0 (a,nd this is a contradiction) or for £ —ﬂ’i& while
(5.28) is verified for ﬁ a7 o (HC} > .,.(_,._l and this is a contradzcmon

Consider the case a > 0-and d = 0 smce A > 0 we have b-+c > 0 s0 that (5 28) is
satisfied. ‘Condition (5 29) is verified if and only if ~£ g < ¢, that is if and only if (5.16)
holds. | _ |
When o > 0 and d > 0, we ha,ve‘fyl < 7y < 0 where 7 = T—(b—f,j%;':‘—/——z, Yo == —_(?;t%i“ﬁ.
Condition (5.28) is verified if and only if'g > —"'—(g-}c—)— while (5.29) is verified if and only if
ﬁ > g OF g <N Consequently (5.28) and (5.29). hold if and only if g > -y that is if and
only if (5.17) holds. B |

.Conmder now the case detM < 0. Let us note that (5.27 ) is equzvalent to (5. 26 ) changing
a,d,b+c with —a, —d, —(b+¢), respectwely. Applymg these changes to (5.16) and (5.17)
we obtain (5.18) and (5.19), respectively. | o

o At last, consider the case & <0, 5> 0. Taking into account vi) of Theorem 5.1, F(z)

is pseudomonotone if and only if yI MM (MY Ty 2 0, Yy = (yl,yg) with nye < 0,
aa+ fe a | ' '

where My =

- ab+5d b

ac? + (b+ c)af + df? aa+ Bc

o+ a
It follows that M7 can be obtained from M} changing a, o with d, 3, respectively. Apply-

By simple calculations we have Mi = MT M™'M; =

ing these changes in 4} we obtain i),

The proof is complete -
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6 The singular case

In this séction we will characterize the pseudomonotonicity of the affine map Fz) =
a ¢ ' ‘ '
Mz4+q, M= . rank(M) = 1, on the interior of the positive orthant.
: b d ' : '

Set 2T = (z1,29), §° = (q1,92) and denote by m®, m® the first and the second colurnn
of M, respectively. Since rank(M) = 1 at least one column is not the null vector. Without
loss of generality assume the existence of & € R such that m(:’) = am®,

Two cases arise: g is proportional to m(®, that is there exists ﬁ eR such that g = AmD,
or g is not proportional to m that is rank[g, mV] = 2. Tn the first case we have the

following theorem:

Theorem 6.1 Consider the affine map F(z) = Mz +q, ¢= Bm, B € R. Then F(z)
i8 ’pseudomonotone on intR?% if and only if one of the following conditions holds:
)a>0, 20 |

i) a>0, b= aa.

Proof Tt results v7(Mz + q) (21 + azs + B)v*m.

If for every (21, %2) € intR2 it results 71 +-azy+0 # 0, then (M&:—%-q)‘—* 0 < vTm) = 0; |
on the other hand oTm® == 0 implies vT Mv = 0 and thus F(z) is pseudomonotone. Let
us note that x1 + azs + 8 # 0, V(z1,z2) € int%ﬁ i.f' and onfy‘ if @ >0, 8 >0, so that
condition i) is verified. ' ‘

If there exists (z1,%72) € mt?Rz such that =1 + o2y + 8 = O then it results v (M T -+ q)
0,Yv € R, so that v Mv > 0 if and only if B = --——M— is positive semidefinite. Let us
* note that B is positive semidefinite if and only if a > 0, ab > 0 and detB = —(aa—-b)2 20
that is, taking into account that m“) # 0, if and only if a > 0, b= ad, 50 that condition
i) holds. | | : O

Corollary 6.1 Cons.ider the affine map F(z) =Mz +q, ¢= pm), e R. Then:

12




i) F(z) is merely pseudomonotone if and only if

a oo Ba ‘ :
M = 4 = ,QZU{BZU, b?éa'a' (630)
' b ab Bb ' _ '

i) F(z) is pseudomonotone (not merely) if and only if

1 o _
M=al a>0, ae R (6.31)
a o _

| Proof We have vT (Mz +¢) = (21 + oza + BywTmW,
If @ < 0 it is possible to choose x5 >0 large enough such that z = —az} — 8> 0; it

follows that (2% + axy+ B)vTm) = 0 is verified Vv € $2. Consequently, in the case o <0,

f(z) is pseudomonotone on intR2 if and only if the matrix M ~ s poéitive semidefinite

(in such a case it is easy to prove that it assumes the form (6.33)).
Ifa >0, B <0itis possible to choose x5 > 0 close to zero such that z7 = —ox) — 8 >0

it follows that (z] -+ oz + BwTm® = 0 is verified Yo € ®*. Consequently, also in the

case a > 0, B <0, f(z) is psendomonotone on intR% if and o.nly if the matrix ¥ szMT is
positive’l semidefinite. | . ‘ -

Inthe case @ > 0, 8= 0, vT(Mz +¢) = (z1 + azs + ﬁ)bTm(l) = 0,27 > O, 1o > 0 if and
only if vTmY = 0, so that o7 M v=0and f (z) is pseudomonotone.

The proof is complete. \ - O

3

Corollary 6.2 Consider the linear map F(zx) = Mz. Then:

i) F{z) is merely pseudomonotone if and only if

a oo
M= , ,a>0, b#aa : (6.32)
b ab ' '

i) F(z) is pseudomonotone (not merely) if and only'if‘ '

1 «
M=a| ,a>0, a€R (6.33)

o ol
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The following theorem characterizes the pseudomonotonicity of the affine map F(z) when

ranklg, m] = 2.

Theorem 6.2 Consider the offine map F(z) = Ma + ¢ with ranklg,m®] = 2. Then:

i) F(x) is merely pseudomonotone if and only if one of the following conditions holds:

a oa

M = @3>0, by —agy >0, p<ag, b<aw (6.34)
b ab ‘ : :

' a aa . .

M= U l,a=0, by —eq <0, g2 > o, b> o (6.35)

b oab| |

it) F(z) is. péeudomonotone (not merely) if and only if (6.33) holds.

Proof Let Ciy» be the cone generated by W* = {M z+g, = € intR:}. It is easy to prove
that: '
o if @ < 0 then Cyy is the half-plane containing ¢ and having r = {z = tmD ¢t € R}
as supporting line;
o if @ >0 then 'CW*_ is the open convex cone generated by the vectors m®) and g.

Iﬁ the first case, that is & < 0, Zw~ = ((m®)1)® (see Theorem -2.1); when a > 0, we have -
Zyr = {v=(A"y, y ¢ §R§_ UR2} where A is the matrix having m") and ¢ as colurmns
(see Theorem 2.3). | '

From Theorém 3.2, F(:c) is pseudomonotone if and only vIMv > 0, Yv € Zy-. Conse-

~ quentely:

o if & < 0 we have vTMv > 0, Yo € ((mM)L)e, that is vTMv > 0, Yo € R?, so that

F(z) is pseudomonotbne if and only if M+M7 is positive semidefinite;
e if & > 0, F(x) is pseudomonotone if and only if
yTATMA™ Yy 20 Vy=(n.12)", 0y <0 (6.36)
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By simple calculations we find

| - 1 o 0
ATTMAY = —— \ (6.37)

. bgl - Gy . b —oa gy _i_aql .
so that (6.36) becomes

~BFon o {aa —b)
by —agy °  bgy — g

iy = 0 Yy <0 {6.38)

Following the same lines given in the proof of Theorem 4.1, the thesis is achieved.

(]
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