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1. INTRODUCTION

The Bernstein polynomials are generally used for the approximation of contin-
uous functions, unifornily, on a closed interval of interest. The Bernstein polyno-
mials were introduced to provide a simple proof of the Weierstrass approximation
theorem. See Lorentz (1986), chapter 1, and Pinkus (2000). The Bernstein poly-

~ nomials are worth of being applied to practical contexts, if they are able to agree

with a reasonable number of derivatives of the function to approximate. In any
case, the Bernstein polynomials can be regarded as a relevant unifying concept in
approximation theory. See also Korovkin (1960), chapter 1, Davis (1963), chap-
ter 6, Feller (1971), chapter 7, Rivlin (1981), chapter 1, Cheney (1982), chapters
1 to 4, and Timan (1994), chapter 1. Here, following the Bernstein polynomials,
we propose new Bernstein-type approximations based ori the binomial distribution

- and the multivariate binomial distribution. The Bernstein-type approximations can

be viewed as the generalizations of the Bernstein polynomials obtained by consid-
ering a convenient approximation coefficient in linear kernels. The Bernstein-type
approximations are shown to be uniformly convergent in the sense of Weierstrass.
The Bernstein-type approximations are shown to yield a degree of approximation
that is better than the degree of approximation of the Bernstein polynomials.

In section 2, we overview the main theoretical features of the Bernstein poly-
nomials, focussing on the binomial.distribution. We propose the Bernstein-type
approximations. In section 3, we study the multivariate Bernstein polynomials that

‘are defined by the multivariate binomial distribution. We propose the multivariate

Bemstein-type approximations. In section 4, we study the degrees of approximation
by the Bernstein polynomials and Bernstein-type approximations. In section 5, we
study Bernstein-type estimates for smooth functions of population means. In sec-
tion 6, we discuss the results of a sirhulation study on examples of smooth functions
of means. Finally, in section 7, we conclude the contribution with some remarks.
We refer to Serfling (1980), Barndorff-Nielsen and Cox (1989), and Sen and
Singer (1993), chapter 3, for asymptotics and results in classical theory of statistical
inference. We also refer to Aigner (1997), for results on combinatorial theory.

2. BINOMIAL DISTRIBUTION
2.1. Bernstein po?ynqmz’als

Let P, be the space of polynomials P(z) of degree at most m, for all real
numbers z. Let g be a real-valued function defined on the closed interval [0,1].




The Bernstein polynomial B, (g; z) of order m for the function g is defined as

Bu(g7) = f: g(m™'v) (T)?’”(I —':v)""“"“”, - ()

v=0

- where m is a positive integer, and z € [0,1]. See Lorentz (1986), chapter 1. Point

 in (1) works as a probability, in the binomial distribution, where z € {0,1]. It is
seen that B,,(g; z) € B, , for every z € [0, 1}. ' : ,

The Bemstein polynomial B,,(g; ), where = € [0, 1], is a well known linear
positive operator. The general approximation theory for the Bernstein polynomial
Bi(g; ) as alinear positive operator, where z € [0, 1], is provided by Korovkin
(1960), chapters 1 to 4. See alse Appendix (8.1).

The Bernstein polynomial By, (g; ) , where z € {0, 1], was mtroduced to prove
the Weierstrass approximation theorem. See Pinkus (2000). In particular, if g(x} is
continuous on z € {0, 1], then we have that

i Bulga)=gl@), @

- vuniformly, at any point z € [0,1]. The basic proofs of the uniform convergence (2)

are detailed in Riviin (1981), chapter 1, and Lorentz (1986), chapter 1. See also
Korovkin (1960), chapters 1 to 4, Davis (1963), chapter 6, Feller (1971), chapter 7,

and Cheney (1982), chapters 1 to 4.

2.2. Bemstem-zype approximations

The Bernstein polynomlal B,.(g;x) is given by (1), where z € [0,1]. The

Bernstein-type approxmatmn Bm) (g; x) of order m for the function g(x) is defined
as ‘

B3N (g2} = Z g{m™*(m v — ) —l—.m) (T) (1 - z)™, (3)

where s > —1/2 is a convenient approximation coefficient, m is a positive integer,
and z € [0,1]. It is seen that B(s)(g;:c) € Pm, where & > —1/2, for every -
z €[0,1]. .

The Bernstein poiynomial B,.{g; ) can be obtained as B9{(g: %), by setting
s = 0 in the definition (3) of BY (¢; ) , for every z € [0,1]. ‘

The Bernstein- -type approximation B¥(g;z), where s > —1/2,and z- €[0,1],
is a linear positive operator, with the properties outlined in Appendix (8.1).

If g(x) is continuous on z € [0, 1], then we have that B¥g,z) — g(z),
where s > —1/2 is fixed, as m — oo, uniformly at any point z € [0,1]. In
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Appendix (8.2), under the condition 5> ~1 /2, we provide a proof of this uniform
convergence. :
The uniform convergence (2) of the Bernstein polynomlal By(g; z), for every

z € [0,1], can also be proved by setting s = 0 in B(S)( z), given by (3), for every
z €[0,1], in the proof in Appendix (8.2). '

3. MULTlVAR,IATE BINOMIAL DISTRIBUTION

3.1. Multivariate Bernstein polynémz'als

Let g be a bounded, real-valued function defined on the closed k-dimensional
cube {0,1]F. We let x = (z,...,2;)7, where x € [0,1]F. The multivariate
Bernstein polynomial By,(g;x) for the function ¢ is defined as :

mi iy

Bulgix) = iz g

vy =0 Vg () m};lvk '

(m) h (Tk> (L= @)™ g (L )™, (4)

1%
where m = (my,...,m;)7 are positive integers, and x € [0,1]%. See Lorentz
(1986), chapter 2. Points z, ...,z in (4) work as probabilities, in a multivariate

binomial distribution characterized by the product of & mutually independent bi-
nomial distributions, where x € [0, 1]*. It'is seen that the multivariate Bernstein
polynomial By (g; %) € P, where m = S r_ m, is the total degree in By (g; %),
for every x € [0, 1]"’ ,

- The multivariate Bernstein poiynomlai Bu(g;x), is a linear positive operator,
~ where x € [0, 1]*. See Appendix (8.1). _

The definition of the multivariate Bernstein polynomial B,,(g; x), where x €
[0,1]%, is suggested in Lorentz (1986), chapter 2, without proving its uniform con-
vergence. It can be shown that the multivariate Bernstein polynomial By (g;x x)
converges to g(x) uniformly, at any k-dimensional point of continuity x € [0, 1]*,

casm; —oo,wherei=1,...,k.

3.2 Multivariate Bernstein-type approximations

The multivariate Bernstein polynomial Bp,(g; ) 18 glven by (4), where x €
- [0,1]%. The multlvarlate Bernstein-type apprommatlon B8N g ) for the function



g(x) is defined as

—

o [ MMt —m) 2
Bgx) = > 2,9 '
w0 w0\ i (o — %) +
(ml) v (mk>x?1)1(1 _ ml)ml—-vl . (1 . mk)mk:""ffk (5)
(51 Ui /
where s > —1/2 is a convenient approximation co‘eﬁicienﬁ,' m = {my,...,mg’

are positive integers, and x € [0,1]. It is seen that the multivariate Bernstein-
type approximation BY (g:x) € Py, where m = mel m; is the total degree in
B (g;%), where s > —1/2, forevery x € [0,1]F. ‘

The multivariate Bernstein polynomial By, (g; x) can be obtained as B, Og: %),
by setting s = 0 in the definition (5) of B (s)( x), for every x e [0,1]F.

The multivariate Bernsteln~type approximation B (g: x), where s > ~1/2,
and x € [0, 1]¥, is a linear positive operator, with the properties outlined in Appen-
dix (8.1). S

The multivariate Bernstein-type approximation BS ( ;X) converges to g(x)
uniformly, where s > —1/2 is fixed, at any k-dimensional point of continuity

€ [0,1)%, as m; — oo, where ¢ = 1,...,k. In Appendix (8.2), under the
condition s > —1/2, we provide a proof of this uniform convergence.

The uniform convergence of the multivariate Bernstein polynomial By, (g;x),
for every x € [0, 1]F, can be proved by setting s = 0 in BS(g;x) , given by (5), for
every x € [0, 1]%, in the proof in Appendix (8.2).

4. DEGREE OF APPROXIMATION
4.1. Beynstein polynomials

Let w(é) be the modulus of continuity of the real-valued function g, for every
§ > 0. The modulus of continuity w(¢) of the function g(z), where z € [0, 1], is
defined as the maximum of | g(z¢) —g(z) |, for |z —2z [< 6, where %0, % € 0, 1]
If the function ¢ is continuous, then w{d) — 0,as § — 0.

Setting § = m~Y2, for every z € [0,1], it can be shown that the Bernstein
polynomial By, (g; z), given by (1), has degree of approximation

Ba(552) = 9(0)| < (14 77 ) wlom™). ©



We let | x.|= (32, 2] ) , where x € [0,1]¥. The modulus of continuity
w(8) of the real-valued function g(x), x € [0,1]*, is defined as the maximum of
| g(x0) — 9(x) |, for | xg —x |< 4, where xg,x € [0,1]*. If the function g is
continuous, then w{d) - 0,as§ — 0. | | '
~ Setting § = m~Y2 for every x € [0, 1]%, it can be shown that the multivariate

Bernstein polynomial Bm (g;x), given by (4), has degree of approximation

.le<g;x)_~g(x)|_(1+ WZ ) SIS,

fa=]

‘wherem = 3 v, m;.

We can observe that the cocﬁmem 1+m™2/ 4 in the upper bound (6) corre-
sponds to the coefficient 1 + m~1 SF_ m;* /4 in the upper bound (7), by consid-
ering the dimension & = 1 in the upper bound (7).

4.2. Bernstein-type approximations

In Appendix (8.3), for every z € {0,1], it is shown that the Bemstelrktype
approximation B, BY w (9;2) , given by (3), where s > m-1 /2, has degree of approx1—
mation : .

|B§7§)(g; Z) - g(:c)j (1 4 4m 1m—2s—1) w(m™12). (8)

The upper bound (6) can be obtained fmm the upper bound (8), by setting s = 0.
In Appendix (8.3), for every x e [0,1]%, it is also shown that the multivari-

ate Bernstein-type approximation B }(g, x), given by (5), where s > —1/2, has .
- degree of approximation : ‘ ‘ ‘

}Bl(':l) (g; ) g(X)l (1 - }L m -1 Z mi—zﬂ—l) w(m—]-/Z) , (9)

i=1]

where m = S5 |

The upper bound (7) can be obtained from the upper bound (9) by setting s =
0. We can observe that the coefficient in the upper bound (8) corresponds to the
dimension k = 1 for the coefﬁment in the upper bound (9).

4.3. A comparison

Given a convenient value for the approx1manon coeﬂiment 3, the Bernstein-
type approx1mat10ns BY }(g, ) and BS )(g, x), given by (3)and (5), fors > —1/2,
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can typically outperform the corresponding Bernstein polynomials Br,(g;z) and
Bm(g; %), given by (1) and (4), for any function g to approximate, for every €
[0, 1] and x € [0, 1}*, respectively.

The value for s, where s > —1 /2, can only modify the coefficients in the
degrees of approximation (8) and (9), without affecting their modulus of continuity
w(rm~1/2), for any fixed m and any fixed m = (mq, ..., my)7 , respectively. .

Very large values of s do not bring any advantage, with typical examples of
application of the Bernstein-type approximations B (g; z) and BE (¢; %), defined
by (3) and (5), where s > —1/2, z € [0,1] and x € [0, 1]*. Convergence to unity
of the coefficients that determine the degrees of approximation (8) and (9) is rather
fast, as s increases.

In Figure 1 we compare the Bemstem polynomial B,,(g; ), given by (1), with

- the Bemnstein-type approximation B : ( g; ), given by (3), where m = 2, the func-
tion g is defined as g(z) = z*, g(z) = 2?, and g(zx) = 22, for values of z in the .
interval [0.01,0.99}, and s = 0.5,0.6,0.8,1.1,1.5,2, The value s = 2 gives the
best performance; the value s = 0.5 gives the worst performance. The performance
of the Bernstein-type, apprommatlon (3) can be gven more substant1a1 for values of
m larger than the chosen value m = 2.

In Figure 2, we show the performance of the Bemstem—type approxzmatmn ‘
 BY(g; z) given by (3), where the function g is defined as g(z) = «* 4z, for values
of  in the interval [0.01,0.99] , and s = 0.5,0.6,0.8, 1.1, 1.5, 2. The Bernstein-type
approximation BY (g;z), given by (3), clearly performs better than the Bernstein
polynomial B,,(g; z), given by (1), as m increases, from m = 2 tom = 5, for
values of z in the interval [0.01,0.99], and s = 0.5,0.6,0.8,1.1,1.5,2.

5. ESTIMATION OF SMOOTH FUNCTIONS OF MEANS ..

5.1. Bernstein-type estimators

The Bernstein-type approximations B(s)( x) and B )( g;x), given by (3) and
(5), respectively, where z € [0,1] and x € [0,1]%, can be used for estimating
“ smooth functions of population means in statistical inference from a random samiple
of n independent and identically distributed (i.i.d.) random observations.

Let X be a univariate random variable with values z € [0, 1], with distribution
function F', and finite mean p = F[X]. We want to estimate a population char-
acteristic @ of the form @ = g(u), where g is a smooth function ¢ : [0,1] — R,
The natural estimator of 8 is g = 9{Z), where T is the sample mean, calculated
on a random sample of n i.i.d. observations X;, ¢ = 1,...,n, of X. That is,
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Figure 1: The difference B,(g;z) — g{z), (dotted line), and the differences
BY (g; %) —g(z), (solid lines), for the Bernstein polynomial B,,{g; z) given by (1),
and the Bemstein-type approximations B (g; ) given by (3), for 500 equidistant

values of « that range in the interval [0.01,0.99], where s = 0.5,0.6,0.8,1.1,1.5,2,
and m = 2; g(z) = z*, panel (a), g(x) = 23, panel (b), and g(z) = z*, panel (c).
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Figure 2: The difference Bmig;z) — g(z), (dotted line), and the differences

) (g;z) ~ g(z), (solid lines), for the Bernstein polynomial Bin(g;z) given
by (1), and the Bernstein-type approximation B (g;z) given by (3), with 5 =
0.5,0.6,0.8,1.1,1.5,2, where g(z) = z* + z, for 500 equidistant values of = that
range 1nthetnterval [001 0.99], and s = 05 0.6,0.8,1.1,1.5,2; m = 2, panei
(a), m = 3, panel (b), and m = 5, panel (c).



T = n“‘“i Sk, Xi. An alternative estimator of § = g(p) can be obtained as the
Bernstein-type estimator BY) (g; ) defined as

BE (g:7) = g(m~*(m v ~T) +7) (’:’) Z1—3)™,  (10)

where s > —1/2. The Bernstein-type estimator (10) follows from the definition
(3) of Bf(rf) (g;z), by substituting the argument z € [0, 1] with the sample mean T, '
where T ranges in {0, 1]. ' -

~ Let X be a k-variate random variable with values x € [0,1]¥, where X =
(Xy,...,X k)7 , with distribution function F, and finite k-variate mean p = E[X],
= (ft1,. - )T . We want to estimate & = g(y), where g : [0,1]F — R*. The

natural estimator of # is § = g(¥) , where X == (3, ... %3 )T is the sample mean on

a random sample of n i.i.d. observations X;,¢ = 1,...,n, of X. An alternative
estimator of § = g(u) can be obtained as the multivariate Bernstein-type estimator

BY)(¢;X) defined as

. e g my*(my wy — T} + F
BO(gi®) = D)0

' m=0  vp=0 mgs(mglvk o Tp) + Tk

: m Me\ l

. (Ul)...(vk) |

COER(L=T)™ T B (L= Ty ™ T (1

where s > —1 /2. The multivariate Bernstein-type estimator (11) follows the def-

inition (5) of BY (g;x), by substituting the argument X € [0, 1} with the sample
mean ¥, where ¥ ranges in {0, 1]*. ' -

5.2. Orders of error of Bernstein-type estimators

In Appendix (8.4), it is shown tha‘f the Bernstein-type estimator Bﬁ:)(g;?v“) ,

' given by (10), where s > —1/2, can be an accurate substitute for the natural esti-

mator g(F) , if we consider a positive integer m, with the sample size n fixed, such
that m~2~1 < n~1/2 In particular, we have '

B (g;7) = g(z) + O(m™*71), 12)

where s > —1/2,asm — 00.
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In Appendix (8.4), it is also shown that the Bemstexn~type estimator B (g, X),
given by (11), where s > —1/2, and m = (my,...,m)7, can be an accurate
substitute for the natural estimator g(%) , if we consider m;%~* < n~1/2  for every
i=1,...,k, with the sample size n fixed. In particular, we have

BR (%) = g(X) + > _ O(m;*"1), | (13)
g==1
where § > — -1/2, asm;—00,i=1,...,k. |

We known that T = p + Op{n “1/2) asn — oo. We also known that g(z) =
9() + Op(n™72) s m — co. o

In Appendix (8 4), it is shown that the Bernstein-type estimator B )(g, ),
given by (10), where s > —1/2, is a consistent estimator of g(u), as m — oo,
and n — oo, In particular, it is shown that

BY(g:7) = g{u) + O(m~"1) + Opn~H2), (14

! .
where s > ~1/2, asm — oo, andn — 0o, \
We know that X = pu + O p(n1%), where T; = p; + O,(n~1?2), for every
w1k, asn — 0o, We also know that g(X) = ( ) + Op(n~1/%), as
n— OO, ' ’
In Appendlx (8.4), it is also shown that the multlvarlate Bernstein-type estima-
tor B (9;X), given by (11), where s > —1/2, and m = (my,...,mg)¥, is a
consistent estimator of g{u), as m; — co, where: = 1,... %k, andn — oco. In
. particular, it is shown that :

BN (g;%) = g(u) + > O(mi®™ ) 4+ Oy(n 1%, (15)
=1
..Wheres>—l/2 asm; —o0,i=1,...,k,and n - 00.

3.3. Asymptotic normality of Bernstein-type estimators

The Bernstein-type estimator BS(g; ) is defined by (10), where s > ~1/2,
and m is a positive integer ‘
We denote by ¢ the asymptotic variance of ni/ ?g(Z), as 1 — oo . That is,

| - = {dWPE(X - Y,
where ¢’ (z) ='(dm)“’1dg(3:)’,_$ €10,1].
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We suppose that m~2*~1 < n~1/? Then, the distribution of the Bernstein- -type
estimator Bn’;}(g, %), given by (10), where s > —1/2, and m is a positive integer,
is asymptotlcally normal

n”%B‘” (9:%) — g()} NE.), 6

asm — 00, and n — 0o. See Append1x (8.5).

The Bernstein-type estimator BY) (9; ) is defined by (11), where s > -1 / 2
and m = (maq,.. mk)T are positive integets.
~ 'We denote by o? the asymptotic variance of n'/?g(X),asn — oco. That s,

Y e Balon e

dym==l dg=1

(3:612) 39(1‘1,..,,.13,;2,...,33;;)}
E[(Xh - :U‘“»'l)('Xiz - 1{1'1'12)} :
We suppose that m;2*" < n~%/? foreverys = 1,..., k. Then, the distribution
of the Bernstein-type estimator B,(fl) (9; %), given'by (11), where s > —1/2, and

X={i

m = {my, ..., my)" are positive integers, is asymptotically normal,
1/2{3(3}(9, (1)} =5 N(0,0%), a7n
asm; — 00, thre i=1,...,k,andn — oo. See Appendix (8.5).

6. A SIMULATION STUDY

In Figure 3, we report on a small Monte Carlo experiment concerning with the
effectiveness of the Bernstein-type estimator B )( g; %), given by (10), where m, =
3,4,4,5, and s = 0.5,0.5,0.6, 2, for approximating the smooth function of means
g(@) = T* +E. Independent samples of size n = 4,6,6,16, from the uniform
distribution on. t_he interval (0,1}, were samulated The values of the Bernstein-
type estimator B (9; %) were pra_ctlcally deStmgulshable from the values of the
natural estimator g(Z) . We denote by 52 the Monte Carlo variance of the Bernstein-
type estimator BY {g;T), given by (10) The variance of B({} ) (x + Z;F) was

= 0.092938 , the variance of B (2% +7; ) was 52 = 0.045103, the variance
' of B{G (32 +7,7) was 62 = 0.025837, and the variance of B (z* +3 7 a:) was
o = 0.023394. |
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In Figure 4, we also report on an equivalent Monte Carlo experiment concerning
with the effectiveness of the multivariate Bernstein-type estimator BS) (g;%), given
by (11), where my = my =3, my =me =4, my =my =4,and my =my = 5,
and s = 0.5,0.5,0.6,2, for approximating the ratio of means ¢(X) = (%)™  71.
Independent samples, of size n = 4,6,6,16, from a bivariate distribution with
independent uniform marginals on the mterval (0,1), were simulated. The mul-
tivariate Bernstein-type estimator B {g;X) practically took the same values as
its natural counterpart g(X). We denote by 72 the Monte Carlo variance of the -
multivariate Bernstem—type estimator B (%), gi'ven by (11). The variance of |

B((gg)),r ((Z2)"'Z; %) was 5} = 0. 565298, the variance of B& 4)} (@) 'z, %)

was o¢ = 0.119139, the variance of B((SQT ((:cz) T1;X) was 6¢ = 0.073105,

and the variance of 8(5}5}T ((‘m‘z)f T, X ) was 316 = 0;054558 e

7. CONCLUDING REMARKS

(7.1). Altemative definitions for the multivariate Bernstein polynomial By, (g; %),
given by (4), where x € [0,1]%, and the multivariate Bernstein-type approxima-
tion BY(g:x), given by (5), where s > ~1/2, and x € [0,1}%, can be obtained
by replacing the multivariate binomial distribution by other multivariate discrete
distributions. The multinomial distribution, the mult1n0m1al~related distributions,
and the other multivariate discrete distributions are reviewed in Johnson, Kotz and
Balkrishnan (1997), chapters 35 to 42.-See also Feller (1968), chapteér 6, Johnson
and Kotz (1977), chapter 1 and 2, and Sveshnikov (1978), chapters land 2. .

(7.2). In the multivariate Bernstem—type approximation BS )(g, x), given by (5),
where s > —1/2, and x € {0, 1]¥, we can use a different approximation coefficient
for each component. More premsely, we can use s = (sy,...,8;)7 in a straightfor-
ward generalization B (g; %) of the multivariate Bernstein polynomial By, (¢; %)
* given by (4), where 3 X € [0, 1]%, follcwmg the deﬁm‘uon (5) of B(S)(q, ) where
x € [0,1}%.

(7.3). The Bemstein-type approximations B(S) (g, :c) and B (g:%), givesi by (3)
and (5), respectlvely, where s > —1/2, z € [0,1], and x € [0, 1]*, can be stud-
. ied in order to approximate derivatives 'of functions, monotone functions, convex
. functions, functions of bounded variation, discontinuous functions, and mtegrable
functions. See Lorentz (1986), chapters 1 and 2.

(7.4). The Bernstein polynomials B,,(g; ) and By, (g; x) and the Bemnstein-type
approximations BY (g; z) and BY (g;x) , where s > —1 /2, given by (1) and (4),

13



.0.04 I - 0.04 1
0031 eeey e®e00qe ®o0e,| 90371
0.02 1 J *e 0.02 1 L
T ® 000,00 0 ,000000000
0.01 1 , 0011 ® ¢
0.0 1 L 001
-0.01 1 : - A -0.01 : - : .
5 10 15 20 5 10 15 20
(a) ' ()
0.04 1 " - 0.04 1
0034 ' o - 0.03 1
0021 : 0.02 1
0_01,eoouo,ooooocob‘.ooo.o 0011
0.0 1 : : 00 ieseesseescassssccsss
-0.01 . . — ~ 0.01 1 , : e
5 10 15 20 5 10 15 20
() j (d)

Figure 3: The difference BY (g;%) — g(T), (symbol ), where the Bernstein-type -
estimates B (g;) are obtained as (10), and g(Z) = Z? + F, for 20 samples of

size n, from the uniform distribution on the interval (0,1); s = 0.5, m =3, and

.n=4,inpanel (@), s = 0.5, m = 4, andn = 6, in panel (b), s = 0.6, m = 4,.
and n = 6, in panel (c), and s = 2, m = 5, and n = 16, in panel (d).
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Figufe 4: The difference B (g;X) ~ g(X), (symbol @), where the Bernstein-type

estimates B (g; X) are obtained as (11), and g(X) = (T2)™* Ty, my = mp = 10,
for 20 samples of size n, from independent uniform distributions on the interval
(0,1); s=05,my =mg=3,andn =4, inpanel (4), s = 0.5, m; = my = 4,
and n = 6, in panel (b), s = 0.6, m; = mo = 4, and n = 6, in panel (¢), and
s=2,m; =my =5, andn = 16, in panel (d) '
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- and (3) and (5), admit extensions on bounded intervals = € [«, 5] and regions x €

[a;, Bl x e % o, ,Bk] and extensions on unbounded intervals € (o, +00) and
regions x € [oq, +00) X « -+ X lag, +o0) . See Lorentz (1986), chapter 2.

(7.5). In the Bernstein-type épproximations BY)(g;z) and B$)(g:x), given by (3)

and (5), Where s> —1/2,and x € [0, 1]*, the linear kernels m~*(m™ v — z) + =
and m; 3 {m; v; — 2;) +z; can be substituted by nonlinear kernels {)(m, v; z) and
h(*’)(mz,m,m@) where s > —1/2,z € [0, 1] andv; = 0,1,...,my,i=1,...,k,
x= (mlz ) [O 1]k

(7.6). Foilowmg Babu, Canty and Chaubey (2002), the Bernstem«type approxima-
tion BY)(g;z), given by (3), where s > —1/2, and = € [0,1], can be used for
distribution and density estimation. Let F, be the empirical distribution function
on a random sample of n i.i.d. observations X;,4 = 1,...,n, from a distribution
function F, Fu(z) = n"1 Y7 Iixi<ay» « € [0,1], whete a4 denotes the indi-
cator function of the set A . The Bernstein-type estimator of F can be defined as
gﬁ}(Fn; z),s > —1/2,z € [0,1]. Let f be the density of F'. The Bernstein-type
estimator of f can be defined as mBY) | (fu1z), s > ~1 /2, z € [0,1], where
falm™20) = Fy(m v + 1)) — Fo(m™ ), v=0,1,...,m, and f2(0) =0,

(7.7). The Bernstein-type approximations BY (¢;7%) and BY (g;%) , given by (10)
and (11), where s > —1/2, respectively, can be regarded as examples of random
functions. See Sveshnikov (1978), chapter 7, and Gikhman and Skorokhod (1996)
chapter 4.
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8. APPENDIX
8.1, Basic properties of the Bernstein-type approximations (3) and (5)

The Bernstein-type approximations BY)(g: z) and B (9;x), given by (3) and
(5), where s > ~1/2,and z € [0, 1] and x &[0, 1)*, are linear positive operators.
Let 6 be a finite constant. Let g, 91 , and g, be functxons, g(x), g:1{z), and gx(x),
z € [0,1]. We have _ '

- B9(ga) = 8B (g;),
B g+ gz52) = BE(gi;2) + B (g232),

€10,1]. If g1(z) < gol), forall z € [0, 1], we have
B (g1;2) < B (ga; ) ,

z € [0,1]. Multivariate versions of these properties hold for BS (¢; x) , where s >
~1/2,and x € [0, 1}* . The corresponding properties for the Bernstein polynomials
B (g; 7) and Bi(g;%) , given by (1) and (4), where € [0, 1] and x € [0,1]*, can
also be obtained by setting s = 0 above, :

8.2. Umform convergence of the Bernstem#type approximations (3) and (5)
The uniform norm ||g|| of the function g(:r:) , where z € [0,1], is defined as

loll = Inax Ig( e

The Bernstein-type approximation B (9; %), where s > —1/2,and x € [0,1], is
given by (3). We want to show that, given any constant ¢ > 0, there exists a positive
integer mp , such that _
- |B(S> g(z)| <e, (18)
for every z € [0, 1]. _ _ | |
For every « € [0, 1], the Bernstein-type approximation ‘Ba,(rﬁ)( L, x) is
| B (Lz)=1. | (19)

We define the function 1 (z) as p(z) = =, and the function ux(x) as py(z) = 2.
The Bernstein-type approximation BSY (u (:c) )

BY (1n(z);2) = o. | 20)
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The Bernstein-type approximation B )(y,g( ); ) is

B (m(z)z) = 3 {m*(mw—z)+z} (T:) £(1— z)™

p=0

— m gl —a)+at. AR Y
Suppose that {|g|| = M . We take z; as a fixed z, € [0, 1]. We have
—2M < glwo) - glz) <2M, @2)

where o,z € [0, 1]. The function g is contmuous given ¢; > 0, there exists a
constant § > 0, such that

—¢1 < g{mg) — g(x) < €1, (23)
for |zg —z | < &, 2o,z € [0,1]. From (22) and (23), it follows that

o= a -z < ole0) o) sat S (n—z ), @9

for 30, € [0,1]. If | 2o — 2 | < 8, (23) implies (24), z0, @ € [0,1]. If | g ~ z |
> 5, then 82 (| 2o —z |)? = 1, and (22) implies (24), 2o,z € [0,1] . Following
Appendix (8.1), (24) becomes '

2M o
- B(‘*)((I zo—z |)5e) < BY(gie) —glz)
2M
52
for 2,z € {0,1]. We observe that (| 2o — l) =zi+ 2% — 2:1:9m zg, z € [0, 1]
The Bernstein-type approximations BY(1;2), BEN ua(z);z), and BY) (uy(z); ),

< et B(s}({mg—x]) ) (25)

© given by (19), (20) and (21), imply in (25) that

B ((| 2 —z )% 2) =m™  a(l - 1),
zg,z € [0,1]. That s, |

B (({ o — z D% z) =O0(m™1),
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asan — o0, ¢ € [0;1]. The condition s > -1 /2 is required for the uniform
convergence. In fact, we can observe that 0 < z(1 — z) <'1 /4 z € [0, 1] Then,
_ (25) becomes

sy M
B9 s55) o] S 47 s 26)

z € [0,1]. Setting €1 = €/2, for any mqg > ((526) “1 M, the uniform convergence
(18) is proved.

The convergence an (g;z) — g(z), where s > —1/2, is uniform, at any point
of continuity z € [0, 1], as m — o0, in the sense that the upper bound (26) for the
uniform norm does not depend on z, = € [0,1].

- The multivariate Bernstein-type approximation BY (g;x), where s > ~1/2,
and x € [0, 1}*, is given by (5). We observe that £ is fixed and does not depend on
m . Considering the uniform norm | g}| of the function g(x), x € [0, 1]%, defined as

loll = max | o)1,

we want to show that, given any constant € > 0, there exist p031t1ve mtegers mg o
(mm, ;,moe)T , such that

o - [BSMgx) —g(x)] <, @n
for every x € [0, 1]%. ' ‘ )
For every x € [0, 1]*, the multivariate Bém_stein—ty.pe approximation Bg}(l; x)
is . | , S
- BR(Lx) =1, \ (28)
where s > 1 /2 . We define the functions u; (x) = Zf ; i and pa(x) = k2
The multivariate Bemstemntype approximation B (e )(,u,l( ) ) 18

BY) (i (x); x Z zi, (29)

and the _fnultivariate Befnsteinutype approximation BS )(,ug(x)- x) is

Bﬁfl)(u?(x);x) = Z ZZ{m (m; vzf:ct)+:c,}.‘

v=1 V=1 d=1

m [ '
( 1) P (mk) z?{l(l _ ml)ml_m v mzk(l o mk)mk—vk
W /. Ve N :

k _
= Zm"z“’ (1 — ) + x? (30)
=1 .
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Suppose that ||g1[ M . We take  Xp = (o1, .-, mor)” as a fixed x¢ € [0, 1]%.

‘We observe that (| xo —x )2 = SO (¢3 + 22 — 2z0iz:) , X0, X € [0,1]%. The

uniform convergence (27) follows from the result

B(S)((| X — X l Z m~23 Lol —23),

d==1

Xp, X € [0, 1]¢. That is,

355)((1 Xu—xl ZO ~28— i

asmy ~+ 0o, where i = 1,...,k, X0, X € 0, 1]‘“. Under the condition s > —"1/2,
the convergence B$)(g;%x) — g(x) is uniform at any point of continuity x € [0, 1%,

asm; —oo,i=1,...,k.

The uniform convergence of the Bemstem polynommis B..(g;x) and By (g; %),
giveri by (1) and (4), where z € [0,1] and x € [0, 1}*, can also be obtained hy _
setting s = 0 above.

8.3. Degrees (8) and (9) of approxzmatzon by the Bernstein-type approxzmatzons (3)
and (5)

For every § > 0, we denote by A(xg, z;d) the maximum integer less than or

" equal to 6 | 2o — 2 |, where zq,z € [0,1]. We recall the definition of modulus of

continuity w(J) , where § > 0. We have

| 9(z0) f-g(x)l:ch(é){l-%-A(xo,x;5)}, €Y

I:L'U,CL'E [0,1]. |

- The Bernstein-type approximation B (g; x) is given by (3), where s > —1/2,
and z € [0,1]. Then, we have

.lB@g;)—Mﬂi‘ - | ‘
<3l =) +.2) - o) (7 a7t~ 2
=l '
<w(d Z{l—%/\xg,er)}( ):c”(lwa:)m_”
vw{} .
Z{1+5 Ym~(mv—z |}( ) (1 —z)™"
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—_ _.23 2 2 m k3] _ me-y
< w(8) Z{LMS (v mm)}(v)m(l )™,
e [0,1]. It follows that

BY(2) — 9(@)] <w(®) {1467 m a1 - 2},

z € [0,1]. We observe that 0 <'z(1 — z) < 1/4,z € [0,1]. Setting § = m~2,
we finally have the degree of approximation (8).

~ For every § > 0, we denote by A(xo,x;d) the maximum mteger less than or
equal to 87| xg — x |, where x¢,x € [0, 1}*. We have

| 9(x0) — 9x) | < w(8) {1+ Alxo, x;6)},

- where w(6) is the modulus of continuity, § >0, xg,x € {O 1]%.

The multivariate Bernstein-type apprommatzon B{S) {g; %) is given by (5), where
s>—1/2,andx € [0, 1]’c ‘We have

’|B(“3 ga . (X)i : .
ml 1}1 e .’131) - £L‘1 ‘ 1
= Z Z g ~g| @
v=0  vp=0 mk ’Uk — Sl?k) - T Tk
( 1(1 m1-v1 .. -‘Scz’“(l _ xk}mk—vk
U1 ‘ .

w(6) Z | Z {1+5 Zm*% 2 (y, —m@;)ﬁ‘}

vy =0 =0 Tl

(W) (mk) o' (1= ml)ml—m coeapr (L= @)™
(5] (1

x € [0,1]%. Thus, we have

188206 - 60] <) {1452 3 gt w12}

i=1

€ [0,1]%. We can dbserve'that 0 < 'a:i(l —z) < 1/4,1i=1,...,k, x €

[0,1]F. Setting § = m~Y?, where m = 3.7 m,, we finally have the degree of

approximation (9).
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Degrees (6) and (7) of approx1matmn by the Bernstein po}ynomlals Bn{g;z)
and Bum(g;x) , given by (1) and (4), where z € [0, 1] and x € {0, 1]’c can be proved
by setting s = 0 above. '
8.4. Orders of error in (] 2) and (13), and orders of error in probabzlzty in (1 4) and
(15)

The Bernstein-type approxzmatmn B! )(g, ) is given by (3), where s > —1/2.

" We consider n fixed. Let ¢'(z) = (dz)~'dg(z) and ¢"(z) = (dz)~*d?g(z) be

the first two derivatives of the function g(z), z € [0,1]. By Taylor expanding the
function g(m=*(m~v — T) + T) around 7, for every v = 0,1,...,m,, we have

BY(g;%) = g(@)

+ ¢ (%) i m= (m~ v — %) (Z‘) z¥(1— 7)™

=0

| + Z m~ 2 (m v — 7)? (T) V(1 —m’:f:')m"”‘
+' = |

= o®) + 59/ @m T~ 7) + O(m™ ),

where s > —1/2, as m — oo. Order O(m~*"1) of error in (12), s> —1/2, as
m — oo, with n fixed, is thus proved. '

The Bernstein-type approximation B }(g, X) is given by (5), where s > —1 /2.
We consider n fixed. By Tayior expandlng the function

my (mz (v "331_) +T1)

m;s(mgl (v — Te) + E;?) ‘

around X = (2, ... :ck) for every v; = 1,...,m4, % = 1,...,k. Similarly, we
can prove the order Ea ) O(m_23 1} of error in (13), s > -1/2 as ‘m; — 00,
where i = 1,...,k, with n fixed.

The Bemstem—type apprommatlon B ( T) is given by (3), where s > —1/2.
We observe that T — p = O,(n~2), as n — oo, and (T — p)* = Op(n™"), as
n — 00. By Taylor expanding the function g(m™*(m™'v — ) + Z) around 1, for
everyv =0,1,...,m, we have '
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BiNg:z) = g(w)

+ 9w i {'m"“"(m"lvw;:c @ — )} (m) (1—g)m™

=0 v

+ Z{msm We-E)+ (T p }2(?:) 1_32)"“"”‘
+ .
= g(n)
I E -
+ "21"'9”(u) {m™ 7 (U1 = ) + Op (™) + (7 — )}
+ |

g(‘u) +Op(nm1/2) + O(m—23—1) +-Op(m—23~1n—1/2) —I—Op(n""l)

= g(u) +O(m™>N) + Op(n~ V%),

where s > ~1/2,asm — o0, and n — oo. Order O(m~2*71) + O ( -1/2) of

error in probability in (14), as m — oo, and n — oo, is thus proved. -
The Bernstein-type approximation B {g;X) is given by (5), where s > —1/2.
We consider n fixed. By Taylor expanding the function ‘

my®(m7 (g — T1) + F)

g :
Mg, * (my (ve — Tw) + T)
around p = (p; .. ,uk) forevery v; = 1,...,mg, 1 = 1,...,k. Similatly, we
can prove the order 35 O( e 1) + O ( ~1/2) of error in probablhty in (15),
s> ~1/2,asm; — o0, Wherez—l ok, andn——roo

8.5. Asymiptotic normalzty in (16) and (17)
Following (12), we have

B — ()} =t {9(@) - o)}

where s > —1/2, a5 m — 00.
We consider the Taylor expansion of g(%) around . .
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An apphcation of the Central ant Theorem then shows the asymptotm nor-

mality in (16), asn — 0.

Following (13), we have
n{ B (9:%) - 9()} =0 {9(®) — 9(1)},

where s > —1/2, m = (my,...,my)7 asm;'——>oo i=1,...,k. .
We consider the Taylor expansion of g(%) around o = (us, ..., ux)” -
An apphcatlon of the Central Limit Theorem then shows the asymptotic nor-

mahty m(17),asn — 00.
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59 -Odo Barsotli ~ Laura Lecchini, A compartson of male and female migration strategies: the cases of African and Filipino Migrants to Haly.
60 Gilberte Ghilardi, Un modello logit per io studio del feaomeno delle nuove imprese.

61 S, Schaible, Generallzed monotonicity. *

62 Vincenzo Bruno, Dell'elasticita in economia e dedl'incertezza statistica.

63 Laura Martein, Alcune classi di funzioni concave generalizzate nell'oftimizzazione vettoriale

64 Anna Marchl, On ihe relationships between bicrifesia problems and non-linear programming problems.

85 Giovanni Boletio, Considarazioni metodologiche sul concetie di elasticita prefissata.

66 Laura Martein, Soluzicne efficienti e condizioni di ottimalita nelfotti-mizzazione vetioriale. ’
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67 Maria Francesca Romano, Le rilevazioni ufficiali ISTAT detia popoiazuone universitaria: problemi e definizion altema'uve s
68 Marco Botial - Odo Barsotti, La ricerca "Spazio Utilizzate” Obiettivi e primi risuifati.

69 Marco Bottai - F.Bartiaux, Composizione familiare & mobilité delle persone anziane. Una anatist regionale.

70 Anna Marchi - Claudio Sodini, An algorithm for a non-differentiable non -inear Factional programming probseni.

71 Claudic Sodini - 5.8chaibie, An finite atgorithm for generalized linear multiplicative programming.

72 . Alberio Cambinl - Laura Martein, An approach to optimality conditions in vecter and sealar optimization,

73 Alberio Cambini - Laura Martein, Generalized concavify and optimality conditions in vector and scalar optimization,

74 Riccardo Cambini, Aleune nuove classi di funzionl concavo-generalizzate.

Anno: 1994
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On.
" On
In.
On.
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75 Alberto Cambini - Anna Marchi - Laura Martein, On nonlinear scalasization in vector oplimization.

76 Maria Francesca Romano - Giovanna Nencioni, Analisi delie carriere degi studenti immatricolati dal 198¢C al 1982,
77 Gilberto Ghilardi, indici statistici delia congiuntura.

78 Riccardo Cambini, Condizioni di efficienza focale nella oftimizzazione vettoriae,

79 Odo Barsotti - Marco Bottai, Funzioni di utliizzazione dellc spazic.

80 Vincenzo Bruno, Alcuni aspetts dinamict delia popolazione ded comuni della Toscana distinti per ampiezza demagraf ica & per classi di urbanita -
e di ruralita.

81 Giovannl Boletto, | numeri indici del potere d'acquisto della moneta, -

82 Alberie Cambini - Laura Martain - Riccardo Cambini, Some opﬂmaixty condifions in mulﬂob]ectwe programiming.

83 - 8. Schaible, Fractional programming with sume of rafios. .
84 Stefan Tigan - L.M.Stancu-Minasian, The minimun-risk approach for continuous time finear-fractional programming.
85 Vasile Preda - LM.Stancu-Minasian, On duality for muitiobjeciive maihematical programming of n-set.

85 Vasile Preda - LM.Stancu-Minasian - Anton Batatorescu, Optimality and duality in nonlinear programming involving semttocally p;emvex and
related functions.

Anno: 1995
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87 Elena Melis, Una nota stofica sulla programmazione lineare:-un problema di Kantorovich rivisto alla luce def problema degl zerl.
88 Vincenzo Bruno, Mobilita territoriale dell'ltalia e di tre Region tipiche: Lombardia, Toscana, Sicilia.

88 Anfonic Cortese, Bibfiografia sulla presenza straniera in ltalia '

90 Riccardo Cambini, Funzion scatari affini generalizzate.

41  Piero Manfredi - Fabio Tarini, Modelli epidemiclogici: teoria e simulazions. (1

92 Marco Bottai - Marla ,Caputo'- Laura Lecchini, The "OLIVAR" survey.Methodology and quality.

93 Laura Lecohini - Donatelia Marsiglia - Marco Bottal, Oid people and social network.

84 Gilberto Ghilardi, Uno studio empirico sul confronto {ra aleuni indiel statistici defla congiuntura.

95 Vincenzo Brune, ll traffico nei porti #aliani negli anni recentl. '

96 Alberio Cambini - Anna Marchi - Laura Martein - §. Schatble, An analysis of the falk-palocsay algorithm,

[n. 97 Albarte Cambini - Laura Carosi, Sulia esistenza di elementi massimaii.
Anno: 1996 '
"[In. 98 Riccardo Cambini- S, Komidsi, Generalized concavity and generalized monotonicity concepts for vecior valued,

[In.99 Riccardo Cambini, Second crder optimality conditions in the image space.
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Min.
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160 Vincenzo Bruno, La stagicnalitd delle correnti di navigazione marittima.

401 Eugene Maurice Cleur, A comparison of aliernative discrete approximations of the Cox - ngersoll - ross model.

102 Gitberto Ghilardi, Sul caleoto del rapporto di concentrazione del Gini. ’

103 Alberto Cambini - Laura Mariein - Riccardo Cambinl, A new approach to second order optimality conditions in vector optimizatiun.
104 Fausto Gozzi, Alcune osservazioni sull'immunizzazione semideterministica.

105 Emilio Barucei - Fausto Gozzi, Innovation and capital accumutation in a vintage capital model an infinite dimensicnat control approach.
106 Alberto Cambini - Laura Martein - 1.M.Stancu-Minasian., A survey of bicriteria fractional problems.

107 Lucianc Fanti - Piere Manfredi, Viscositd dei salari, offerta di lavore endogena e ciclo.

108 Piero Manfredi - Luciano Fanti, Cicle df vita di nuovi prodoti: modetfistica non linsare.

169 Piero Manfradi, Crescita con ciclo, gestazione dei piani di investimente ed effefti.

140 Luciano Fanti - Piero Manfredi, Un modello “classico” di ciclo con creScita ed offerta di lavoro endogena,

111 Anna Marcm On the connecttedness of the efficient fronner sets wnhout lﬂcal max:ma ’
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[1n.

[In. 412 Riceardo Cambini, Generalized concavily for bicriteria funcions.
[In. 113 Vincenzo Bruno, Variazion! dinamiche {1871-1861-1891)del fenomeni demografici dei comuni (urbani e rural) della Lombardia, in refazione ad
. aicune caratteristiche di mobilita ferritoriale.
Anno: 1997 _
{In. 114 Piero Manfredi - Fabio Tarini - §.R. Williams - A, Carducel - B. Casini, Infectious diseases: epidemiology, mathematical models, and
irsmunization policles.
On. 115 Eugene Maurice Cleur - Piero Manfredi, One dimensional SDE modeis, low order numerical methods and simulation based estimation: a
companscn of alternative estimators.
[In. 116 Lurgano Fant: - Piero Manfredi, Point stablfity versus orbital stability (or instability}: remarks on policy |mphca1|ons in classical growth cycle
model
 EIn. 117 Piero Manfredi - Francesco BRlar, transition into adulthoad, mariage, and timing of hfe in 2 stable popolation framewark.
CIn. 148 Laura Carosl, Una nota sul concetto di estremo superiore di insiemi ordinafi da conl convesst..
£n. 119 Laura Lecohini - Donatella Marsiglia, Reti sociali degli anziani: selezione e qualita delle refazioni.
[Jn. 120 Piero Manfredi - Luciano Fanti, Gestafion lags and efficiency wage mechanisms in a goodwin type growth model,
[In. 121 G.Rivellini, La metodologia statistica mullifevel come possibile strumento per o studio delie interazioni tra if com;:ortamenio procreative
individuale e il contesto
Cln. 422 Laura Carosi, Una nofa sugli insiemi C-limitati e L-limitati, .
 [Jn. 123 Laura Carosi, Suil'estremo superiore di una funzione Eneare fratta ristretta ad un insleme thiuso e ilimitate.
[In. 124 Piero Manfred:, A demographic framework for the evaluation of the impact of imporied infectious diseases.
[in, 125 Alessandro Valentinl, Calo della fecondita ed immigrazione: scenar ¢ considerazioni sul caso italiano.
Cin. 426 Alberte Cambini - Laura Martein, Second order optimality conditions,
Anno: 1998
Eln. 127 Pierc Manfredi and Alessandro Valentam Populauons with below replacementfertiity. theoreficat conmderaixoas and scenarices from the italian
: laboratory.
{3 n. 128 Alberlo Cambini - Laura Mariein - E. Morett, Programmazione frazionatia e problemz bicriteria.
[ n. 120 Emilio Barucel - Fausto Gozzi - Andrej Swiech, Incentive compatibility constraints and dynamic programming in continuous time.
Anno: 1999
[Ta. 130 Alessandra Valenting, impatto delle i |mrmgrazmm sulla popolaziond aliana: confronio tra scenar! aiternativi,
[In. 134 K. Igiicka - 0do Barsotti - Lawra Lecchini, Recent developement of m|gralsons from Poland to Europe with & spacial emphsis on ltaly Klglka -
‘ Le Migrazioni est-ovest: le unioni miste in lialia
C}n. 132 Alessandro Valentisi, Preiezioni demografiche multiregionali a due sessi, con immigraziont intemazionali e vincoli di consistenza.
. 133 Fabio Antoriefli - Emitio Barucei - Maria Elvira Mancine, Backward-forward stochastic differential utility: existence, consumption and equilibrium
analysis,
["In. 134 Emilio Barucei - Maria Eivira Mancine, Assef pricing with endogenous’aspirations.
Eln. 135 Eugene Maurice Cleur, Estimating a ciass of diffusion models: an evaluation of the effects of sampled. discrete observations,
F1a. 136 Lucianc Fanti - Pierc Manfredi, Labour supply, iime delays, and demoeconomic osciiations in a solow-iypegrowth model.
C1n. 137 Emilic Barucel - Sergio Polidqfo - Vincenzo Vespt, Some results on partial differential equations and Asian options.
[In. 138 Emilio Baruccl - Marla Elvira Mancino, Hedging european contingent claims in a Markovian incomplete market.
[3n. 138 Alessandro Valentini, L'applicazione del modello muftéregionale—mu!tisia%u alla popoiazione in alia mediante I'ifilizzo del Lipro: procedura di ©
adaftamento del dati e particolariti tecniche de! programma.
In. 140 1.M.Stancu-Minasian, optimality conditions and duality in fractional programming-involving semilocally preinvex and related funclions.
[1n. 141 Alessandro Valentini, Proiezioni demografiche con aigoritmi di consistenza per la popelazione in Htalia nel penodo 1997-2142: presentazions
deirisultati e confronte con metodoipgie di stima alterative. - )
In 142 Laura Carosi, Competitive ethbna with money and restricted pariecipation. .
[On. 143 taura Carosi, Monetary po!acy ang Pareto improvability in & financial economy with restricted partecupatlon
[In. 144 Biuno Cheli, Misurare il benessere e lo svifuppo dai paradossi det Pil a misure di benessere economico sostenibite, con uno sguardo allo
sviluppo umano
E1n. 145 Bruno Cheli - Laura Lecchini - Lucio Masserini, The old people's percep! on of weli-being: the role of material and non mate:;al resources
I n. 146 Eugene Maurice Cleur, Maximum likelihood estimation of one-dimensional stochastic differential equation models from discrete data: some
computationat resultas
[, 147 Alessandro Valentini - Francesco Biflari - Fsero Manfredi, Ulilizzi empirici di modetli multistato continui con durate multiple
[In. 148 Francesco Bilar] - Piero Manfredi - Alberto Bonaguidi - Alessandro Valentini, Transition into adulthoold: its macro- demographic conseguences
. in & multistatew stable population framework
[J=. 149 Francesco Biliari - Piero Manfredi - Alessandro Valentini, Becoming Aduit and its Macro-Demographic Impact Muttastate Stable Populatlon
Theoty ahd an Application to Haly
IJn. 150 Alessandro Valentini, Le previsioni demografiche in presenza di immigrazioni: cenfronto tra modelii alternativi e loro utsllzzo emplrico ai fini
delia valutazione deflequilibrio nel sistema pensionistico
[in. 154 Emilic Barucci - Roberto Monte, Diffusion processes for asset prices under bounded fationality
CIn. 152 Emilio Barucci - P, Cianchi - L. Landi - A. Lombard, Reti neurali e analisi defle sere storiche: un modelic per 1a previsione del BTP future
E1n. 153 Alberte Cambini - Laura Carosi - Laura Martein, On the supremum in fractional programming
E1n, 154 Riccardo Cambini - Laura Martein, First and second order characterizations of a class of pseudoconcave vector functions
"In. 165 Piero Manfredi and Luciane Fantl, Embedding population dynamics iz macro-seconeric models. The case of the goodwin's growth cycle
[Jn. 456 Laura Lecchint @ Odo Barsott], Migrazioni del preti dalla Polonia in ftatia
[In. 157 Vincenzo Bruno, Analisi dei prezzi, in Hafia dat 1875 in pol
1 n. 158 Vincenzo Bruno, Analisi def commercio &l minute In Halia
CIn. 159 Vincenzo Brunc, Aspetti cic_lici della liguidita bancatia, dal 1971 in poi

160 Anna Marchi, A separation theorem in alternative theorems and vector optirization
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161 Piero Manfred] and Luciano Fanti, Labour suppley, population dynamicics and persistent osclllations in a Goodwin-type growth cycle model
462 Luclano Fanti and Piero Manfredi, Neo-classical tabour market dynamics and chaos {and the Phillips curve revisited)

163 Piero Manfredi - and Luciano Fanti, Detection of Hopf b|furcatmns in conhnuos fime macro- economic models, with an application to reducibie
delay-systems.

164 Fabio Antonedll - Emilic Barucct, The Dynamics of pareto allocations with stochastic differential uui:ty

165 Eugene M. Cleur, Computing maximum likelihood estimates of a class of One-Dimensional stechastic differential equation models fram
discrete Date”

166 Eugena M. Cieur, Estimalng the dnft parameter in diffusion pwcesses more efficiendy at discrete times:a role of indirect estimation

467 Emilio Barucdi - Vingenzo Valorl, Forecasting the forecasts of others e la Politica di Inflation targeting:

188 A.Cambini - L. Martein, First and second order optimality condifions in vector optimization

169 A. Marchi, Theorems of the Altarnative by way of Separation Theorems

170 Emilic Rarucci - Maria Eivira Mancine, Asset Pricing and Diversification with Partally Exchangeable random Variables

171 Piero Manfradi - Lucianc Fanti, Long Term Effects of the Efficiency Wage Hypothesis in Goodwin-Type Economies.

172 Piero Manfredi - Luciano Fanti, Long Term Effecis of the Efficlency wage Hypothesls in Goodwin-typs Eccnomies: a reply.

173 Luciano Fanti, Innovazione Finanziarla e Domanda di Moneta in un Modello dinamico 1S-LM con Accumulazione.

174 P Manfredi, A.Bonaccorsl, A.Secchi, Social Heterogeneities in Classical New Product Diffusion Models. I: "External” and “Internal” Models,
178 Piero Manfredi - Emesto Salinelli, Modelli per formazione di coppie e modelk i Dinamica familiare, .

178 P Manfredi, E. Salinelii, A Melegaro, A.Secchi, Long tefm interference Between Demography and Epidemiology. the case of tuberculosis
177 Piero Manfrad: - Ernesto Salinelli, Toward the Developmant of an Age Structure Teory for.Family Dynamics & General Frame.

178 Pigro Manredi - Luciano Fanti, Population heterogeneities, nonlinear oscillations and chacs in some Goodwin-iype demo-economic models
Paper to be presented at the: Second workshop on "nonlingar demography” Max Planck institute for ‘gemographic Research Rostock,
Germany, May 31-June 2, 2

179 £. Barucel - M.E. Mancini - Roberto. Rend, Volatility Estimation via Fourler Analysis
180_Riccardo Cambini, Minimum Principle Type Optimality Conditions

181 E. Barucci, M. Giuti, R. Monte, Asset Prices under Bounded Rationality and Noise Trading
182 A. Cambinl, D.T.Lug, L.Martein, Order Preserving Transformations and application,

183 Vincenzo Bruno, Variazioni dinamiche (1971-1981-1991) def fenomeni derografici de comuni urbani e surali della Sicllia, in relazione ad
ateune caratieristiche di mobilita territoriale.

184 F.Anionelli, E.Barueel, M.E Mancing, Asset Pricing with a Backward-Forward Stochastic Differential Utllity
48% Riccardo Cambini - Laura Carasi, Coercivity Concepts and Recession Functions in Constrained Problems
186 John R. Williams, Piero Manfredi, The pre-vaccination dynamics of measies in ltaly. estimating levels of under-reporting of measles cases

187 Piero Manfredi, John R, Williams, To what extent can mter-:egmnal migration pesturbe local endemic patterns? Estimating numbers of
measies cases in the taiian regions

188 Laura Carosi, Johannes Jahn, Laura Martein, On The Connections between Semidefinite Optimization and Vector Opfirnization

189 Alberto Cambini, Jean-Pierre Crouzeix, Laura Martein, On the Pseudoconvexity of a Quadratic Fractional Function S
180 Riccardo Cambini - Claudio Sodinl, A finite Algorithm for a Particuiar d.c. Quadrafic Programming Problem.,

191 Riccardo Cambini - Laura Carosi, Pseudoconvexity of a ciass of Quadratic Fractional Functions.

192 Laura Carosi, A note on endegenous restricted partecipation on financlal markets: an existence result.

193 Emilio Baruce! - Roberto Monie - Roberto Rend, Asset Price Anomalies under Bounded Rationaiity..

194 Emilio Barugci - Roberto Rend, A Note on volatility estimate-forecast with GARCH models.

485 Bruno Chell, Sulla misura del benessere economico: i paradossl dél PiL e le possibili correzioni in chiave ofica & sostenibile, con uno spunto
per l'analisi delia poverta

195 M.Bottai, M, Botlai, N. Salvati, M. ngo Le proiezioni demografiche con il programma Nostradamus. {Applicazione all'area pisana)

497 A, Lemmi - B, Cheli - B, Mazzolli, La misura della poverta multidimensionale: aspetti metodoiaglm e analisl defla realt italiana alla mefd degh
anni '80

198 C.R. Bector - Riccardo Cambini, Generalized B-invex vector valued functions

199 Luclano Fanti - Piers Manfredi, The workers' resistance fo wage cuts is not necessarily detrimental for the economy: the case of a.Goodwin's
growth mode! with endogenous population,

200 Emilio Barucel - Roberto Rend, On Measuring volatility of diffusion processes with high frequency data
201 Piero Manfredi - Luc;iano Fanti, Demographic fransition and balanced growth

Anno: 2001

Cn.
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CIn.
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On.
Cn.
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[n.
[In.
On.
On.
Cn.

202 E.Barucei - M. E, Mancinl - E: Vannucdi, Asset Pricing, Dwersnf cation and Risk Ordering with Partlaliy Exchangeabie randor: Variables
203 £. Barucci- R. Rend - E. Vannucci Executive Stock Options Evaluation.

204 Odo Barsotti - Moreno Toigo, Dimensioni delle rimesse e variabili esplicalive: un lindagine sulla collettivild maroschina |mm|gsata nella
Toscana Occldentaie

205 Vincenzo Brung, | Consumi voluttuari, nell'uliimo frentennio, in ltalia

206 Michzle Lango, The monopolist cheice of innovation adoption: A regutar-singular stochastic contro! problem

207 Michele Longo, The competitive choice of innovation adoption: A finite-fuel singular stochastlc control problem.
208 Riccardo Cambini - Laura Carosi, On the ;Jseudoaﬂ‘ nity of a ¢lass of quadratic fractional functions

209 Riccardo Cambini - Glaudio Sodini, A Finite Algorithm for a Class of Non Linear Multiphcative Programs.

210 Alberto Cambini - Dinh The Luc - Laura Marteln, A methed for calculating subdifferential Convex vector functions
244 Alberto Cambini - Laura Martein, Pseudolinearity in scalar and vector optimization,

212 Riccardo Cambing, Necessary Optimality Conditions in Vecter Optimization.

243 Riceardo Cambini - Laura Carosi, On generalized convexity of quadratic fractional functions.

244 Riecardo Cambini - Claudio Sodinl, A note on a particular quadratic programming problem.

215 Micheie Longe - Vincenzo Valor, Existence end stability of equilibria in OLG models under adaptive axpectations.
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[TIn. 246 Liciano Fanti - Piero Manfredi, Poputation, unembioyment and economic growth cycles: afurther explanatory perspeclive

Cin. 247 .LR.Wiiliams,P.Manfredi,é.Salmaso,M.Cioﬁ. Heterogeneity in regiohal notification patlems and jts impact on aggregate national case
notification data: the example of measles in italy.

[In. 218 Anna Marchi, On the connectedness of the effiient fronfier: sets without tocal efficient maxima ]
0. 219 Laura Lecchini - Odo Barsotti, Les digparités ferrtoriales au Marog au travers d'une oplique de genre,

Anno: 2002 .
[In, 220 Gliberto Ghitard: - Nicola Orsini, Suiluso dei modetl statistict finear nella valutazione dei sistemi formativi.
{Zin. 221 Andrea Mercatanti, Un'analisi descrittiva dai iauréaﬁ_deli'Université di Pisa .
[ n. 222 £, Barucci - C. Impenna - R, Rend, The lalian Ovemnight Market: microstructure sffects, the mariingalé hypothesis and the payment system.

[In. 223 E. Baruost, P Mailiavin, M.E.Mancino, R Rend, A Thalmaier, The Price-volatility feedback rate: an impiementable mathematical indicator of
market stabifity. .

" [Jn. 224 Andrea Mercatanti, Missing at random in randomized experiments with imperfect compliance
{In. 225 Andrea Mercatanti, Effetto dell'uso di ¢arte Bancomat e carle di Credito sulla liquidita familizre: una valutazione empirica

[In. 226 Piero Manfrei - John R. Wilfiams, Population deciine and popufation waves: thelr impact upon epidemic patterns and morbidity rates for
childhood infectious diseases. Measles in ltaly as an example.

Ej n. 227 Piero Manfredi - Marta Cicfi degli Atli, La geografia pre-vaccinale del morbillo in Htalia. 1. Comportamenti di contatto e sforzi necessari
’ all'eliminazione: predizioni dal modelio base delle malattie prevenibili da vaccino, '

[71n, 228 LM .Stancu-Minasian, Oi:)témaiity Conditions and Duality in Fractional Programming Involving Semilocally Preinvex and Related
[In. 228 Nicola Salvali, Un software applicativo per un'analisi di dati sui marchi genetic {Genetic Markers)

[1n. 230 Piero Manfredi, J. R. Williams, E. M. Cleur, 8, Saimaso, M. Ciofi, The pre-vaccination reglonal landscape of measles in laly: contact patterns
and related amount of needed eradication efforis (and the "EURO" conjecture)

[3n. 231 Andrea Mercatanti, 1'tempt di laurea presso 'niversita di Pisa: urapplicazione det raodetli di durata In tempo discreto
[In, 232 Andrea Mercatanti, The weak version of the exclusion restriction in causal effects estimation: a simulation study
E1n. 233 Riceardo Cambini and Laura Carosi, Duality in mulliobjective opfimization problems with set constraints
[n. 234 Riccardo Gambini and Claudio Sodini, Becompaosition methods for nonconvex guadratic programs
CIn. 235 R.Cambini and L. Carosi and 8.5chaible, Duality in fractional optimization probleras with set constraints
[In. 238 Anna Marchi, On the mix-efficient poinis
Anno: 2003
LIn. 237 Emanuele Vannuci, The valuation of unit inked policies with minimal refurn guarantees under symmetric and asymmetric information
hypoieses . : '
[n. 238 John R Witliams - Piero Manfredi, Ageing populations and childhood infeciions: ihe potential impact on epidemic patterns and morbidity
Cln, 238 Brino Chell, Errata Corfige del Manuale delle Imprante Ecologiche (2002) ed alcuni utili chiadment!
[CIn. 240 Alessandra Petrucci-Nicola Salvati-Monica Prafesi, Stimatore Combinato I Correlizione Spaziale neliz Stima per Piccole Aree
[dn. 241 Riccargo Cambini - Laura Caros], Mixed Type Duality for Muitiobjective Optimization Probiems with set constrainis

[1n. 242 O.Barsotfi, L.iecchini, F.Benassi, Foreigners from centrai and eastern Eusopean countries in Italy: current and future perspectives of eu
enlargement ‘ '

CIn. 243 A. Cambini - L, Martein - 5. Scﬁaébie. Pseudoconvexity under the Charnes-Cooper fransformation
[ n. 244 Eugene M. Cleur, Piero Manfredi, and John R. Wiliiam, The pre-and post-Vaccination regional dynamics of measles in aly: insights from time
series analysis :

Anno: 2004

[In. 245 Emilio Barucci - Jury Falini, Determinants of Corporate Governance in lialy: Path dependence or convergence?
3 n. 246 R, Cambini - A, Marc:h'l, A note on the connectedness of the efficient frontier .
FIn. 247 Laura Caros! - Laufa Martein, On the pseudoconvexity and pseudolinearity of some classes of fractional functions
[In. 248 E. Barucci - R. Monte - B, Triveflato, Bayesian nash equilibsum for Insider trading in continuous time
JIn. 249 Eugene M. Cleur, A Time Series Analysis of the Inter—&pi'demic Period for Measles in Haly
[n. 250 Andrea Mercatanti, Causal inference methods without exclusion restrictions: an economic application,
[In. 251 Eugene M. Cleur, Non-Linearities in Monthly Measles data for faly
[1n. 252 Eugene M. Cleur, A Treshold Modet for Prevaccination Measles Data: Some Empirical Results for England and Raly
[In. 253 Andrea Mercatanti, La gestione dei dati mancanti nei modelli di inferenza causale: il caso degli esperimenti naturai,
In. 254 Andrea Mercatant, Ritlevanza delle analisi di misture di distribuzioni nelle valutazioni di efficacia’
[ln. 266 Andrea Mercatantl, Local estimation of mixtures in instrumental variables models .
Eln. 256 Morica Pratesi - Nicola Salvati, Spatial EBLUP in agricultural surveys: an application based on italian census data.
Pn. 257 Emanuele Vannucci, A model analyzing the efiects of information asymmetries of the traders
[ln. 258 Monica Pratesh-Emitia Rocco, Two-Step centre sampiing for estimating elusive population size
[n. 258 A.Lemmi, N.Pannuzi, P.Valentini, B.Chell, G.Berti, Estimating Multigimensional Poverty:
A Comparison of Three Diffused Methods®

Anno: 2005 , .
Ein. 260 Nicola Salvati, Small Area estimation: the EBLUP estimator using the CAR model
[n. 261 Monica Pratesi-Nicola Saivati, Small Area Estimation: the EBLUP esfimator with autoregres§|ve random area effects
[l . 262 Riccardo Cambini-Claudio Sedini, A solution algorithm for a class of box constrained quadratic programming problems
Fn. 263 Andrea Mercatanti, A constrained likelihood maximization for relzdng the exclusion restriction In causal inference.
Lln. 264 Marco Bottal - Annalisa Lazzini - Nicola Balvati, Le prolezioni demografiche, Pisa 2003/2032
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