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 ADJOINTS OF A MATRIX
FRANCO FINESCHI* AND RICCARDO GIANNETTI!

Abstract. A set of adjoints for a ma.tnx is defined. Basic concepta in linear algebra and mateix
analysis, such as the most iroportant inverses of a matrix and the dlﬁ'e::entml of a detetminant, are
expressed by adjointa’
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1. Introduction. Basic definitions such as cofactors and determinants are ex-
tended to rectangular matrices. The Volume of an arbitrary matrix, introduced by
A.Ben-Israel in [3], is extended by a general definition of determinant. Some new re-
lations, such as "the square of product of the nonnull eigenvalues of a normal matrix
A of rank r is its determinant”, follow. The definition of adjoint matrices A%, for
an arbitrary matrix 4, is especaa.l}y useful in order to obtain formal expressions of
general and special (1,2)-inverses of A by entries of the same A. For an example, the
Moore-Penrose inverse is well known by numerical methods (as reductions, full rank
factorization, SVI, small perturbations and so on) or by the property ”r X+ minors of
A¥ are proportional to the corresponding minors of A’”, see e.g. Miao [11], Miao and
Ben-Israel [12] and Bapat [1]. As for square A, the formula |A}~1Adj A proves useful
in theoretical considerations, as well as the same form [A|7'A%¢ (Theo. 5.11) for the -
MP-inverse is also useful. The examples for small matrices emphasize the possibility
f9r writing inverses with symbolical entries. If A is square then also characteristic
polynomials of inverses are obtained. Two new inverses of A are presented. A link is
obtained between EP and Compound matrices. In the final section the differential of
determinant for general matrix functions is produced, For the sake of brevity, other
results in multilinear algebra are not considered here. R and C denote the real and
complex field respectively, R(A) the range of the matrix A, N(A) the nullity of A.

2. Rectangular determinant and cofactors. The nmitindex I of length r
is defined by

I:'zz{(z‘i?"‘ :?:r): 1<y <...<2‘.,.Sn}
besides we define, for a fixed _na.tural number k,

(I = {{izy. . dperryir) 1 1€ <. <fp=k<...<ip <,
where 1 < k< n}

finally, (I*) — i is the set I*~! on the indices 1,...,i—1,i+1,... ,n. If A € g™,
with § a field with char(F) # 2, then A3 is the submatrix of A’ determined by rows
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indexed by o and columns indexed by 8, o € I™, B € I7'. The determinant of 4 is
denoted by 1A], its rank by r{4). '
' ' 411 Gz 413
G2y Ggzz dog

For the matrix A = ], with r{A) = 2, consider

Q12 st
Qap  Go3

2
Qi 213
azy Qs

' 2
@11 a1z
G2y dgzz

Vol?A = EA 317+ A3 + |AB3P

the sum is defined as the square volume of a matrix A. A.Ben-Israel shows in [3]
that VolA generalizes to arbitrary matrices the absolute value of the determinant,
also see [7]. More generally, given the 2 x 3 matrix A with 'r(A) = 2 we conszder the
linear form in the parameters \§ € §, 4.4 = |AZ|ME + |AJZIME +|AZ[A33. For an
arbitrary matrix

DEFINITION 2.1. Let A, + 3™ — (F(F)(7))* be a map defined by

ArA = EzAgixﬁ, o€l ﬁe
,5

The map A, has the fcﬂomng properf;les
(i) If A3 IA"‘§ then A.A is a symmetnc map with respect to the rows and
columns of A
{ii) A-A=0, for any A3 iff |A3| =0, forany a € I, f € I
@) fms=r= r(A}, then lA |, in Ay, are the Pliicker coordinates of the
subspace spanned by the rows of A.
DEFINITION 2.2. Any m x n matrix A is said to be r-nonsingular 1&" it satisfies
anyone of these two equivalent conditions
(i) A A#D
(ii) there exists a € I?, B € I} such that A% #0, Le. 7(4) =
Generaﬂy ArA=A, Al only if A is square.
If M = |Ag], or, in the complex field C Ag = IA“I, for any e € I™*, B € I, then we
denote A.A by det. A or |A|.. This notation is gustlﬁed by A. Ben—IsraeI’s result

(det, A)} = Vold = H o;

de=)

where ; are the nonmull singular values of 4, and by {he next theorems.
The definition of cofactor ;; can be extended fo an arbitrary matrix.
EXAMPLE 2.3. If A is ¢ 2 X 3 matric with r{A4) =

1
e = 1 1] 617 _|1 0 AlZ 4 \12
1n= |, = 12 13
21 Oz Gog azt 222 dg1 023

2
e @z @izp (@1 @12 412, [911 @13] 412
en=1 g g 1 oo|Metly oM
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and so on. More generally

DerFmaTION 2.4, Let A € XN be a matrix with r(A) ='r, the cofactor a7, of
the entry a;; of A, for m < n, is defined by

BT e e Co Ain |7
e={0 ... 1 .. 0O

Qml <+ eex veen Omp i
=ArA: ap=0forz=1,...,5-Lji+1,...,n, 05=1and AF#0 -
onlyifi € o '

i ...z...z,. 2 00denidn
= 211 - z,. A 1 ...... l(AJi...J...J,- i~th row == e;i
where in the last determinant the i-th row is e; = (0,..

vector. The sum is over all 41,...,4,... ,ir e (I™) and 31,
Similarly, for m > n,

.,0), i.e. the j-th unit
M le“' 7j1‘ € (I‘J’{L)j' >

a1 ... 0 Qin
s
Cﬂij"-—" i1 or s 1 ﬂin
Qml e 0 e amnj

The following relation is immediate between cofactors of square and rectangular
matrices

o= 2 Mie ) 2.1)
23 0anfeniln
Freeonnde
where a(A7 %" });; denotes the classic cofactor of a;; for the matrix (At y,
EXAMPLE 2.5. For A € 3% and r{4) =2

11 12 13 Gw142
afs=10 0O 1 0] =

agy daz dg3 O34
o o 1 ol -

12
13 a1z Q13 Q14

6o o0 1 of T

a31 0«13 )\ + aiz 413 A

a3 @32 033 Qa4 _ 0 1
@13 Gi4] y12 0 li,pa, 10 1]a5 |1 . 0},0
1 0 A3 + aga| 1% " lazs aas Az @33 Qg4 A%

As in the example, it will be useful to write the numbers of the rows {columns)
involved in the expansion of the cofactor like apexes (indexes).

Let C = (of;) the r-cofactor matrix of A. The transpose of C, i.e. the r-adjoints of
A will be denoted by A%%.
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REMARK 2.6. The set A%? exigts for any matrix A. ‘
THEOREM 2.7. If A € ™" and r(A) = n, then for 3§ = |AF]|

A% = Adj AlAl
A% = Adj A|A] i F=C

Proof. Tt is immediate by of; = ay;l4}, 4,§ = 1...,n, where ay; is the classic
cofactor of a;; in A. O

. ) .
For any scalar X, the scalar A% is defined by AT = {3 li_i # g
i s

The r-cofactors. have several properties - :
THEOREM 2.8. Let A € F™*", where r{A) =r, then
(i) of; = %=t

as o special cose

of; = 134 & =49

) 2 Doy iF . L . o i .‘
) Tl = Tt NTEFIAGEEL i€ (I B €
Iﬂ' m <n ‘
(nr"’ a’hlaﬂ + ahzam +.ooo+ ahna';n = ArAzh ﬂ:‘.l'.
/ . ‘ Acv = AN m < n {det by rows)

(iv) CRs015+ 0502t o Ol = Aoy — BT
}‘a Aal—‘_((m) (n))" ) T Zn (det by rows)

('U) a0l <+ apaly + . + Qi = —1% - 1A§|+((r) (r))ql
(m) alga’l.? “+ 32‘1‘123 -+ amga‘m.? r |Aal+((m) (n))-—

the matriz A% is A where the zwth row zs substituted by the h-th row, the
matric Ax; is A where the k-th column is substituied by the j-th column. -
Similerly for m > n.

Proof. (1)
aa.a _ O . s 28l4%) 381431 B yeer yigenn yin
au:j o uam"f : - z "ﬁ 62‘-33 z;:’ ’;’ ‘?‘ nB da-w 1A37;.’9 ‘1.'0";"- ’:jr‘
. yeeeadyreeadr
S vy ASICARE Y 0
i STIEEW PR
(i1)By the linearity of the r-cofactors. (iii)
11 0 G1n
Qp1 ot Oapn
amaﬁ -+ thagg T ahna’;;‘ﬂ o [ ]
L1275 Qhn
af;-:]_
= ~1 . i % .,,“1
- ((T) (:)) (E}:lw-l;:* IAJI;, ’,j:.”Ajll,, Ve l )

1peveyite

FyeeeJre
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where Z‘1»--- :7:1' € (I:‘n)h*it hli'-- ,hf‘ € (‘[1?1)% _h: jl:-“ :jr € I;L By (I?)h“‘“z
we denote all ordered subsets iy,...,4, of1,2,... ,i~1,i+1,...m which have A.
Furthermore _ ‘

Gz - Gin
.ahl 1t Ghn
Al cas
Gry  *°* Qhn
| Omy 7 Omn ) ] N hl .
=N e 1A ENAG T )
geea gl
Franeesdn

then (iii). (iv)‘Simila‘r to (iii). (v) A special case of (jii) for h = . (vi) A special case
of (iv) fork=3.0 ‘
THEOREM 2.9. If A € F™*®, where r(A) =7, then

' 1 3E 1 1
_ _ d . d
A A=—(3 Y axaly) = Str AA™ = —ir A%°A

il j=1

Proof Suppose m > n. Since the cofactor of; is linear with respect to j-th
column, then ,

2?;1 ngx “_ijagj

Clm: G2 ... Q1p 0 a2 ... Qin
= 0 ase ... Ugn et 0 dge ... Ggn b
0 am2 ... @Gmnl, Gml @m2. .- Gmn;
4 ... Qip-l Oin a1 .. OQip—1 0
dgt ... G2me1 R agy .. azn—1 0
! _ e }
@mi . Oma-1 O n Qmi -+ Cmn-1 Omn|,
a1 aE ... Qi a3y fiz ... Qin
C_lGm; og2 ... d2a FIT ay Qe ... G2n
1Cmt w2 -+ Omn i Gmi Gmz .- Gmnl,

= o 145,108, + -+ Soap, 4SS, =1, 145123 = rAd

for « € I*, B € I, B; € (I/);. Tn the same way we may prove the property for
m<n U '
REMARK 2.10. For m = n = r, theo. 2.9 is Laplace’s theorem.

3. Products. In 1950 A.Horn proved the following, see [9]
Let A € F™*7 and B € ¥ be given, let ¢ = min{n, p,q} and denote the ordered
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singular values of A, B, and AB by o1(4) > -+ 2 Fmin{mp}(4) 2 0, 'ag(B} >
" O'min{p,f.z]:.(B). >0,and o3(AB) = -+ 2 Umin{m,ﬂ},(AB). 2 0. Then.

3 k :
[Jo:(aB) < [Jos(A)os(B) Ek=1,...5¢
i=3 f==]

if n = p = m, then equality holds for k =n.

In 1992 A.Ben-Israel proved the following, see [3]

Let A, B € ™", where R{4) = R(B'); R(A) = R(B), them

[TowtaB) = Hm(A)m(B)

=1 =i

We present a more general proposition below
TrasoreM 3.1, Let 4 € F™*" and B € 7 be matmces and let r{4) =
r(B)= r(AB) = n, A A =321AT 108 oy AnB = leﬁ’ ’”wﬁ’ T An{AB).=
2 1€AB)EIAG, then
(i) An(AB)=A,A- 8B A5 =(08. )05
as a special cose ‘ ‘ _ -
(i) detn(AB) = detn(A) - detn(B) ie [T, 0:(AB) = [[iy 0u(A)oe( B)
Fm = 1ALl oy~ =By, Ag = 1(4B)g|
forany o € Im ﬂ &l
' Proof. (1) by r{A) mT(B) =r(AB)=n, (AB)§ = (AT . ’n)(BI‘ "), then.

An(AB) =30 5 (AB)FING = (o AL, 185" g)
= (Za ALl 2) (2 By "oy '”)mAnA A,.B

(1) detn(AB) = 3,6 [(AB)FP = (F, 145, . N2 By ") = detn A - deto B
where the summation 3, 5 is over. all subsets o of I andﬁ of I%.. [

REMARK 3.2. For m = p, #i) is the Bmet—Cauchy formula,

THEOREM 3.3. Let A € F™*" be o matriz

(i) i r(4) = m, then (AA")y; = 0, analy, = Gy S

(%) if ?‘(A) = 71, then (AMA)Q‘J' = E‘g‘ml a};‘-akj = ééjAnA

Proof. (1) (AA™) = 370 amcfy

4 I b
Qi1 e Gt & a1y v Ain ™ @iz vt vt Qip ™
=lay -+ 0| +|0 ag - O} +-+]10 - 0 g
'aml P a_vnn' :'aml N . a;mn' G | R Ve amn.‘
@1 - vt Qin '
cen 1 ifimj
fossrd ail v e P azn frssad 5z‘jA-m.A 653- fred A A ,
0 ifi#]
Gmil "' "t Omn
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(ii) is proved similarly. O

COROLLARY 3.4. Let A € ™™™ be a matriz

(i) if r(A) = m, then AA* = (A AV

(is} if r{A) = n, then A4 = (A, AT,

Proof. Immediate by Theo.d. 3.0

By the Binet-Cauchy formula, the minors of the product of two rectangular ma-

trices are expresséd in terms of minors of the factors. If A € ™" and B € 7,
then

(ABY 5= ) 1B '*ﬂnA::, ;|

H s.?q W
k!l 1kq

where iy,... ,iq € I7%, J1,-.. s Jq € I} and the sum over all ky,... ,kq € I3,
‘We can prove the following statement

THEOREM 3.5. Let 4 € ™% and B € X7 be matrices and let m < p. In the
product AB consider the submatriz ((AB)3, fa,-- ";’;).‘_.u; row=e)s where i1,... ,%, € IT
and ji,... ,Jn € IE, and the unit vector ¢; = 0,...,1,...,0 substitutes for the i-th

row, then

K(AB)H’ ::m)z-«-th ro'w—e:l
= Zl,.._ |( 31, ,,_1" ,Sn)kmth row—-—e‘ ”(.An’ ::: :%;)k th column=ey

where the sum is over ofl 1,...,k,...,n fork=1,.

The relation (A8)%¢ = B“A”'d is known only for square matrices, see e.g., Mag-
nus and Neudecker [10]. The next theorem generalizes this relation to rectangular
matricss.

THEOREM 3.6. Let A € F™*® and B € §"*F be matrices and let r(A) =
T'{B) == r(AB =n, A A= ElAl ,n]Th ey A,B = 2[35 ’nigﬁ o A,,,(A,B) =
2 {AB)31AG, then.

(i) (ABY" = B4 i 5= (nf. )05
as special cases
(i) (AB)™ = B4t ifng ., =|42 .| 65" =|By ",

25 = [(AB)g ‘
() (ABy = B4 iff, = |45, I G I
i = B (), 3 = 1B () ()

Proof. (i) Let r(A) = r{B) = r(AB) = n. Suppose m < p. Let the cofactor
Vg = (AB)gf be the ji-entry of (AB)*®, 8% the sr-entry of B and af, the vt-entry
of A%¢, The relation

no o 3 T (.
Vs = Brjcit + -+ Brytin
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must be proven. Using Theo. 3.5 -
B2

n .
21‘"_1'8;3:7 ?":: LTI, :Jn{l( Fiyes $.7 )Jn)kmthrow”e | Jl; :.7$ 1.7-7‘-}'

Zu, vty ,z“{l( 21' ,z, ’:_)_f;’—;hcolumn—aglnli: ’l‘n?m}‘l’
+E_’i1, N, 13n{i( 31, Y ,J,‘)k—-throw__eiji, ,,], ,Jn}'

'2;1,,_ K’ ,zn{l{ z;, ,;:le )k th col:mnme_-,]ﬂzh o ’m} =
= 27‘19 vzv s"ﬂ {21 , e ) l( _’u, ’?J’, ;Jn)k th row ~e’!

L J1e s.?

H Z 'I- e 7L Z}_ £y in
.KA Laese pFgeney ”)k h column—e_.,l} .?1' ’,j,. ?71 s s yeray
lz‘l

,
=S 1yeen ylyene yin 2B in
- E’fl""’.""’ i KAB)JI’: ‘:J,: ,Jﬂ)im‘th ”’w"”eg‘ .711 N :J‘n FY’.T
Thaesr sJasensln

(ii) and (iii}, it is sufficient to notice that-
Atl, ,z, ﬁn% — I(A_B)u'

| Jl; ;J‘} 1.'0'11-“ Ty ;J; 5.?711

Similarly the theorem is proved for m 2 p. O

4. Isomstries. THEOREM 4.1. Let V € C™*7 be a matrix and
then
i) det,V ={V*V]|=1
(i) Vot =V* /\?‘,....r = [V .|
(i) VoV =L, A =[VE Hm™
where k, 1<k < (T) is the number of nonnaull ]VJ_ o forae I
Proof. (1) By the Binet-Caunchy formula

1= |V*V]= sz Ve o] = detrY

where the sum is over all & € I™",
(3i) By r-cofactor definition and Binet-Cauchy formula

V11 . 0 e 'Ui'i"

YV hy=a=]v - 1 o v

vml‘ . 0 e Ve :
o .71 v Jr 1 2ove 2
2311 s sFaeessdr E . T"J, ' )i"’t?" colurmn —_'e.‘n"i lV'? . s’: ,JPE
?}11 fae 0 R ’Ulr‘ 1 . "fi;';'f N
e * - s e - = e iy
={V* {vn 1 vir { | =10 U5
Umi " 0 ves o U 0 'f}—g';

=75 = (V)i

(iil) By Cor. 3.4 Vo4V = (A V)L, Since AV =1 for AF . =
then V4V = [.. [

let V¥V = I,

Ve
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THEOREM 4.2. Let A € Cr*% be a normal matriz of rank r. 'S‘uppose Alyeen s Any
are the nonnull eigenvalues of A, r < v, then :

!
I 2:)? = det,A

g}
Proof A is unitarily diagonalizable, then a subunitary matnx U, UU = I, exists
such that A = UAU*, where A = dwg(Ai, v Ar ). By Theorem 3.1 and 4.1, it
follows that

det, A = det, (UAU*) = det, U |A]? det, U* = A = HAJ«’ 0

d=1

5. Inverses. ¢ By the following propositions, for any matrix A, an X such that
AXA=Aor XAX = X or both, is an r-adjoint of ‘A. '
THEOREM 5.1, Let A € C™*" and r(A) = r. Then (A.A)"1A% is the set of
(2) — inverses of A #ff (A% < r. Proof Suppose r(A**) < r. By Theo3.1, 3.6
and Cor.3.4 - '
(A A) 1AadA(A,~A)“1Aad (A Vzw*))—2WamdzadvadvxwtW*adzﬂdvad
= (A V AT A W) 2Wedsed( A V) D(A W) niedyed
= (A V A, Z}.{.\ Y AD) L WA AD) BV = (A, A)‘lA“‘i

Conversely, if (AA4)~A% is a (2)-inverse of A, then
r({AA) T4 = r{AM) = r(4% - A A% < 'r(A) =r a

By a similar proof we obtain the dual proposition

THEOREM 5.2. Let A € C™*" and r(A) = r. Then (4, A)“lA“d is the set of
(1) — inverses of A iff r(4°%) = r. 'Then, the characterization of the (I,2)-inverse
set of A is immediate.

COROLLARY 5.3. Let A € C™** gnd r{4) = T(A"’d) =1, then (A, A)““lA‘“’"
the (1,2)-inverses of A. Exphmtiy, by Theorem 2.8 the (1,2)-inverse set of a matr:x
A is given by

' "GN A a4 A
o1 T Oama
(AA)? geC
BA.-A DALA
B " Stmn

where the matrix has rank r.
For A € C™*" it is known that , if A= € C™*™ is a {1)-inverse of A, then A~ has
the property that A bisa solutmn of Az = b for every b € C™ for which Az =bis
consistent. Then, the next statement follows '
COROLLARY 5.4. Any consistent lmear system Az = b, b# 0, where A € C™*",
r{A) = r, has as set of solutions
xj2a13b1+"'+armjbm J;;—-_]_,._-’n

ArA
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for any A3 € C such that r{A*h) > r. :

Proof. (A.A)"1A°? are the (1)-inverses of A, then the solutions of Az = b are
@ = (A.A)"1 A,

REMARK 5.5. The Cor. 5.4 is an evident Cramer’s rule generalization,. ¢ It
is known, see Wei [14], that the most common generalized inverses of a matrix A are
all generahzed inverse .ATS with prescribed range T and null space §. By Theorem
5.1, A% is the matrix (A,4) 1 4% such that

1) (A Ay 1A% At =t teT

() (A,4)"14%4s=0 s :

We give a direct and numerically efficient expression for AT < by Aand arbltrary bases
of T and §. )

" THEOREM 5.6. Let A € C™" and v{A) =r. Letty,... by and's1,. .., 8m—r
be arbitrary bases of T and S respectively, ry < 7. Denote byt = oty + -+ + ap iy,
and 5 = Bi51 + - + Bm—rySmeers arbitmry vectors in T and S. Then

AZ) = (gry) Tty (I — (s*s)ss®)

where y = {I — (s*s)‘*‘ss*)A‘t.

Proof. It is known, see e.g., {13] or [10] , that the matrix equation XB = C hasa
solution if CB*B = C, in which case the general solution is X = CB1+Q(I~ BB*),
where @ is an arbitrary matrix of appropriate order. N{ (2)) == § implies A{ 38 = 0,
that is

Aé‘?% = Q(I —55T) = QU — (s*s)*ss*) Qel™™

By R(Ag,?;) == T we have A,(I?%At = t and substituting Q{(I — (s*s}"‘}“ss*)At = t. Denote -
= (I — (s*s)"s8*)At, then Qy =1, so

Q=tyt + QI —yy") QreC™™

assuming @y = 0, it follows Q = (y*y)Tty™, whence ATS (yryy+Hty* (I — (s*.‘s}"'*“ss*).
8] ' _
ExXAMPLE 5.7. For the mairiz A = 1:&3‘1 G12 0'13], let t = (ty,ta,t3) ond
. G21 a2z A3 .
§ = (sl,l.s‘g) be arbitrary vectors in T' and S respectively, then

Szt}_ —Slﬁz
A%% = (sp{ay1t] + arats + arats) — s1{apits + azote + ansts)) ™" {sate  —sifs
. 8oty —8ifa

¢ Campbell and Meyer write in [5] ”one of the major shortcomings of the Moore
Penrose inverse is that the reverse order law’, does not always hold, that is (AB)”““
is not always B¥A*”. A known result is the next proposition, see [5]
Suppose that A € C™*", B € C™*P, and r{A) = r(B) = n. Then (AB)}* = B*A*,
We want to define a different kind of inverse of A such that the reverse order law
holds.
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DePINITION 5.8. Let A € C™X® bhe a matrix of full rank. The (1,2)-inverse of A
defined by

= (AnA)1 4% for A§ =1

is a reverse order inverse of A.
THEOREM 5.9. Let A € C™*", B € C"*? such that r(4) = ~(B) = r(AB) = n,
then

AATA=A
ATAAT = AT
(AB) = BTA" -

Proof. By Cor. 5.3 the (1,2)-inverses of A and B are (An )t A é.nd
(AnB)~* B respectively. Then the following relation must be proven

(A AB) HAB)™ = A, A A, B B** 4% _ (5.1)
By Theorem 3.1 and 3.6 it follows that .
(AB)™ = B*A* and A,(AB)= AASnB G = (. 5™

and as a special case, if (7’1, ,-n) = lAl ..,n‘ (3,6' ,n) = ]B,B ,nis m I(AB);SI
Then the relation 5.1 is immediate. The condition AZ (771 ,n)(Bl’ ’“) is satisfied
by A= (f . .= (91' ™) .= 1, that is, if the chosen (1,2)-inverses of A, B, AB are
reverse order inverses. For (g, ») = |AT . AZ L (81‘ ™) = [B1 O, A% = i(AB}g[
the reverse order law holds. In this case, by the next Theorem 5 11, the (1,2)-inverses
of A, B, AB are A", BT, (AB)* respectively. 0J

ExAMPLE 5.10. For the 2 x 3 matriz A = (as;), r(A4) =2

2 " - agz+ a3 —Giz — 413
= (1Afa] + |A33]) + 1438]) 7" - | —aa1 +a2s @11 — a2
' —~dg) — gz 611 + Giz

It is immediate that AA” and A" A are projectors. By (4%¢)’ = (4")*? it follows that
. ( A'r ( Ar)r

& The next theorem gives an elementary and intuitive form for the MP inverse,
moreover it generalizes to any matrix the well known

-1 _
A dgtAAdJ A

TuEOREM 5.11. Let A € C™*%, r(A) =1 and let A§ = |AZ], then

o 1 4o 1 oy ... Qg
T det, AT T det,A |, T

T
of, ... G,
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Proof. Let A= VIW* bea singular value decomposition, where V*V = W*W =
I. and ¥ is'a 7 x 7 positive definite diagonal matrix. By Theo. 3.6

ad _ (VEWf)ad = Wredyadyad
By Theorem 3.1
| detn A = det, (VEW*) = det, VISP det, W*
By Theorem 4.1 A ’

det Vad)v If" W*(det W“W*M) I,
VVe = VV*, Wredwr = WW*

satisfies the MP axioms

Then At =
1)
Aldet, A) LA A = (det, (VEW*))~ LV EW*WredLedyedy Ly *
= (det;.V |5|? det, W*) 'V Edet, W* L det, V Zw*
=[S VS AGTEW* = VEW" = A
(2} Similar to the pre\nous one.
(3)
Aldet, A)—lAad (det,.(VEW*)) Ly nWpradgady ad
= VV* = VV* is Hermitian
(4) Similar to the previous one.

EXAMPLE 5.12. For the 3 X 3 matriz A = (a;), r(A) =2

A+w(§A P+ a4} l-i-lA l¢fﬁi§|+!4§§i+|«4 |"HAJ‘ |+ 1A% H—M l)"l
amials + azs[Al2 l + asalAl i+u33|A;3| —mml %gl - a:slA LR aaz?A |+ asslA 2
—azﬂA |+ azslAﬁi - flm!a‘l | + asai-&ggf a3 [A3 I - GlsiAg_gl - as1|A ] + GssiA%I
——ﬂzﬂA 3| - uzzlA &) — agy 1A sl = a*e.2|AJt | an |A13! + a12|4]
—amiA 2l = a13|4 sl - “23|A 5l — ausl 4 al:t

I—'131|4‘l i—asz

ﬁlxiA1§| - a13| %gi + mﬂl%iﬁgl - 323’1‘{33

anidal+ GmlAzsl + ag |ATS] + azn| AL

"REMARK 5.13. Theorem 5.11 generalizes the known relation, see e.g., [5]
1 4

+ o=
A tr A*A

where r{4) =1
: COROLLARY 5.14. Let A g C*, r(A) = r. The characteristic polynomial of
. At is

: Blal DAl
n - BlAl- n— - Faiy g iy i -
pas(t) =" — (214l 0, et - @A S B

: Baigs Baiyi

Al 1Al Bigiy Gigig
ai,:l Tt Bayyi

(24T 3, SR

et 8}A§r BlAlx

amm Tt Bl
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where iy,1s € IF, 41,1s,43 € IT, RS COPIN Wy -3 S

Proof. By (i) of Theorem 2.8 A* = |A]7(a];) = |Al7 1(—%%%1;’-’-), then the expres-
sion for pa+(t) follows. {1

COROLLARY 35.15. Denote by Bi,,...i, then X m matnm defined by

F1yeeerde
*11 » L yeen gim T
B; — B ""Adj (As':. -Jr)lAJl‘ ,j,..l
s f‘emazmng entries of Bi,,... i, are null
JRN ’ ,
B ) FYTERY
then
2 : 13.,
det,—-,A. e s.?r

11, az'r‘
Fryeensdr

Pracf By Theorem 5.11 and 2.1

1 1 i
T+ o T, 340 ’z, :11" i1, . .
A:r% Tt A T det, A Z iAJl, AR
1‘1:
‘ Fages IJr :Jr

80

det.,.A > By O

21, ,31- J1see e
Fpeeadr

COROLLARY 5.16. If A € C™*", r(A) =, then
(Al - |47] = |A4T] = AT Al = 1

Proof. By the Theorem 3.1 we have | A]- !A+ |,- gAA""‘L. = |{AT Al,.. Smce AA* =
VEW* (det, V|S|det, W*) " Wrednodyed = ynidEyed - VV“‘* then |AAT], =
Vvedl, = V][V, =1.0

This is a partially known result, see Ben-Israel [3], obtained by Pliicker coordi-
nates and compound matrices.

CoroLLARY 5.17. Let P be a symmetric and zdempatent matmx i.6. an orthag-
onal projector, where r{P) = r, then .

|Ple = 1
Proof. Since P is symmetric and idempotent, then P = P* and |P|, - |PF|, =
|PZ=1.0
© COROLLARY 5.18. For any A € C™*" r(A) =r

1A%, = |4
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Proof. Since r(A} = r(A"), |AF], = ||4]|71 4%, = {A|7% . |A%, and by Cor.
5.16, |AT), = |4}t :

The basic 1dent1ty AA% = A°d 4 = | AL, for square matrices is generalized by

CorOLLARY 5.19. Let A € C™*" have o smgula'r value decomposition A =
VEW™, then

(z) AA® = VV* Al

(#i) A*A=WW*|Al,

Proof,

1) A4%% = A4 Al = VZW*WE"‘V*]AI,--VV*{A!,. VvediAl,

(i) A%%A = AT AJAL = WETIVVEW* A, = WW*[AL-
0

CorOLLARY 5.20. Let 4 € C™*" and r(A) = n. Suppose m > n and set
a=1,...,m, B=1,...,n Then ~

(demweng*i;(AM)zJ . (5.2

@y

. where the sum is over all the subsets oy of a .that have n elements.
Proof By the Binet-Cauchy formula

1441 = fe MBI

using Cor. 5.16, we have |4* 4| = 1 and 5.2. O
O For any A € C™*", r{4) = r, denote by A® the matrix A“d for A§ =
|AgH () (7))t The next proposition characterizes the unique (R(4%), N AA))

generalized inverse for A (or inverse of prescribed range R(A®), null space N (AA))
THEOREM 5.21. For A € C™*", r{A)=r,

AD — ped | = |43 |+(( )(?:)),,.1

is the (R(A®), N{A?))-generalized inverse for A: '

Proof. Let A = VEW* be a singular value decomposition, where V¥V = W*W =
I, and X a r x r positive definite diagonal matrix. By (iii) of Theorem 4.1 and (iii)
of Theorem 3.6 it follows that A% = WL~V for A = [AZ]H((7) (1)) Then

AABA = VEW WISV VEW* = VEW™ = 4

and similarly A2AA% = 44, 00
It is straightforward to prove the following properties
TreEOrREM 5.22. Let 4 € C™ 7, 'r(A) =r. Then '
(i) A A= AAR =1, |A% ] = = |A%],
(i) (A = (4%Y
(i) (A2)A = A
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(i) (MA)A = A AA AeC
() (AL.M\)A = AAR,  (4%A)A = APA
fvi) ATA = A" (AA*)AA AAt = A(A*A)D A
(vii) AAD = AA*(AA")2,  APA= ATA(A* AP
THEOREM 5.23. Let A € C™**, r(A) = r. Suppose . < n, then the range of
A® i3 characterized by

R(A®) = {(z1, .. ((Ez_z Al ) — n+r)m1~+
+(<5_:z_1 A,Aﬂ) n + Poa+ o+ (ns Ardin) =1+ 1)an = 0}

the matriz Az; is A where the k-th colummn is substituted by the j-th column. Similarly
form>mn. .
Proof. For any z € R(A®) is A*(Az) = z, then

. : (Zi=1 Gizan)ml ot (Z,-=1 amaﬁ)”f‘n == Ty
AMAzY = oo PO

(2?;1 @:105,)81 + - + (T Gin0p)Tn = T
by (iv) and (vi) of Theorem 2.8
{ (———1)5614*(4 Are — BR)zo -+ (A Ay — )z =0

.............................................................

(4. nl“‘””f)-’ﬂl'i-(ﬂ Anp = BD)mp 4o+ (£ =15 =0
; 0 ATAI_E e ArAyg 11 .- 1 z 0
_l,_!'_:?;_i’;‘-_ e b e e aaes P ) =
I SPPPEY [ IS B S

multiplying by the row vector (1,1,...,1)

ArA'nl ArAn2 0

n—1 L3
ZA Azl,ZA Az, .. ZArAin)+(T””n)(l,1,... ,1)) ‘ =0
: il '

: '.'.?"-'2 T

Then the expression for the range of AA follows. 0
THEOREM 5. 24 Let A € ™™, 'r(A) = r. The characteristic polynomial of AA

is .

SArA - BACA

aatl‘i aatg_-ﬁ

dALA
531211 341212

Das (t) = " - E:—.l aaa.:l A z51,?32 "2 -

84r4 BA.A

. Baryiy, ' Bty -
-.:]:Zilr--:ir e |8
GA-A DArA
Bainy T Doy,

for Aa = lAai'*'((m) (-n) -1 , where iy, 4y € Iz , t1,00,i3 € 17, ... sBlyees yip € In.
Proof, By (i) of Theorem 2.8 A% = (af;) = (6£ :4) for Mg = ]A"‘]"’”(( )(f))”*,
then the expression for pya(t) follows. O
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8. Drazin and Group inverses. The Drazin inverse provides solutions for
systems of linear differential equations and linear difference equations. We recall the
Canonical Form Representation for A and A%,

Let A € " and Ind A = k, then there exist nonsingular matrices P,C and a
nilpotent matrix N of index k such that

_piC O} 51 D _ R
A—-—P[O N}P , A w—P[O O]P

By the next proposition, the Drazin inverse of A is expressed by the set A,
THEOREM 6.1, Let A € F™" and Ind A = k, then for each integer | > k
A’D — (A’__Aﬁ-\‘-l)wlAl {A22+1)adAE

where r{A?+1) = r. Proof By the Canonical Form Representation

2841 02l+1 0 .—1
A ,...P[ o ol

Since (A,A2F1)~1(AM¥+1)ad jg 5 1-inverse of A%+, then

. O-—2l+1 ‘X
2041y —1 2+-iNad 1 -1
(oeh )1 A2y _-P.[ %, Xs} P

and by multiplying the block matrices
ANA, 4B A2£+1)adAl = AD 0

If IndA < 1, a special and important case of the Drazin inverse is the Group
inverse A¥ of A.

THEOREM 6.2. Let A € F*™ be o mairiz with r(A) =r and Ind A < 1, then
A* = A%t for MG = |42}

for any o, B € I

Proof. By Cor. 5.3 (A,4)" 1A%, for r(A°%) =, is the set of (1,2)-inverses of 4.
In order to obtain A% impose the AA%? = A°?A, Let (AA®%);; = T2, anofy, and
(A% A); = op o ;0k; be the (4,7) entries of AA®? and A®!A respectively, then
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(AA®F);; = {A*¢A);; must be proven.

J 4
air . Oia a3 vt Qn
(AAad}z'jza"il 1 e 1] Ao, O cae i
Oni -+ Gnn Gny  ** Gan
2
ayy v Qin ‘
vas , aaﬂ - aﬂ-lﬂ-
a3 vt Gin
Cm e e ] o= 231"_ is. |01 Tt Gim
a‘il LY a"iﬂ e - .
- .:n a’Sy-l e asrﬂ
an1 ' Onn

S VPSSR V- Hour v D i g

Developing by columns

(A% 4);
a11 “en . 1 e aln , ) a‘ll e 0 LY aiﬂ

malj s e Ven e s aen ..{.......i..anj. + PR

. [, B 4] e anni qnl v 1 N anni

ayy e alj ‘e A1y 0184 a5 - Qs
= EEE T :231,...,3', . .

anl a s a'nJ LY a‘nﬂ i ] a’n51 w4 e anj e ) a’u-ﬁr 'i
— Z Z tu--- e lAih «ofp : :

Laree pdyer 250 1 paas y b 81,... [N PPN T L SR T N

for any (s1,... ,z',... 80 ), (81 v s fhere »Sr) a.nd (£15... ,%-) in I”'-_ Then
2311." PR Ztli 4 ::: v yBaia tysr iA: 93,

= Zﬂl) z st 31111~"11.?:‘-“751"iA3T: :?'1 <y8p
holds for A5 = |A8)|, where o, 8 € I7. [:3

7. EP and Compound matrices. Let A € C**™ be a matrix Where r(A) =r.
If A* A = AA¥, or equivalently R(A) = R(A*), then A is called an EP matrix. The
next theorem gives a necessary and sufficient condition for a matrix to be an EP
matrix,

THEOREM 7.1. Let A & F*%" be o matriz with r(A) = r and A A= 3|4 IA"‘,
then A is an EP matric iff |Ag| = |A8| for any o, B € I".

Proof. If A is EP then A‘E' satisfies AATA = 4, A+AA+ = At, AAT = AT A,
it follows that AT = AP = A#. By Theorem 5.11 and 6.2 A§ = [A3| = |Af] .
Conversely, if {A3| = [AZ] for any o, € I then A* = - A* and AAT = AA# =
A*A = AtAso t,hat A must be EP. O

If A is an m X n matrix with 7(A) = r, then the k-th compound of A is defined
as an (7) x % (}) matrix A®) whose elements are |Ag| for o € IT?, B € I}, where o, 8
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are ordered lemcographlcally
We recall, without proofs, elementary properties of the compound matrices, see e.g.,
Fiedler [6].
(i) Let A be a diagonal matrix with a13,... ,@nn the nonzero entries. Then AR
is diagonal and its entries are ¢, ,... , Gy, for any @ =i1,... i € I},
(u) Let A be an m % n mairix and B an n % p matrix. For any posztwe mteger :
k, k< mm(m, n,p), then
) ( AB)“‘) = A &)
(i) If Ais an unitary matrix of order nand 1 <k < n, then A% is umtary a8
well,
The last property actually holds for semiunitary matrices
If § is a semiunitary matrix m X » with §*S = L, and if 1 < & <r then $) is
semiunitary as well,
A link between EP and compound ma,tnces is given by the next proposition
THEOREM 7.2, Let A € C* ™ be g matriz with r{A) = r, then A is EP iff AW
is symmetric.
Proof. Tmmediate by Theorem 7.1. B
Not long ago Hartwig and Katz gave a necessary and sufficient geometric condition
for the product of two EP matrices to be EP, see [8]. The next theorem shows a
condition for the product AS to be EP. '
TugoreM 7.3. If A,B € C™" with r(A) = r(B) = r(AB) = r, A, A =
Poap |AGING and ArB = 32, 5 1BElug, then

AB is BPiff S (A31BS =3 |AYIIBE
B8 B :

for any o, 8,v € I7.

Proof. By Theorem 7.2 AB is EP iff (AB)") is symmetric. Since (AB){T') =
AP BEY and (AN BN, = P [A HB’Gl for 4,4, € I7, then the symmetry implies
Y| A5HB7| = T 145110 O

Now we are going to extend to eompound matrices properties partially known
only for square matrices.

TurogeM 7.4. Let A € T and r(A) = r. If &4,...,0, are the singular
velues of A and k is a positive inleger, k < v, then the singular values of AR gre all
. the possible products oy,, ... ,04,, where o =41,... ,ix € IL.

Proof. By the singular value decommposition of A there exist semiunitary matrices
Sand T such that S*S = T*TF =I. andar >< r positive diagonal matrix A such
that A = SAST*, Using (i) we have A6 = (SAZT*)R) = S (AZYENT™)(®), where
S®) and (T%)%) are still semiunitary and (A%)®) is a diagonal positive matrix of
* order (}). Hence the singular values of A®) are the diagonal entries of (Az)(k) By
(i) we know the diagonal entries of (A%)*) are all the numbers oy,,... 0y, for any
o=11,...,0 €I 0 '
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THROREM 7.5. Let A € C™** and r(A) = 7, r{A%®)) = ry. Let k be a positive
integer such that k < r, then

det,, AW = (det, A)E=)
Proof By det,A = [Ti_, 0 it follows that

detr,eA{") = H"’"v'" Oy, foro=idy,... 4, 0 €I}
o

and some of the singular values may be identical. Each of the numbers #; occurs in
)~ (";1) == (};ﬁ) terms on the right side. Hence
q[o06D) = (et )& 1
3wl
TaEOREM 7.6. Let A € C™*™ gnd B € C™*P. If r(A®) = r(BE)) =
r{ABY*) = (%) for positive integer k, then

e ) (AB)®) = det ) (A)) - dety (Y

Proof. By (i), (AB)® = A¥) B and by Theorem 3.1.

8. Differentials. If a matrix function F : § — R™*™ jg considered, where S
is an open subset of R**9 and F is continuously differentiable on 5, then the real
valued function }F) : § — R, defined by |FI(X) = |F(X)|, is k times continuously
differentiable and . .

d\F| = tr Adj (F‘(_X)}dF

see Magnus and Neudecker [10]. The next theorem generalizes the above known result
to a matrix function F': § — R™*™,

THEOREM 8.1. Let the matriz function F : § ~» R™*™ be k times continuously
differentioble on open subset S of RP*Y, then likewise it is the real valued function
|Fl, 1 § — R defined by |F|-(X) = det (F(X)) at points X where r(F(X)) = 7.
Moreover

d|F|. = 2tr F*44 F

proof Let ¢ : R™™ — R be the real valued function defined by ¢(4) = det.A.
The function ¢ is oo times differentiable for any A € R™*™. Since det. A = |4, =
S 1457, where the sum is over all & € I" and § € I7, then by the r-cofactor
definition 2.4 ‘

2 ‘ 2 ' . .
Blals Mo p 450 b BlAFF Y L B ARt |2
dai; C Bag; o,F  daiy ;i:--- ‘);v" ,.’;r Bayy e I N, N
- . N - LIRS ML LLL r
— i i N FLyuen B atr a Blyrer abyena g
- Zz_l;--- 1hyeesyle 2 AJ:,, sdyees ;Jr‘ Beres iA.Tl;-«- 1Free- :J"rl

Jiprersdanes

air . . . . . .
. ) o TR v AL gern yhpeenade ) _ a7
=2 Z;; A |4 HAR 3 it row =o)L= 20
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50

a|A{,.

dp(A) = Dg(A) - vecd A = ZZ d .U—-ZZZaudav—2trA°ddA

=l f=1 i=1 =1

Where D¢(A4) denotes the Jacobian. By the |Flr = ¢ o F and the Cauchy’s rule of
invariance

d|F|. = 2tr F*%dF [

THBOREM 8.2. Let F': & — A(E) be a matriz valued function of a scelar. If F(£)
is a differentiable m x n mairiz at some poini £, for m < n and r(F(§)) =r, then

- ; aF
DRl =23 (e = 217 25 e
i=1 )
where (F(£)): z';s the matriz that coincides with the matriz F(£) except that every entry
in the i~th row is differentiated with respect to £.
Proof. De|F(E)lr = De(Ta 5 |FERI) = 20 5 IF )| Dl F(€)3); since
De|F(€)g) = 2?__1 {F(€)3)s], see Horn and Johnson [9] p.491, we have

D6§F(<‘§ r= 22 ,,e Ei-—l iF(g)ﬁ”(F(E a) I— 221:11(F &) |r

@y v O, ' iy Qin |

g3 v Uz @z "t OGon
=207 . ..’.‘ +eek |00 T

: ' '

amy Qi ' Ogpn

=23, ;al;af; —-2tr—————-)-A“d

similarly the proof for m > n. 00
COROLLARY 8.3. Let A be a constant n X n matriz with r(A) =7, then

De|el — A = 2tr (61 — A)™®

Pmaf Denote by I; the cofactors of (61 — A},

1

‘ : Tt 0 0 *
Defer~aj=2( 70 702 T T L
~m1  —Gnz " O
E—ay1 ~mz v —~Gale
| TR ETem o a5 B = ot (1 - A
0 0 - 1

~
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