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Abstract

We consider a simple two period overlapping generations model where
agent’s welfare depends on three goods: leisure in the first period of life,
environmental quality and consumption in the second part
We assume that the agent considers as negligible his own contribute to
environmental deterioration and takes its. level as esogenously given {even
if he has perfect foresight about it}.
Economic activity depletes the renewable natural resource. To react to
such depletion, representative agent can increase the labour supply. The
growth of economic activity generates a further decline of environmental
quality which leads to a further increase of labour supply and so on. Thus,
this process causes a change in the pattern of consumptlon from comimon
free goods to private ones.
We point out that the equilibrium dynamic, described by the individual
- labor supply and market clearing conditions, may exhibit maitlpie fixed
points corresponding to different level of output.
We analyze the stability condition of fixed points using the geometrzc:al :
method developed by Grandmont, Pintus and de Vilder (1998), and we
find that the equilibria may be indeterminate, and that invariant closed
curve and cycle of period 2 may emerge around the steady state. .
We also show that the welfare level associated to more productive economy
can be Pareto dominated by economy with lower production but with more
leisure and a better environmental quality.
Considering the optimal solution of the model, we ﬁnd out that social
planner can Pareto.improve the agent’s well-being associated to steady
state setting labor supply esogenously to a lower level.



1 Introduétion

The aim of this paper is to explore the role of environmental variables in the -
context of individual choices. We introduce a productive overlapping generation

model in which many firms behave competitively and individuals live two pe-

riods. The agents’ utility depends on leisure in the first part of their life, on

consume (of a private consuraption good) and on environmental quality when

old. Environment is deteriorated by economic activity performed in the previous

period and to make robust some considerations about well-being, we assume that

environment is able to reproduce itself to its natural level every period”.

In this model, environment is considered as a public good offering free disposal

commodities which enter positively in the agents’ utility. Some simple classroom

examples are clean air, clean water, beaches, woods, etc.” _

Nowadays, much part of literature on growth with env1ronmenta1 goods is cen-
tered to explore the case in which agents internalize the influences of their actions

in environmental dynamics. For example, in their seminal paper® on the theme,

John and Pecchenino {(1994) (from now JP) consider an overlapping generations

model W}lere the young agents solve their utility maximization problem allo-

cating the earned resources between save and enivironmental conservative and/or

improving expenditures. :

Although in the decentralized economy no coordination among agents of different

generations generates Pareto non optimal equilibria, the authors obtain a long

run positive correlation between environmental quality and economic growth: the

more the production rises up, the more agents allocate resources to make envi- .
ronmient better.

In contrast with this approach, many empirical works (see later in the section
for some references) underline that, it does not exist a specific market for many
natural goods. Thus, if they are deteriorated by negative externalities, this event
may lead the agents to rise up private consumption for substitute them®.

In our paper, following Antoci’s view, we introduce the next hypothesis on the
agent’s perception of environment: @) he can’t influence its quality, alone, b) he
overlooks the role of his choices on its dynamics. According to this modelling, in
individual’s allocation problem, each agent considers envirohmenta;l developmeént,
“as determined only by macroeconomic variables, Consequently, even perfect fore- -

'This hypothesis neglects the possibility of cumulating poliution over the time.

*In what follows we use environmental quality and environmental good(s) as synonymous,
because we consider the first one as an indicator about the amount of the second one.

3And on the same line we can find Jhon, Pecchenino Sch1mmelpfenmng and Schreft(1993),
Ono(1996}, Cno(2002).

In their model, agents have preferences on consume and environmental quality in old age.
Environment is negatively influenced by private consumption but even depends on the choices
&f previous generations.

SPhenomenon known in literature as ” defensive expenditures”.



seeing its level, he takes it as given®. ‘

In line with results found in Antoci and Bartolini (1999), this model shows that
the scarcity of environrhental quality could be an engine of private consumption
growth. In fact, even if the steady state level of capital accumulation is esoge-
nous respect agents’ choices, considering explicitly the time allocation problem,
a worse environmental quality could conduce to a more working and producing
life style.

This result is due to the following self- enforcing. mechamsm agen‘ss react to the
scarcity of natural resources shifting to a more private consumption pattern. To
make it possible, they allocate more time in working activities, but this reaction
leads to a further worsening of environmental quality. Consequently, agents in-
crease the labour supply and the economic activity still more, and the process
starts again. This mechanism is empirical confirmed, especially in urban life, by
the rise of health expenditures against pollution-related diseases (e.g. asthma
and skin diseases), or by the intensive use of minersl water is spite of the tap
one, of washing-machine also clothes-dryer (to preserve clothes from smog), the
restoration expenses due to polluted air, and many other examples. :
To confirm the role and the weight of defensive expenses, focusing attention on
the Federal Republic of Germany, in a empirical work, Leipert (1989), finds that
“the ratio of defensive expenditures in GNP increased from 5.6 to 10 percent be-
tween 1970 and 19857 ' ‘
Afterwards, we analyze the local dynamical properties of the model. As it
presents a large number of technological, environmental and preferential parame-
ters, to make clear the study, we use the geometrical-graphical method developed
by Grandmont and DeVilder (1998) which allows us to characterize the stability
properties of the (two dimensional discrete) dynamical System associated to the
model.

Even if we conmder competitive framework in which every generation consumes
only when old, the study points out that the presence of endogenous labour sup-
ply and an environmental good create a large set of parameters for which steady
state is indetermiriate or limit cycles could emerge around steady state. At our
knowledge this eventuality represents a new result, because the largest part of
literature on business cycles and indeterminacy® has researched possible causes
only inside of distortions of productive sector: no-perfect competition scale ex-
ternalities, and so on. - .
Finally, we consider well-being associated to the steady states. Analyzmg the role
of the environmental parameters, we show several significative differences among

In our view, the main difference between JFP model and this one is that, in the first, the
no coordination happens among different generations, while in the last one is even interior to
each single generation.

See also Ostro and Chestnut(1998) and Zaim(1999) for a specific study of the correlation
between poliution and healt costs.

8That is the presence of different(infinite) paths converging to the same steady state.



the decentralized and Pareto optimal economy. Then, studying a specification
- of the model in which, in decentralized economy, multiple equilibria exist, we
confirm that, usually, well-being is not related to economic development.

The article is structured as follows. In Section 2 we describe the model and the
role of environmental parameters on agents’ well-being, in Section 3 we analyze
the existence of the steady state and some of its properties, in Section 4 we con-
sider its dynamical properties, in Section 5 we present a case of multiple steady
states and in Section 6 we consider a possible modification of the description of
the environmental dynamic. '



2 Model set up

Let us consider a perfectly competitive economy populated by a continuum of
size 1 of infinitely-lived atomistic firms and identical non-altruistic agents. Fach
agent lives for two periods and we assume, for the sake of sirnpleness, that there
is not population-growth and we normalize the population-size to 1.

Each individual is endowed with {* > 1 units of time that he partially supplies
to firms during the first period. When old he consumes the consumption good
produced by the firms. The agent has preferences for his leisure in the first part
of life and for consumption and environmental quality during the second part”.

We assume that economic activity performed in the previous period reduces en-
vironmental quality!.

‘The rest of this section gives a formally descriptign of the model. .

2.1 The firms’ maximization problem

- Considering many homogenous firms which behave competitively, we can consider
a unique representative firm. So the gross production at time ¢, denoted by ¥;,
is given by ¥i = A (L4, Ky), where Ly and K are respectively the capital stock
and the aggregate labour in the economy at time . A; is a productivity scaling
parameter that we will use later to guaranty the existence of equilibrium.

We assume that F'(L¢, K:) is homogeneous of degree one, and strictly concave
respect to each argument. The production function in intensive form is:

F(Lta Kt)

Ly K K, N

= At = A - AP T = AP0 T = Atf(u) 1)
where . P
o T2

k, = I (2)

9There are several purposes for these assumptions, The first one is that many works on
endogenous labor supply (Reichlin{1986),Grandmont(1998), Duranton(2001)), and on environ-
menbal quality (JP{1994)), developed in QLG model, consider the same framework where
consumption (of private good and, eventually, of environmental asset} takes place. only in the
gecond part of the life. On the othez side, the model seems enough general to understand the
possible relations between economic growth and environment, Relaxing some assumptions, the
analytical hardness is not accompamed by a true earn of interpretation of results. Anyway we
can justify the model imagining that young agents have not money to spend or, in another
hypothesis, they are endowed by a fix sum of money able only to a survival consumption.
Such sum id given by old individuals so, even if young people are affected by {the sc,ar(:ity of)
environmental quality, they may only undergo it.

19See above for a formal definition of economic activity. In literature, other approaches con-
sider degradation of environment as a result of production (Gutierrez (2000)), or consumption
(JP(1994)). In the Appendix we develope the first case.

At



From the strictly concavii:y of F' respect to each arguments it follows that
fi(k) <0 | ®

‘For analytic purposes, we also impose that prod'uctiori function satisfies the stan-
dard Inada conditions. Summing up, we consider the following properties fulfilled:

Condition 1 f is strictly increasing with respect of its argument, C” for enough
high T, stm'ctly concave and lz’m f(k) =0, lz’m f’(k) = +00, lim f’(k) = ()

As we want to concentrate ourselves on the effect of environmental qua,hty within
the economy, we do not introduce any distortion on productive sector!!

Let us indicate with w; the wage due to workers at time ¢ and R; the mterest rate
on assets supplied. Asswming that capital depreciation is complete in a period,
the conditions of perfect competition equilibrium’ are:

3y¢ 4 .
Ri= gy = A/ (k)= Rk) @
we=g— Bhe= A(f(k) ~kf (W) =wk) ()

and the equilibrium capital accumulation is

Kiyy = .St o (6)

where s, represents the level of save of young people at time ¢. Using notation
introduced in (2) we can reformulate (6) as

kt+1Lt+1:w(kt)Lt . | \ o (7)

2.2 The agent’s problem

Let P € (0,1*) be the fraction of time endowment devoted to leisure at time
- t,¢ the consumption at time ¢, and B, the stock of environmental quality at
time ¢, we formalize the preferences of each agent introducing a utility functaon
U (B, ce1, E,.+) which satisfies the following properties:

Condition 2 U(P;, i1, Fiy1) @5 a cr function; with v suﬁZcient large, time ad-
ditive, i.e. U(Py,cpp1, Brpr) = u(P) + 5 %g v(%EL By ), where s W +9) is o discount
factor and B s a scaling pammeter u and v are strictly increasing unth respect ‘

110n this issue, Cazzavillan {3999) explores the roie of externality in a p1 ivate sector ina
similar OLG-discrete model with an analysis on well-fare and stability properties; Duranton
(2001) considers a model where the externality could be engine of positive long run-growth.



to each argument (ie. w{) >0, ¥{.,.) > 0, v(.,.} > 0), and with strictly neg-
ative second order partial derivatives (t.e. w'(.) <0, v{;(.,.) < 0,v5,(,.) <0,
sl ) <0,

Furthermore, we consider throughout the paper the condition of gross substitu-
tion between leisure and consumption fulfilled:

- Condition 3 %47 > - 1

It is a plausible assumption'® even straightened by econometric analysis (e.g.
Maddison(1995)). ' '

Each agent considers the wage wy, the aggregate labour supply L, as given
and he perfectly foresees the interest factor Ry, and the environmental quality
Eyys. Let I, = I* — P, be the individual labour supply, the agent’s problem could
be formulated as follows:

n%%xU (I =1, cep1, Ef+;)

Ct+1 = lwy Ryqy _
By = Bon ~ (®)
ey = 0

It is worth noting that differently from the JP model but according with papers
of Antoci, each agent takes the environmental quality as a completely esogenous
datum respect to his own allocation problem: even if he perfectly foresees its value
(second constraint), he considers that his decisions don’t influence it. Stressing
the fact that environment is a public good without a market he has not any
direct instrument to improve its level.

Substituting the equality constraints in the ut111ty funchon the problem could
be reformulated as

maz U(I* "ftait(f(”«t) kf'(ke)) F'(kers), Beia) (9)

0<iy <1

Under (2), there exists a unique solution of the problem and Lhe optlmahty
condition for the interior solution is™

1 o (ltw(kt)R(kHz), Eta-l)w(kt)R(kw»z)
1+6 B . B

Y% The assumption of negative mixed derivative allows us to formalize the fact that natural
free good could be substituted by private consumption (see above).

* An equivalent assumption is used in Cazzavillan and al (1998) and in Cazzavillan and al
(2001).

14Since now, when it is not necessary, we omit the arguments of functions.

—u'(I* ~ &) +

=0 (10)




Proposition 4 Erpression (10} implicitly defines o diﬁ"ereniiable function I, =
Hw(ke)R(ksi1), Bria), increasing respect to 24y = w(ke)R(kwe1), and decreasing
respect to Fipr. ‘ o ‘ : _
PT’OOf. Let us dEﬁ’I’LE:‘ D= (lt,zt+;,Et+1) = —Up, (l*—~lt)+ﬁfui(ltzi+l,Et+1)zt+1.
- D(lg, 2e01) = 0 satisfies the hypothesis of the implicit function theorem, in fact
we have thalt . . :
M == ’LLP (P‘ - lj;) 1-1-9?)1 (ﬁi}—é—-*—‘i‘——)zfﬂ < O,V&,ZH.]_
So zt 18’ '
Bl _ 1 vip(allyl q
BByt IHE T oA <
a1 @rltll(ﬁi%{giﬁ)hﬂ_f_vi(iﬁfkt%ﬁl) 0
dzeyy  1H0 —A >
where numerator signs follow from condition (2). =

The meaning of the previous proposition is that the shifting to a more labouring
life-style could be caused by the increase of productivity parameter 2, but even
by the depletion of the environment which induces agents to work more to sub-
stitute the reduced natural resources with private consumption. In such a case
environmental depletion represents a push factor respect to economic growth in
contrast with the common idea for which this could cause a limit. The importance
of this result will be cleared when we’ll consider the 1mphcat10ns on well-being
and on the significance of growth

2.3 Environmental dynamics

Even if environment introduced in the last subsection is not influenced by the
choices of the single agent, the economic activity performed in the previous period
reduces its value. We assume the evolution of environment described by the
following function '

Bea=BE Lo fk) D)

with these properties:

Condition 5 E is o C" function with r suﬁ‘icieﬁt large, which satisfies the fol-
lowing properties:

JE 8E
LSt < 0=ﬁ}%<0’“§§”)>0

2. lim E() =FE > 1, where [ is the maximum value of E ie. the
L0, f(fey )0 ’

natural endowment of the natural resource;

. li E()= sible —oo);
3 ot J}(Irﬁ}mwoo (\}=a (possi . e oo)



This way to describe the dynamics'® of environmental quality is quite optimistic
because it excludes the accumulation of the negative effects of economic activity
on environment. Everyday, Nature is able to reproduce itself to its original level,
and to supply the same flow of free disposal goods and services. A similar hy-
pothesis is used also in Antoci et Al (1999), and it is an interesting one, because
inimical respect to results about undesirability of high economic performances
shown in the Subsection 3.3.

Note that, in this model; in case of a general increase of labor supply, environ-
ment could represent a pressure mechanism for the individual to make his own
working time higher. Substituting (11) into individual iabour supply we obtain
the following proposition.

Proposition 6 Let the interior solution defined in p'mposztzon (4) holds, then
VL, ke
‘ oy, 0l 0Fyy

8Ly OEuy; 0L,

>0 : | (12)

This result is similar to those found in models in which positional consumption
(or relative income) is introduced: if many agents have high- working (and so
high private consumptzon) life-style, this behavior creates a push effect on the
single decision. :

3 Equilibria and Steady states

3.1 Symmetric Nash Equﬂibrium conditions

We now turn fo consider the problem of the existence and multiplicity of equi-
librium. In' line with much part of literature, we consider the Symumetric Nash -
Equilibrium (SNE) condition in which the choice about the time allocation of the'
_agent is the same of the average one (Cazzavillan et Al(1998(, Duranold (2001}).

Definition 7 A competitive perfect foresight (Symmetric Nash) equilibrium for
the economy is an infinite sequence {ki, Ly},og, such that, at each date t =
1,2,...,+00 ‘

Y Examples of function of this kind are

Eyppp = ———
T e XL
or _
By =E —k*—LP

These formulations could capture differentiated impact on environment by .labour and capital.
For example we may imagine two economies with the same level of output but a different
production structure: the first, more capital intensive, the second, more labour intensive. In
the first case, the impact of big infrastructures (highways, nuclear plants, etc.) msay have a
worse impact on nature. '



Z(Rl(kt+1)w(k¥)a E(Li, k) = Ly (13)

BrprLlpgg = w(kt)Lt . (14)

Remark 8 Without further restrictive conditions we can’t exclude cases for which
labour equilibrium condition (13) defines a corner solution. Anyway, for the prob-
lem of multiplicity of equilibria, the case L, = 1(.,.) = 1 could be assimilated to
the case in which the interior first-order condition holds, and the existence of
steady state is studied in (15).

If Ly = () = 0 (14) is indeterminate (cmd no well defined considering that
k= %). This case is not so interesting because it describes o situation in which

agents don’t work at all deriving their subsistence only by the consumption of B

naturael resources. Such a case could be considered as a poverty due to a threshold
to growth: agents are too lazy because of excessive generosity of Nature.

From (13) it is now possible to define the equilibrium labour supply.

Lemma 9 If 2£98 5 1 equation (18) implicitly defines a locally C™ function
Li = /\(kt—{»l: kt) - . .

Proof. Let D(ky, keiy, Le) = I Rlker)w(ke), B(Ly, ke)) — Ly = 0. From im-
plicit function theorem, it follows that a sufficient condition to have the result is

that

D!kt Ferile) O 8E
I =35 —1%0 ®

As we are mterested to work With 'regular maps” we impose the following con-
dition:

Condition 10 Where eaplicitly i is not specified differently we consider the
‘condztwn gg g? £ 1 fulfilled in correspondence of steady state values.

It is now possible to point out some properties of the equilibrium labour supply.

To make clearer the results,in what follows, we consider exphcatly the 1nd1v1dua1
labor supply function deﬁned in Proposition 4.

Proposition 11 If é’é a8 < 1 then it is.

BA_ O\
| A o 00 | 15
‘ Ep > 0, 55 <0 (15)
Instead if 2% g‘g > 1 then it is
O\ 153
—8‘; <40’5§ >0 (16)

10



The first part of the proposition describes the *normal” case in which the individ-
ual reactions have the same directions of macroeconomic tendencies. Instead, the
second case arises if the reaction of the individual would be reversed, at macro-
economic level, by the change about expectations. For example an increase of the
natural amenities induces the individual to work less, but the whole result may
be reversed because of the falling down of the expected general labour supply.

3.2 Existence and multiplicity of steady states

In order to show the existence and multiplicity of steady state it is useful to
express (13),(14) in a unique second-order non linear difference equation

ks MEose, k) = wk) Ak, ke) ,(17)

It is now natural step to introduce the following definition.

Definition 12 A steady stote equilibrium is a constant value k such that
Bk) = b~ w(k) =0 a8

Remark 13 In this model, as in Raichlin one, the existence and multiplicity of
steady states (with positive labour supply) depends only by technological properties
of production function. Anyway; differently by Raiclihn, the labour supply depends
on environment too, which modifies the steady stote gross production.

Remark 14 In this model we have to exclude the steady state withoul capital
because if k=0 it follows that w(0) = 0'®. In this case agents prefe:r not to work,
but L = 0 4s not allowed because k- 15 not defined.

Asin many OLG models (e.g. Nourry(ZOGl)) we have to impose specific as-
- sumptions to obtain the existence of the steady state equilibrium. We state the
following resuit.

Proposition 15 Under Condition I on production function
1) If 1im ¢'(k) < O then there exist interior steady states and generically the

numbe'r of the steady-state is odd;
2)If hm ¢' (k) > 0 then the number of interior steady state is genemcally odd

and ca,n be 0.

Proof. Let ¢(k) =k — w(k)
Firstly, because of Condition 1, it is

6See the following proposition.

11



Jim B2 = i 119 =05 o

and so . -
Jm élk) = lim k(1 - LR -, Jim k(1 K8 4 f1(k)) = +o0

1) Remembering that ¢(0 ) =0, if hm ¢'(k ) < O there exists k such that ok )

and generically the number of mterseci;mn is odd (we exclude the no robust cases
in which ¢(k) is tangent to k axis).
2)With similar arguments it 1s proved the second part of prop051t10n ]

3.3 Cobb-Douglas example: part 1 {well-being of the agents
associated to steady state solution)

We now present a really simple example that allows us to have the explicit solution
of the model and that it will be considered even in the next section to show its
stability properties.

We consider the following functional Spemﬁcatlons

U(E’;‘ — 1y, Cop1, Bep) = 1080; = b)+ 1+6 1Og(cgl i Etﬂ) (20)
| F(ky, L) = ALE® a(0,1) ' (21)
Bui = E—qL — d(AK) | (22)

and to simplify calculation we suppose d = 1/4° :
As the model is not able to generate perpetual growth because of the diminishing
return of the capital labour ratio, and because of the assumption of no population
growth. A sufficient condition to have a well defined maximization problem for-
the agent is that E is enough large. In this specification 1/B is the margmal rate
of substitution between C and .

The competitive equilibriwm VCOIldithl’lS, the optimal allocation conditions and
SNE conditions define the following equations {we are assuming that interior
solution I € (0,*) holds for the agent’s problem). -

12



w, = A(l ~ o)k (23)
R, = Aaky? (24)

By B I
Iy = (I"-(14+86 2
= =040 (1ma)k§f;11kt)2-z—9 (25)
.* (E L‘QB)B -
Ly = [I"~-{1+6) - X (26
‘ A%l - )ka}s;‘] )
y A*a(l — o)k kg
(24 ) A%l — o)k ke — nB(1 +6)
And imposing the (interior) steady state condition we find
k=[A(l - o))
— ¥ (ME - k"aﬁ)B iy
L = [I"-(1 +9)A3a(1 - Cz)kza”f”l] X (27)

Aa(l — a)k?et
2+ 0)Aa(l - a)i2et — B+ )

If the expressions in the brackets are both posmve, then L react posztively it £
decreases (see figure).

- MY W BN
oy e

32 34,3873 '4 12

Figure 1: Steady state labour su’pply as a function of E, &nd A a=1/3,0 =
0T, =T7,B=1.

13



In the next table we fix some economic parameters at a standard value and we
show the role of n and § to define the steady state value of the model. In every cell
it is reported a vector in which it is considered, respectively, the labour supply,

the environmental quality, and the utility of the agen

tl?

Let A=B=1a=(1/3),0 =0012,* =100, =1/2.

5= 0.01,B = 0.5

(43.54; 6.66; 7.40)
(44.47;5.65;7.37)
(45.41;4.64;7.33)
(46.34; 3.63;7.30)
(47.27,2.62;7.27)
(48.21;1.61;7.23)

=0.02,B =05
(43.95; 6.21; 7.39)
(44.89; 5.19;7.35)
(45.83;4.17; 7.32)
(46.78; 3.16;7.28)
(47.72;2.14; 7.25)
(48.66; 1.12; 7.21)

n=001,B=06
(42.30; 6.67;7.26)
(43.42;5.66;7.23)
(44.54; 4.65; 7.19)
(
(

45.66;3.63;7.14)

46.78;2.62;7.10)
(47.90: 1.61; 7, 06)

n=0.01,B = 0.9

(38.35;6.71;6.97)
(40.23;5.69;6.92)
(41.92;4.67;6.87)
(43.61;3.66;6.81)
(45.30;2.64;6.76)

(46.99;1.62;6.70)

This table shows, as mentioned in the first paragraph, the (no-intuitive) role of
‘natural resources about the growth of economic activity: if the rate of substitution
between private and environmental good is high, and/or the economic activity
depletes heavily the environment, it is possible that the environmental scarcity
pushes positively the economic growth. As far as the utility for the agents is
concerned, this reaction is not able to counterbalance the loss of natural free
disposal goods'®.

3.3.1 The centralized steady state solution

In this paragraph we introduce a central planner who wants to maximize the
utility of the agents associated to steady state solution and we suppose that
he knows the impact of labour on the environment. Furthermore, he has the
possibility to impose the amount of weekly working hours (or more exactly the
working hours for unity of time). Analytically, the central planner’s problem is

ma,xU(l* L,e, By = log(I" — L) + t5 log(§ + E)
k=[A(l - a)]™=
E=F—nL, — (k&)#

Substituting the equality constraint in the utility function and i zmposmg the op-
timality condition we find the optimal labour supply.

. E— [(1_0(]1 . 1
L=l “B(‘Hg)(ﬁ(lMa)a[A(lwa)]ZM - ) 2+9

(28)

17¥or all values considered she equilibrivm interior solution of agent’s problem is preferred
to the corner one.

18The same result could be obtained varying 5. For example, the decrease of £ from 1/2 to
1/3, (getting ) = 1, B = 0.5 and E = 8),and the consequent worsening of environmental quality
(it goes from 6.66 to 6.62) cause a rise of labour supply which goes from 43.54 to 43.57

14



For a large range of parametefs it is L* < L defined in (28). We state the following
proposition about it

Proposition 16 If the escp:re.sswns in square brackets of (27) and (28) are posi-

tive and A > (;(—1‘"%7‘)?‘1—_&”)1 * then L' < L.

- Proof. It is sufﬁcient to introduce the following function

R P E._[A(z_a)]—“ﬁ—' P
Hiz)= |I'= B(1+ 9)({42(1 oAl e Bm:) X (29.)
A - oilim(l o= - (30)

A2(1 = a)alA(L - o)) % (24 6) - (1 — 2)nB(1 +6)

- H coincides to L for z = 0, and to LYforz=1anditis decreasmg with respect
to x. It is in fact

H = — | B({1+0)( ) » - (31)

x

1 P

x{ 21~ a)o I[A(l“ ”&% + @
A2(1 = a)alAQL - )2 2 +6) ~ (1 - )1 ).
A1~ a)aA(l - o)) ¥ (1B(1 +6))

S— e | 5 X (33)
(A2(1 ~ a)ofA(l — )T (24 6) — (1~ 2)nB(1 + 9))
. E-[Al-a)™ .
- {l Bt e)(Az(;m a)ofA(L ~ )] an) &

where all expressions in squared brackets are poSiﬁive. |
If we calculate the optimal labour supply using the same values of the previous
parametrization we find that it is ever Ly < L.

 We have considered the value truncated at the second decimal digit, it follows that some
valies of the two tables seem the same. Anyway the environment and labour supply in decen-
tralized economy are respectively lower and larger than in the centralized one -
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n & 0.01,B = 0.5
(43.02; 6.66; 7.40)

(43.96;5.65;7.37)

(44.90;4.64;7.33)
(45.84; 3.63; 7.30)
(46.73,2.63;7.27)
(47.72;1.61;7.23)

n=0.02,B = 0.5
(42.89; 6.23; 7.39)
(43.83;5.21; 7.35)

(44.81,4.20,7.32

( )
(45.77,3.18,7.28)
(46.73; 2.16;7.25)
( )

47.69;1.14;7.21) .

n = 0.01,B = 0.6

(41.65;6.67; 7.26)
(42.78; 5.66; 7.23)
(43.92; 4.65;7.19)
(45.07; 3.64;7.15)
(46.19; 2.63; 7.10)
(

== 0.01,B = 0.9
(37.49;6.72;6.99)
(39.21;5.70;6.93)
(40.93;4.68;6.88)
(42.65; 3.66,6.82)
(44.37;2.65;6.76)
{46.09;1.63;6.70)

47.34;1.62; 7.06)
- (35)

4 Existence and dynamical propertles of the nor-
malized steady state

For the stability analysis of the model we find conditions guaranteeing that a
normalized steady state exists and persists, varying locally some parameters of
the model.

- We precede as in Cazzavillan (2001): we fix a normalized steady state for which
(L,K,E) = (1,1,1)® and, in a constructive way, we find some conditions on
parameters to guarantee its existence.

Theorem 17 Let A= A*,B = B*(defined in the pmof ), if

Jim o581, 1, B < i —1) < ok (34, 50,1, 5 48

then there exists the normalized steady state (L, K E) (1,1,1).

.Proof We prove this assertion in tbree steps

1. In accumulation equilibrium conditxon valued at steady state, Lw{k)— Lk == |
0, we fix A = A* to have A(f(1) — f'(1)) ~ 1 =0, ie.

H

1) - f(1))

4= 00

(36)

2. In equation (48) we ix E = E, to have E(1,1,E") = 1.

3. The last step is to verify the existence of a particular value of B in corre-
spondence of L = K = E = 1, such that the time allocation of agent is
! = 1. Let us consider the (agent s) optimality condition:

i R(1) R
1+9”(A*B’ e =@ =)

Even if it would be sufficient to fix caly k and leave (L, E) free, in order to give a clearer
economical explanation of results, we prefer to have (L, K, B)=(1,1,1).

B(1,1, B}t - (87)
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varying B, the right side of the equation (37) is constant and positive, while

the left one is increasing respect to B (see condition (3)), then it is sufficient
to impose the further condition :

lim 5 o (B8 B(1,1, B)) B < (e 1) <

B—too "1 A*B (38)
< lim v vl(ﬁg,m;,g*))x&g
to have the result. _ B

4.1 Dynamics around the (normalized) steady state

Now we consider local dynamics around the (normalized) steady-state. Equation
in (7) defines implicitly a two-dimensional discrete map.

In view of Hartman-Grobman theorem, to study the local stability properties, we
linearize (17) in the neighborhood of normalized steady state®!. To make economi-

cally clear the next analysis, we introduce the following notation: ¢;,, &, pepk, @, 9,

respectively the elasticity of the individual labour supply respect to z (i.e. the
relative cost of leisure), the elasticity of the individual labour supply respect
to-the environment, the elasticity of environment respect to the capital/labour
factor, the capital share respect to total income {(i.e. o = ﬁ) the elasticity of

capital/labour substitution in the production function (i.e. § = (1—£ 'k) 7 k) We -
underline that we are referring to the individual labour supply mstead of the ag-
gregate labour supply, because we want to exphut the specific role of environment
and private sector on stability properties?

Proposmlon 18 Let e, z,s; EEE, k,a & aiﬁ evaluc&ted az‘ an interior steady state
value.

The Jacobian matric associated to (17) evaluated at an inferior steady state (and
so even at normalized one) 1s

Iat,z &

0

( 1_;__|f‘_5i“i1£m ) + e do e“i""HE]Ef _ 1+1“6zz EELf a6 o8] 5;;‘_}‘!
J = e Toa
1

(39)
with the following determinant and trace

D(Jy=D; + £ [zusl[ee.|

fev.c]

“The study of the case L>L* is enough simple because the model collapses into a standard
one sector. model in which stability of equilibria could be showed in the plane &y, kry;. Such
stability depends on slope of w when it intersects the bisecting line of first quadrant.

*2The expression of the aggregate labour supply does not clarify the different roles of envi-
ronment end private sector on stability properties.

17
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T(J) =T + e eellens

1—ce Est |

where Dy = 121+ Sozlonelhy g g) - o Soleelonel

Proof. Let w = —y f’,, {and so ¢ = (1 — a)w) the elasticity of the demand for |
capital respect to the rental rate evaluated at stea,dy state. Note that in stea.dy
state, being all wage saved, it is that f/ = % L =

kt+1 — Qt
Let H(Qwu@mkt) = QA Qr1, Q1) ~ wk) A(Qs, ke )

The derivatives of Q.1 respect to Qs, and k; , using implicit function theorem,
are

Lo
So considering L; = lt(R(Fle) (ky), E(Ly, f(ke)) it is
ALy . OLeyy .. Cfuz L
B}C¢+1 8k’t+2 i- iEl E“‘EE L[
HLy . Bliyy _ “le= Qu+i€tEHEEfi A
3}% 3]% -1 - IMIE_;EHSE L| 'k
By means of change of variable @y = Ky the dynamical system becomes
QeA(Qe1, @) — wlke}A (Qt,fvt)) ‘ (40)

) AQiv1 — % . ‘ : (41)'
A o
dQer1 _ o (49)
dky 831 : '

Tedious but straightforward calculation and some algebraic artifices lead to the .
following expressions of partial derivatives (all evaluated at steady state)

Lzl

_aH . — ,.( o E .

3Qt+1 31— |€£E] EE‘,Lf
. Ciz L
of iblasllnsl|f lnaly

OH _ . uk
3@1‘; =L + L( ' _1“|51,E”€E,L| ' + 1'"”IE.!,E“€E,L[
N o ek |
& e | N ek
The substitution in (41) and (42) and a “collection of the terms gives the result.
=

“In line with other recent pa,pefs with endogenous labour supply, this model
presents stability property of steady state which could be different respect to
classical saddle path stability. In the economic models like this, where a tnique
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variable is predetermined (the initial condition k& = ky) and the other () is deter-
mined by agents’ choices, the standard result is that convergence takes place on
the stable (one dimensional) manifold, that is the eigenvalues of Jacobian matrix
caleulated at steady state values are, the Gauss-plane, respectively one inside and
one outside of the circle centered in (O, 0) with ray equal to 1.

Instead, in this model, the two eigenvalues could be both inside, and in such a
case the eth”brzum is a sink, or they could be outside and so the steady state is
repulsive. : :
The first case, known in literature as mdetormmate steady state, has an inter-
esting economic implication: even if the model shows a unique attractive steady
state and the initial conditions are the same, it follows that the convergence of
different countries to equilibrivm rises on many (infinite) paths characterized by
different economic and well-being performances. This result is essentially due
to the different expectations of the agents about the variables at the successive
time®?,

A formal definition of such a case is {see Nourry and Vendlttl 2001)

Definition 19 Let consider equation (17), and let {kt} an ‘eqmlzbmum for the
economy with a given initial condition ko.

It is locally indeterminate if for every e > 0 there exists an other sequence {A’
such that |ky — k1| < & and ky = ky which is an equilibrium.

Instead, the second case implies that even if the static formulation of the problem
admits an equzhbrmm it could not be attained for dynamxcai structure of the -
model. :

4.2 Geometrical method and stability properties of the
(normalized) steady state

It is now possible to study local stability properties of steady state using the
geometrical method developed by Grandmont et Al (1998).

It allows us to investigate through a simple graphical analysis in the plane,
(T'race, Determinant) the role of the significative parameters of the model about
the stability of steady state.

The procedure aims at studying the variation of the trace and the determinant
ie., respectiveiy, the sum and the product of the roots of characteristic polyno-
mial, P(z) = z° — Tz + D, varying continuously a significative parameter, said
variational parameter.

Considering |eg ;| as the variational parameter and varying it from 0 to mﬁmty,
A =(T(J), D(J)) defines a positively sloped half line (the slope of A is +1)
starting from (71, D) when |eg, s| = 0, and it approaches to (+o0, +00) when

%See Farmer (1993) for the possible links of these results with the Keynesian theoty of the
animal spirits.
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lem,;| — +oo. .
The planar expression of half-line is

p = ;qeileledy oony o w
T > 1 ‘ (44)
Det(J)
A
Sourcé.
N} (-‘2’1) | ' Hopf bifurcation C(Z 1)/
Tr(d)

“Transcritical

bifurcation

saddle

/A (0,-1)

- source

Figure 2: The Geometrical Method

On the line AC deﬁne& as 1—T+4+ D =0 an eigenvalue is equal to 1; on the
line AB defined as'1 4+ T + D = 0 an eigenvalue is equal to —1; on the side BC
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defined as D =1and T € (w2 2) eigenvalues are complex with modulus equal
to 1. : :
Inside the triangle ABC with vertices A(0, —1), B(—2, 1}, C(2,1) eigenvalues have
modulus less than one, and so the steady state is attractive (sink). On the right
of the line AC and on the left of the line AB an eigenvalue is less than one and
the other is higher and so the steady state is saddle-stable; in the other two open -
regions, both eigenvalues have modulus higher than one and so the steady state
is repulsive (source). '

When the point of line A intersects the line AB the dynamical system undergoes
a flip bifurcation and a two-period cycle emerges. “When the point of half-line
A intersects the segment BC, the map, generically undergoes a Neimark-Hopf
bifurcation and an invariant closed curve appears. Finally, if the half line A
intersects the line AC, generically, the system has an exchange of stability between
the analyzed steady state (in our case the normalized steady state (1,1)) which
- persists varying the parameter (according to our asswmptions), and the other
one, through a transcritical bifurcation,

In our case where a unique variable is predetermined inside the triangle ABC the
_ steady state is indeterminate and endogenous stochastic fluctuations can emerge
around the st@ady state and around cycle generated by flip or Hopf b1furcat10n
when attractive?*

The locoes of .pomts A; ={Ti(|e1z), Diller.])) is an half-line with slope(4,;) =
% € (0,+00)) that starts (getting |e;.| — ~+oo) from a point H located in the
first quadrant on the line T — D — 1 = 0 and goes to (+o0,+00) (respectively
(=00, —0c)) i (if level lepe] > 1)..

To make more suitable the study of local properties of the steady state, according
to empirical studies we do the following assumption (see Seegmuller(2001)) on
capital share.

Condition 20 a<l

By this assumption H is on to section of the segment AC in the first quadrant.
With respect to the value of slope(A;) we find these cases:

Lemma 21 Let consider ey 5| lepp] < 1,

1. If § > o the slope of half-line Ay, <, is less then the half-line AC and so
£y is located outside the triangle ABC;

2. if & = o then Slope(A;) = Slope(AB) = 1 and so the two half-lines hdve’
the same direction; ' :

3. if 0 < § < a then Slope(Ay) > 1 and so A; cuts the segment BC for
lers| = |eBC]

#8ee Grandmont (1998).
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Lemma 22 Let consider ey g| |ep,| > 1 these cases are posséble '

. If§ > « the slope of half-line Aj, §, is less then the half-line AC and so
Al crosses the triangle ABC and it cuts the line AB; for |g,,] = |£~: {

2. if § = o then Slope(Al) = Slope(AB) = 1 and so the two half-lines have
the same direction; '

3.if 0<d < «then Slope(Al) > 1 and A lies outside the trlangle and cuts
the line AB for ler] = leff]

Using geometrical considerations, we obtain the following results summarizing
the main properties of normalized steady state:

‘Theorem 23 Indicate with |55, |e55%| the value of lex.¢| for which A respec-
tively intersects the line AC and the late BC. and let lenellegr] <1

1. Assume that 6 > «, then the steady state is a saddle for every value of etz ]
and |E E f!

2. Assume that § < o
if Jerz| > |ePC |then for lef| < |ePF| the steady state is a sink (indetermi-
nate) and for |e, 7| > |eP€] it is a source; if |e;,| < |eC| then for every .
value of |eg,s| the steady state is a source. For |e, 5| = |ef¥| the steady
state undergoes a Niemark-Hopf bifurcation and, generically a non-periodic
limit cycle arises..

Theorem 24 Indicate with [e45] , |€85] the value of |eg ¢| for which A respec-
tively intersects the line AC and the side BC. and let \ey glleg, LI > 1

1. Assume that § < a, if le .} < i AB | then for ey, f{ < |s | the steady state

is a source and for |ef| > |efif | it is a saddle; if |e,.| > |ef'f] the steady
state is a saddle;

2. Assume that 6 > a
if le1.| > |efiP] then for |e; ] < |eff| the steady state is a sink (indeterri-
nate) and for |e,¢| > |el “litisa saddie For |e; ;] = |f (’l the steady state
undergoes a, Nzemark~Hopf bifurcation and, generically a non- periodlc limit,
cycle arises;.
if ler.| < IEz 5| then for le1s| < |eftf| the steady state is a saddle; for
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Figure 3: the half-line A in the (T, D) plane
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Figure 4: Case |e1p||epil < land o < é
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»f
source. For |e;¢| = |&{f |the steady state undergoes a flip bifurcation and,

generically, a two-period cycle arises, and for |e; ;| = |eff| the steady state
undergoes a Niemark-Hopf bifurcation and, generically a non-periodic limit

cycle arises;

et [<lersl < |ePF] it is a sink (indeterminate); for |e,s| < |eB¢] it is a

Figure 6:

Remark 25 What we have shown in this analysis is that if the agents are nflu-
enced by environment, then interesting dynamics take place and that we connot
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exclude cases in which (deterministic or stochastic) oscillations around steady
state or different paths of convergence (indeterminacy) could emerge (for o large
set of technological parameters values). In particular, even if there is a high sub-
stitution between productive factors, § > «, the presence of a moderate elasticity
- of environmental quality respect to (intensive) production could create closed in-
variant curve around steady state.

4.3 Cobb-Douglas example: -pa_rt 2

We show the procedure exposed on Cobb-Douglas example.

' 4.3.1 Steady state normalization

From w(k) — k = 0 we find that the equatmn is fulfilled for k& = 1 if and only -
if A= A" = 2 InthlscasewR—um %f——a 6= 1. ForE K =1 the

1—e?

agent chooses I=1 (see expression (25)) if and only if B = B* = (I' — (2 +
) a1+8 > 0; for L = K =11t is that E = 1 (see equation (22) )if and only if

E=FE =2+ Iti is simple calculation to find that the associated elasticities are
lezsl = B, lens] =, leyp| = %jgieﬁ ler,| = (l — (2%8))0‘(2 il The Jacobian
matrix and determinant and trace are

‘ __l__(g .;._(1“"%_911 )+ 2 (1 ~(2+8)) a (1+ (1—n 5 ) — & (1 —(2+6))
J = Tewex {ir— (2-{«9}) “'3‘ o+6 W o NN
‘ 1 5
| | (45)

.!—2-!-8

(1-pill2ta) (b~ (2+0)
D(‘]) (1 + (1 —(24+6%) a(;;;)) * ':Eﬁ 2440

(1m0 (= (2+0))
______.._._:}:_ o
T(J) L+ =) ey )+ 248

So varying J while ail othcr parameters are fixed, we find the stability of the
steady state and the bifurcation value: for example let o = 1/4, § = 0.7, I* = 5,
n = 1.5 we find that for 8 = 2.4754 the two eigenvalues are compiex conjugate
and they have modulus equal to one.

5 Pareto ranked equilibria

The possibility of multiple steady state, and the dynamical properties in the
decentralized economy have a great impact on the well-being analysis of the
model because it creates Pareto ranked equilibria, and the convergence to the
better one could be not guaranteed. In fact, two possibilities could arise: in the
first the best steady state could be repulsive; in the second one, starting enough
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close to a worst attractive equilibrium, the economy could be trapped by it.
Typically, when endogenous labour supply is considered, the result is that the
steady state with lower working time is Pareto dommated by the other one (see
Duranton, Cazzavillan). On the contrary, Antoci et Al(1999) present cases in
which the result is reversed because of the environmental externality.

In line with these works, we present an example to show that high economic
performance is not synonymous of high well-being condition.

In order to have the possibility of multiple steady state, we introduce a more
general production function. We then consider the same specification of utility
function and of environmental dynamic of the previous example.

In this section we always consider :

U =1, Copay Feyy) = lc‘)g(l*wlt)+1 1og(c’°‘“ v E.)  (46)

Flk) = A% 41— e?)““%l“- (47)
By = E—nl— (0K +1-0077)  (48)
with 7 > ~1,6' € (0,1). |
From (48) we find that
wik) = A{l-60)O0% +1- 6T (49)
Rlbu) = AOR0%7+1- 05 (50)

- We want the triplet (k, 1, E) = (1,1,1) to be a steady state. Imposing the
normalization procedure we have that A = A* = Zrand w(l) = 1,R(1) =

A — Tk __[]*® gt
I_—m',Em—Q-f—?'],B-—B —(E “(2+9))m>0

Theorem 26 Consider 49.and A=A* ,

i) There exists one and only one steady state if and only if v < 0

it)For~ > 0 there ezist generically two distinct steady states: k = 1 and k = k. If
v € (0,7*) then ky < 1, if v >, 7" thenky > 1 ,

~ Proof. Consider the function X(k) = (§'k~7 + 1 — 91)”””“:C — k, its zeros
define k values of steady state. For the previous analysis we know that ke 11is
8 Zero

It is convenient to rewrite X (k) in this way

X(k)=k(——F 1
( ) ((91+M)m)“$2 )

- and consider X (k) = ~—tleerrn — 1 and its derivative
6"+ (-7 ))

% kY 1(91+(1W9i)k7)4¥‘1m(1+7){1 01)(91"4"(1“91)16'7)7192‘! s
((91~5«(1 o) )
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if ¥ <0, then X (k) is a monotone function and k = 1 is the unique zero;
ify>0 then lzm X (ic) ‘—1, and 11m X (k:) —1. It follows that-X (k) is first
decrea,smg a,nd then increasing, so we have genemcaliy two distinct steady states.

Because X’ (}) =1-6— 791 >0 = v < L =~ it follows the second part
of the theorem. =

To avoid cases in which, for h1gh accumulatlon of capital, the possibility of con-
sumption of agents falls down®®,we impose the next assumption:

Cond‘i.tion 27 —@3—%?—@ > 0.

Let consider the case i) in(26). It is interesting to calculate the well-being
of the two steady states. The following graphic shows that there isn’t a positive
link between the high economic performance and well-being: in the gray-area the
steady state with more capital accumuiation and gross production is dominated
by the other one.

Figure 8: 01 = 0.2,0 = 0.3, 7 = 1.3, I* = 100, n = 0.5 8 = 0.5, E = 10

Tt is due to the specification of model in which consumption is done only in old age and
the total quantity of consumption is given by w(k)R(k), where w(k) is increasing in k, while
R(k) is decreasing. ‘
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6 Conclusions

The present contribution sheds light on the interplay between economic growth
and environmental resources, in a scenario in which agents overlook the weight of
their decisions. In contrast to the enormous literature subsequent to J P work, the
model shows that environmental quality and economic growth may have opposite
cilreci.lons In fact, agents may defend themselves from the scarcity of environ-.
mental resources, by shifting to a more producing life-style. Because utility of
the agents depends on both environmental and private consume, the whole effect
on agents’ well-being is not obvious, and the Pareto criterion may recommend to
decrease the economic activity.

For the same reasons, considering the case in which multiple steady states arise in
decentralized economy, we may be witness of cases in which the more producing
steady state is Pareto-inferior.

We have also shown that the presence of environmental variable in Lhe agent’s
time allocation may generate mterestmg dynarmcal results. Specifically, the
model present a large set of parameters for which environment is engine of indeter-
- minacy and limit cycles, and so it creates dlﬂeront growth paths and fluctuations
in the economy.

‘The model could be extended in different ways. Obviously, consumption and
environmental quality could be introduced in both stages of agents’ life. Pre-
liminary studies seems to show that the multiplicity of interplays with different
directions make the study too hard to be considered in its generality, and numer-
ical simulations are necessary.

We think that the most interested analysis could be done, considering the en-
vironment even in production function. In such a case the scarcity of natural
resources may have negative consequences in private sector and it may generate
a more intensive shift to labouring life style because of the necessity to increase
the human side of production.
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7 Appendix

In this section we consider a modification of the model in which the level of
environmental quality is defermined by the production function. So it is

By = B(B, (K, L)) L (51)

The construction of the model is very similar to the previous one, and so we
consider directly its dynamical properties. We have the following proposition:

Proposition 28 Let z, e, leir], o, 8 respectively w(k)R(k), the elusticity of
the labour supply respect to z, the elasticity of the labour supply respect to pro-
duction function (in no-intensive expression), the capital share,elasticity of sub-
- stitution among productive factors, where all parameters are evaluated ot steady
state value.

The Jacobian matriz associated to the dynamical system and valued af the steady

state is . ._ :

1o ¢ Y Gt R S S 2" 1-4 L__i“’“‘“

J = (= + (1—a)[6z.z[) fevs] (—% Iel'zl(““’"l_a)) + o(i=5) o]
i 0

with the following determmant and trace®

D(J) Di—a( )iwl

Lowcu
T(Jy=Ty — % :
where Dy = (12 4. m) T1(8) = (ﬁ -+ (ha()s e,,z|)

We consider the half-line A = (T'(J), D(J)) and we denote with

@« 1-9 o (52)

its slope.

The locus of poirits Ay =(D1(leis]), T1(Je1z])) is a half-line positive sloped (ana-
lytic value is § € (0, +-c0)) that starts from a point H located in the first quadrant
on thelineT — D —1=0. :
‘We consider the gross substitution COI’ldlthl’l fuiﬁlled We divide analysis in sub-
cases respect to value of 4. :

It follows immediately comparing the two values of slope this preliminary result:

Lemma 29 1. If§ < o then the slope of half-line /Ay, 5, is less then the slope
of half-line A, 234,

T gt

2. if & = «,then Slope(Ay) = Slope(A) =1

61 ikewise to the first model, we have to impose that {e, p| # 1.
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3.

4.
5.

if & <6< 1, then Slopen(A) > Slope(A) >0
if 6 =1 then Slope{A) =0
if 6> 1,then —1 < Slope(A) <0

Using geometrical properties we obtain next results that summarize main
properties of normalized steady state: '

Theorem 30 Indicote with e ,|c{f}§l , |ePE| “the value of leLr! for which A
respectively intersects the line AC, AB, and side BC. ‘

1.

- (indeterminate); for e, r| € (lef's

Assume thal o = . The haZf»lz'ﬁe belongs on half-line AC and for |e, ;| €
(0,f'F) the steady state is a saddle; for |eyrp| > |efB]| it is a source; for
ler s = Iefj? it undergoes a flip bifurcation;

Assume that o> &

i) Consider |e, ;| large enough, for |e,r| € (0,&{'F) the steady state is a sink

281, [eBE|) it is a saddle (and so the steady
A

- state is determinate); for |e g|>|ef'?| it is a source. For leyp| = |ef'E| it

undergoes a flip bifurcation, for |eyp| = )Efﬂ there is a change of stability

of the steady state’’; .

it) Consider le,,| small enough, for e, rl € (0,{PF|) it is a source; for
lers| € (|ef5] ,6f'F) the steady state is a sink (and so the steady state is in-
determinate); for le ;| € (lef'f|, |efF|) @ is-a saddle; and for |e, 5> |efg|

it is a source; for |eyr| = |e{*F| it undergoes a flip bifurcation; for leyp| =

lef'e| there is a change of stability of steady state; for leyp| = |ePS1 it
undergoes ‘o Nesmark-Hopf bifurcation;

ii) Consider |e.| very small, for |eyp| € (0,efF) the steady state is
a source (indeterminate ) for leyp| € (|ef'€],|eFS]) it is a saddle; for
lesp|>|eflE| it is o source; for |eyp| = |efE] it undergoes a flip bifurca-
tion, for |e, gl = |ef7| there is a change of stability of steady state.

Assume that o < 8 < 1, ' , ,

i) if |erz| is high enough for leyr| € (0,e'F) the steady state is o saddle;
for |eff] < leyrl < |ef'E| it is a sink; for |eyr| = |ef*E| it undergoes a flip
bifurcation; for |eyr| > |ef2| it is again a saddle;

i) if ler| is low enough for e p| € ‘(O,Eff) the steady state is a saddle;
for ’6{}?' < leyr| < [eB8] it is a source; for |eyr| = ]efg' it undergoes a

Hopf bifurcation; for |ef8| < |e,r| < |efE|it is a sink; for leis| = [¢£E] it

B

- undergoes o flip bifurcation; for ey pl > IEfF| it is again o saddle;

2TWe can’t assert that the steady state undergoes to a transcritical bifurcation because the

map for that value is not smooth.
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iii) if |er.| is very low for |eyp| € (0,61F) the steady state is o saddle; for
lerf| < lerl < |eff] it is o source, for |ep| = |8 it undergoes a flip
bifurcation; for leyr| > |ef'f | it is again o saddle;

cLet 6= 1 . .
i) if |ez| s high enough for leyp| € (0,ef'F) the steady state is a saddle;

for |ef€| < lewrl < [efB] it is a sink; for |ep| = || it undergoes a flip

bifurcation; for |eyr| > |ef'f] it is again a saddle; ~

i) if lews| is low for lenr| € (0,&F) the steady state is a saddle; for
|ef'¥| < lenr| < |eff] it is a source, for leyr! = |ef'f| it undergoes a flip

bifurcation, for leyp| > |ef'f| it is again a saddle;

LLhetl<d< i ora<at

i) if |er| is high enough for leyr| € (0,&{F) the steady state is a saddle;
for |efiS] < leyr| < |efff] it is a sink; for le,r| = |eff| it undergoes a flip
bifurcation; for |eyr| > |ef'B| it is o saddle; - |
i) if e} is low for |eyp| € (0,61F) the steady state is o saddle; for

|efiS|<ler| < |eff| is a source and for le,p| > |ef'F| saddle;

. Let § > 8" and a > o

i) if |erz| is high enough for |eypl € (0,&1F) the steady state is a saddle;
for [efS] < leyp| < |eF€] it is o sink; for |eyr| = |eff]| it undergoes
a Neimark-Hopf bifurcation, for |efg| < leir| < |ef'F| is a source, for
levr| > |ef‘£| it is a saddle; .

it) if lew.| 15 low for leyp| € (0,6fF) the steady state is a saddle; for

lef'e| < lenr| < |efF] it is a source, for |eyr| > lefB| it is a soddle;
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