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SATURATION AND SUPEREFFICIENCY FOR SOME
APPROXIMATIONS OF THE BERNSTEIN TYPE

Andrea Pallini

1. INTRODUCTION

The Bernstein polynomials ate linear positive | opetators B {g;x) that can be used for the uniform
appproximation of continuous and real-valued functions g(x), where x €[0,1], and 1 is the parameter of size of .
 the binomial distribution bi(m, x) , where x & [0,1]. See Korovkin (1960), chapter 1, Davis (1963), chaptér 6, Feller

(1971), chapter 7, Cheney {1982), chapters 3 and 4, Lotentz (1986a), chapter 1, Rivlin (1981), chapter 1, DeVore and
Lorentz {1993), chapter 1, and Phillips (2003), chapter 7. See also Rivlin and Shapiro (1961). Recently, Bernstein-type
“appfoximations B (g;x), where §>~1/2"is an approximation cocfﬁcie_ﬁt, that imptove on the speed of

approximation of the Bernstein polynomials B, (g:x), x €[0,1], as m — o0, Have been proposed and studied in
Pallini (2005). , |

The sequence {Bm ( g;x)} of Bernstein polynomials is regarded as satutated, as /11 > o0, when the polynormnial
B (g;x) has an ‘optimal’ ciegreé of approximation, @, (x), that is @, (x) = m™'x(1 - x), for every x €[0,1].
Better épproximation results can be achieved for linear functions g(x) of xe[0,]], with a null degiee of
approximation, ¢, (x) =0, for every x & [0,1]. The Bemstcin-type approximation BY (g;x) of Pallini (2005) has

an ‘optimal’ degree of approximation @5 (x)=m™> ' x(1-x), where 5> —1/2, and x €[0,1]. Accordingly,

»
better approximation results, with a null degree of approximation ¢ (x) = 0, for every x € [0,1], can be achieved
for lineat funcdons g(x) of x €{0,1].

Superefficiency is the technical setting in which the vatiance of estimation can be decreased by some factor to a
value that turns out to be below the theoretical minimusm of the vatiance. See Lehmann (1991), chapter 6, Schesvish
- (1995), chapter 7, and Bickel, Klaassen, Ritov and Wellner (1998}, chapter 6. The superefficiency of the Bernstein-
type estimators will Be valid for the actual variance of estimation or for any sample estimate of this variance of
estimation. In any case, this superefficiency will ditectly depend on the parameter M of size for the binomial
bi(m,x) distdbution and its principal effect will vanish as m increases, as 1 —> 0. A superefficient Bernstein-
- type estimator of a smooth function g(X) of the population means, where x €[0,1], is obtained by minimizing
the ‘optimal’ degree of approximation for g(x), where x €[0,1]. These supetefficient Bernstein-type estimators
can typically be prefetred to their natural counterparts. ‘

In section 2, we overview the main features of the Bernstein-type approximations of Pallini (2005), including
some descriptions of the Bernstein polynomials. In section 3, we study the saturation classes of the univariate and
the multivatiate Berastein-type approximations of Pallini (2005). In section 4, we ptovide the basic asymptotics. In
section 5, we study the superefficient estimation of smooth functions of population means. We also study the
superefficient estimation of a multivariate mean. In section 6, we teport on the results of a simulation experiment.
Finally, in section 7, we conclude the conttibution with some temarks.

We refer to Serfling (1980), Batndorff-Nielsen and Cox (1989), and Sen and Singer (1993), for asymptotics and
* the basic results of the classical theoty of statistical inference.
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2 BERNST‘EIN—:I‘ YPE APPROXIMATIONS

2.1, Bernstein-type approximations

Let g(x} be a bounded, continuous, and real-valued ﬁmcmon, where x €[0,]]. The Bcrnstmmtype
apprommai:ton B (g,x) of order m for the function g(x) of Palhm (2005) is defined as

vl

B(S)(g’x). Zg( S(m v— x)_i_J‘c)(vat’(l;-)})m—v’ _ e : (1)

where § > —1/2 is an approximation coefficient, # is a positive integer, and x €{0,1].
Let B, (g:x) be the Bemstein polynomial of order m , where x € [0,1]. The I‘Bemsteiﬂ polynomial B, (g;x} is
the special case § =0 in (1), where x € [0,1].

2.2. Multivariate Bernstein-type approximations

Let g(x) be a bounded, continuous, and real-valued function, where x = (X5e0nsx,) € [0,1]%. The

multivatiate Bernstein-type approximation BY(g;x) of order m for the function g(x) of Pallini (2005)
is defined as : o ' '

: m (ml'zvI mxi)wk X,
" 1y .
() ¢ oye -
BO(gix)=D > g
: = wf} - -
" . mk"(mklvk —x,c)-t- X,

m m w oy ¥ iy vy | |
[ J( "]xz‘a.mx]} g (L xy ) . @
Yy Vi L : :

whete s > —1/2 is an approximation coefficient, m = (m,,...,m,)" are positive intégexs, with m=> " m,,

. . . ’ =]
and x €[0,1]*.

The multivariate Bernstein polynomial B_(g;X) can be obtained by setting & = () in (2), where

xe’:’{()l]

2.3, Uniforss convergensee

For the Bernstein-type approximation B, ) ( g:x), x € [0,1], given by (1), where § > —1/2, Pallini (2005) shows
that BY (g3 x) —> g(x), a8 m ~» o0, umfomﬂy at any point of continuity x € {0,1].

For the multivariate Benstein-type approximation By (g;x), m = (ml,...,mk)T, x € [0,11*, given by (2),
whete § > ~1/2, Pallini (2005) also shows that BY (g;x) > g(x), as m, —> 0, i =1,...,k, uniformly at any
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k -dimensional point of continuity X = (x,,..., %, ) e[0,1)F

3. SATURATION CLASSES

The saturation class of the Bernstein-type approximations B (g;x), given by (1), where § > —1/2, and
xe[0,]], consists of all bounded and continuous functions g(x), xe&[0,1], with  desivative
g'ix)= (dx) “dg(x) that satisfies 2 Lipschitz condition g'e Lip,1, whete (>0 is a finite constant, and
x€[0,1]. See Appendixes 8.1 and 8.2.

The condition g'e Lin 1is equivalent to

B (g0~ g <5 0m ™ x(1-w), | | B

where § >—1/2, and x €[0,1]. The degtree of approximation qo,(:).(x) =m ™ x(1-x), whete §>~1/2, and

x €[0,1], is ‘optimal’ in the sense that 2 smaller degree can only be achﬁeﬁreé for very special functions, for the linear

functons g(x) of x €[0,1]. In particular, if g(x) is linear, x € [0,1], thed @5 (x) = 0, where 5 > ~1/2, and

x €[0,]]. See Appendix 8.2. : | :
The satutation class of the muoltivatiate Besnstein-type approximations Bl (g;x), given by (2), where
5> =1/2, X =(x,,...,x,)" €[0,I]", consists of all bounded and continuous functions g(x), X € [0,11°, with
. :

derivative Z(@x,.).—l Og(XysewsXpp s X ), = grad g(x,,...,%x,,...,x, Ji that satisfies a Lipschitz condition
) j={ . . : : . ' ’ .

grod g(x ..., X5, X, )i € Lip, 1, where 0> 0 is a finite coristant, and X € [0,1}*. See Appendixes 8.1. and
8.2. o | | \

~ The Lipschitz condition grad g(x,,...,%,,...,x, )i € Lip 1 is equivalent to

B (e0 2|5 0 X 5, (1-x,), o @
_ 71 _ ‘ ‘ :

m

o ‘ K _
where § > —1/2, and x €[0,1]*. The degree of approximation ¢'7(x) = Zm;"zs"ix!. (1-x,), where 5> —1/2,
~ :

and ‘X € [0,1]%, is ‘optimal’ in the sense that a smaller degree can only be achieved for the lineat functions g(x) of

x €[0,1]*. In particular, if g(x) is lincar, x € [0,1], then @87 (%) =0, where 5> —1/2, and x €[0,1]*. See
Appendix 8.2. ‘

4. BASIC ASYMPTOTICS

4.1. Bernstein-type ertimators

" Let X bea univatiate random variable with values x €[0,l], distribution function F, and finite mean
u = E[X]. We want to estimate a population chatacteristic & = g(it), where g{(x) is a real-valued, bounded,
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continuous functlon of x€[0,1], g:[0,]] > R'. The natural estimator of 0 is 6= g(x) where X =7 IZX
J=1

is the sample mean of n iid. observations of X. Foﬂowing Pallini (2005), the Bernstein-type estimator BY (g;x)

of 8 = g{u) is defined as

ij)(g;'f)=ig(m"s.(m"‘vw?ﬂf)[’:]f”(l““f)m"va . NS
v=( ’

where's 5 =1/2. The' Bertstein‘type estimator (5) " follows™ fiom the definition” (1) of “the~ Bernstéin-type

‘ zpproxirfiation BY(g;x), whete. §>-1/2,and X €[0,1]:
Let X be a k-variate mndom vatiable with values x & [0,11%, Where X (X, X,)", with distribution
functon F, and finite & -variate mean w4 = E[X], pt = (t;,....4, )} . We want to estimate 6 = g(u), where
£ :[0,1};‘ 5> R'. The natural estim_étor of 6 is 0 = &(X), where X = (%,5...,%,)" is the k -variate sample mean,

X, = n"lz X, i=L..,k,of niid observations of X . Following Pallini (2005), the Bernstein-type estimator .
. Je= . R

‘ BY(g;%) is defined as

- -1 — —
my (mx ¥ ""‘xl)"*"xl

7y my

{”(g,_) > g

v*«() vy =0 — -1 e -
A mk‘(mkvkka)«%xk

' m .. m, - —Va (I 5 )’”l"’l “.Ekv,, (1_‘)—C-k_)rnk-v,‘
1"1 Vk . (6)

whete § > —1/2. The multivariate Bernstein-type estimator (6) follows from the definition (2) of the Bernstein-type
approximation BY(g;%), where s >—1/2,and X €[0,1]*.

- 4.2. Orders of error-of the Berastein-pype estimators

For the Bemstem—type estimator B (g,x) given by (5), whete § > —1/2, we have

BY (i) = o)+ 0( 2t o - o o )
as m .W} 00, and | . -

BY(:%) = g(u) +Ofm ™ )+ 0,(x™"™), | | o ®

as m ~> 0 and 7 —> 0. See Palliai (2005).
For the Bernstein-type estimator B (g;%), given by (6), where § > —1/2, we have



BO(g:X) = g+ 0m™), | | ©)
=1
as M, —%50, i=L...,k, and

B (%) = g(u)+Z Olm7? ‘)+o (n72), - (10)
as m, >0, i=l.;k,and 1 — o0, See Péilini _(20053.

4.3, Agymptotic variances of the Ber;zy;feérz-ype stimators
We denote by ? the asymptotic variance of n''? g(f) ,as 1= o0,
o ‘ ‘ : _ ‘
ot ={g'(W)fv?, . | o an

where. g'(x)'=(dx)‘idg(x) xe[01}; and v? = E[(X ~p)’]. For m™ <n™? and s> ~1/2, the

distribution of the Betnstein-type estimator B @ (@ %Y, given by {(5), is asymprotically normal,

m

n B (g;%) - g(u)}_—-—w(oa) | S - .

as M —» 0 and N > w0, where o’ is given by (11). See Pallini {2005).
We denote by o2 the asymptotic variance of n?g(X), X = (551,...,55!‘)1 ,as 1 —> 0,

(13)

V...
x=p 12

_ kR ' ' |
dszZ(ﬁx,) ag(xl, . ,xk)’ ) 5{ C I FE N

fyel fy=t

where v, =E{(,X,.I -4, )(){,1 —,u,.z)], ij,i, =L...,k. For m:hmi <a™%, and §>-1/2, ixl,...,lft, the

disttibution of the Bernstein-type estimatos By’ (g;%), given by (6), is asymptotically normal,
n2{BY (g;%) - g(u)} —> N(0,67), | | »

as m, —>, i=1,..k, and #n >0, whete ¢ is given by (13). See Pallini (2005).
5. SUPEREFFICIENT ESTIMATION

5.1, Superefficient estimators

There exists a bounded and real-valued function %, with real values (Ao g)(x), for x €[0,1].
Actuaily, we want to suppose that there exists an entire class of functions of g(it), whete g = E[X], that can

reasonably be viewed as population characteristics or parameters. Such characteristics or paramterets can be written
as O =hog(u). The ‘otimal degree of approximtion will always work on the domain of the fanctions
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6 = ho g(l) to estimate, being a function: of 21— g(x)). One can not require the form /2, but one can
obtain 2 superefficient estimator of general form by minimizing the nonlinear degree of approximation. '
We suppose that g(X) has values gell, 1] Following (1) and (3), for any composite function

(he g)(x) h(g(x)) we have

e ‘g(x)(l g(x)) | (19

where s > =1/2. ‘Given the degtee of apprommamon qom)(x) m’ e g(x) (1 g(x)) obtamcd as’ (‘15), where_'_'_'__ SR

5> - 1/2 weaisohave

0 (g(9) =0,

for (ho gX(X) = a+bg(X), where aeR,beR , ads>-1/2. Fartheimore, we have
oy (@) 0 (g~ g),
for evéry value g €[O,1], u:fhcre
ol e®-g)= m ™ gD -g®)+ (e - )’ (16)

and 8> —1/2. See Append&x 8.3, The degzee of approximation qo“’(x} =m™> g(%) (Iwg(f))‘in (15) has a

minimizer g, that is defined as

g;:(i- "“")g(x)+ mr, - . | S

where s> —1/2. The minimizer § given by (17) takes values on (0,1), g€ (O,l), for evety §>—1/2. See
- Appendix 8.3, o -
The degree of approximation (p(“)(x) m (x)( g(f)) in (15) is 2 -measure of dispetsion that can be |

- minimized when taken around a specific value for g(X). From (1), it follows that the minimizer § given by (15) s
valid for the set of all binomial r.v’s bi(m g(f))' where g(X) = (I mse l) I[Q - %mﬂ“z”‘wi) ,and § > —1/2.

We can call this set a base of the binomial £.v.’s bz(m g(x}) in the sense that the elements in the base admit the
same xmmﬂnzer £ given by (17). A
If g = g(u), where pt = E[X], then we have

VAR g = (1~ m™>" ) VAR[g(%)] |
| m(l——m*z““*)zn“loz,, _ | | ' a8

. . ’ . 2
where the variance &* is defined in (11), and § > —1/2. Of course, (I—m 2 1) <1, for $>-1/2. Most
importantly , for § > —1/2, the minimizer & is a superefficient estimator of g(pt) , because

P
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VARIZ < VAR[g(®)]. o o 19

We have the case VAR[ gl= VAR[g(x)] in (19), b}r letlmg ¥ 00 . See Appendix 8.3.
- We suppose that g(X), where X = (¥,,.. »X,)", has values -g € [0,1]. Foﬂowmg (2) and (4) for any bounded
and continuous composite functon (ke g)(X) = h(g(ﬁ)), we have

| BY (s g (%)) - (0 £)(®) | < % Qm™>g(®)(1-g(x)), | | (20) -

where § > —1/2. Given the degree of apprommaﬂon (pm)(x) =m™" g(X) (l g(x)) obtained as (20), whete
§ > —1/2, e also have

co,,f (g®)-g)=m™" ‘g(X)(l #(0)+(e(®)- g)2 ‘ | @y
" where the valile g &[0}, and s>-1/2. See Appendix 83. The degrec of approximation
P (X)=m™ " g(X) (I - g(ff{')) in (20) has the minimizer g, that is defined as '

Y2 »«1

= (lm g+ | | | o )

* where §>-1/2. The minimizer & given by (22) takes values on (0 D, £e(0)), for every 5> -1/2. See
Appendix 83,

We can define the base of all binomial r.v’s bi(m, g(¥)) that yields the same minimizer £ given by (22).

If g= g(,u) , where pt=(gy,...,14,)" = E[X], then the minimizer £ is a superefficient estimator of
g(t) . In particular, we have :

'mmw(i—'m‘?""‘)"‘VAR[gﬁf)] -
(1=m> ) nio?, @

where the vadance o° is defined in (13), and § > <1/2. Of course, (1 s )2 <1, for § > —1/2. Finally, we
have

VAR(Z }<VAR[ ®)] | . o

We have the_case VAR g]= VAR[g(X)] in (24), by letting m —> o0 in (22). See Appendix 8.3.

5.2, Orders of ervor of supergfficient estimators

Letting # and X fixed, we have that

§=g®+0(m™),



where § > —1/2,as m —> . Furthermore, we have that
&= g(u)+ O(m“zsml)%()é (nwug )+ Op (m»«zsmlnmu‘z ),

where § > ~1/2,as m ~3» 0 and 1 ~> 0,
Similarly, with # and X fixed, we have that

8= g(x)+O( 2 *)

“whése T = (xl, xk) , and § e 1/ 2 as m —> 0, Fzzrthermore e have that
~2s- -2y, ~2s-1 ~172
g= g(,u)+0( })+O ( )+.Op(m iz ),

where it = (py,.., ) ,and §>=1/2,28 m —> o0 and n —> 0,

5.3, Asympotic variances of the Berﬁyteéﬂ-éype astimators
Recilling (23), we have

g g (@) = N, e
where ¢° is given by (11), as m —> 00 and 7 —> 0. See Appendlx 8.3. Similarly, we have
g - g(w}—>NO.0Y), » B @

whete o ° i given by (13), as m, —> o0, i =1,...,k,and n —> 0. See Appendix 8.3.

5.4 Superefficient estimation of multivariate means

Let X be a Kk -variate random vardble with values X € [0,1]%, where X=(X,,....,X)7,
X = (5000 xk) with distnbutloa function F', and finite & -vatate mean y = E[X], p = (thgsenns by )T We

want to estimate the k -vatiate mean f. The natural estimator,of g is the k -variate sample mean

X=(x, xk) wherex““n‘ZX

PR for every | = ,...,_k . From subsection 5.1, it follows the definition of

the k -variate superefficient estimator [ of g,

i (1 mT 1)x§ + ;ml”z“'l

=
H
i

o @7
ﬁk : (1 mes i)xk‘i’zm,’:zsl

In fact, for the covariance mattix VAR[f], the inequality VAR[4]< VAR[X] shows that the estimator



L= (0., 1) " is superefficient. Following subsections 5.1 to 5.3, we also have that
AHh - pl 5 N(0,E%),

e V2 '
where the asymptotic variance 52 e (1. - {‘) Vz, and v? can be deduced from (11), where §>=1/2, as
71 — 0. Following subsections 5.1 to 5.3, we also have that '

{2 = )l (= ) —— N(0,E2)

_ . . g2 m( ) - (( =2l )( _ -2571) ) ' ‘
where the asymptotic covariance matrix & é’h’t; AT 1 m, 1 m.,.2 Vio N
£ & . - N )
and v* = .szﬁfz can be deduced from (13), where § > —1/2,as n, >0, i=1,,.,k.
- =t =2 : :

6. SIMULATION STUDY

.For ali the Monte Catlo simulations we petformed, we always used the statistical measures of dispersion

VAR,[g(X)] and VAR,[£], that are defined as
. : ) B‘
VAR, [g(®)]=(B-1)" 3 (g(%,) - g(w))*
= '

and
VAR,£81=(B-1)"Y (8, -g(w)*,
‘ S b=l

where g(i) is the population value. One can observe that g(X,) is the smooth function of the mean X, and

Ly

_ . 251 | :
g(x,)and g, = (1 -m™ 1)g(x‘,)) + Em ', where 5 > —1/2, are the values from the' b -th simulation of size

n, fot §>-1/2, where b=1..,B. The same notaton is chosen for g(X,), ¥;, and
-~ - —_— — 1 — o .
g, = (Iwm = z)g()s:l,})-i-ai’rz B where s > —1/2.

We did always choose a number B = 100000 of iﬁdei?endent Monte Carlo replications.

6.1. The anivariate variance

For the univariate vatiance example g(i) we have a bivariate rv. X =(X,,X])", with finite mean

p= (g, ) = (E[X 1L ELX] ])[ In pardcular, we define the univariate vadance g(i) as

() = py —()*
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Figure 7 - The univariate vatiance example. The Monte Carlo biag, symbol (@), and the Monte Catlo supecefficient bias, spmbol {2}, Random

" samples of sizes # = 5,6,...,95 from the Gamma distribution, with parameter o= 1.25. Monte Garlo biases for my = Hy = 2,

and 8 = 0.15 (panel (2)), and for m, =nm, = 3, and § = 0.25 (panei (b))
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Figure 2 — The univarjate vasiance example. The Monte Catlo vasdance, symbol (@), and the Monte Carlo superefficient variance, symbol (),

Random samples of sizes 7 =5,6,...,55 from the Gamma distribution, with parameter O = 1.25 . Monte Carlo vaiances for

m =m, = 2,an¢ 5 =0.15 {pancl ()}, and for 2, = M, = 3, and § = 0.25 {panel {b).
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Figure 3 — The correlation coefficient example, The Monte Carlo bias, symbol (# ), and the Monte Catlo superefficient bias, symbol {9).

Random samples of sizes 7= 5,6,...,55 from the bivarate normal distribution, "w_ith independent marginals |N (0,1)' Monte Catlo
biases for M, =M, =My =M, =M, = 2, and §=0.65 (panel (a)), and for W=, =Wy =Wy, =My = 3, and
5= 0.85 (panel ®)). ‘ .
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Fignre 4 - 'The cogrelation coefficient example. The Monte Carlo variance, symbol (), and the Monte Cardo supercfficient variance, symbol

(¢). Random samples of sizes 71 = 5,6,...,55 from the bivariate normal distribution, with independent masginals IN (0,1)1 . Monte Carlo
variances for Wi, = W, = B, =, =g = 2, and § = 0.65 {panel (), and for My =m, =Wy =0y g e 3, and
§ =0.85 (panel (). '
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Following the ~ definition (22), the superefficient estimator . & can be obtained as
g:(lwmz ])(xz——(xl )+—2—m2 1,wheres>—1/2.

Figure 1 compares the Monte Catlo bias of the standard estimator g(¥) with the bias of the superefficient
estimator £ . Figure 2 compates the Monte Carlo vatiance of the standard estimator g(X) with the Monte Catlo

vatiance of the superefficient estimator g ; the variance of § always outperform the vatiance of g(X).

: 6 2 T/B‘e mm/cztzafz mgf?j“ aemf

I“or the correlation coeffc:ient example g(u) we %mve a 5—var1ate £v. X (X l,X 2,X 12 ,X ;’ ,X X ) W1th _
finite mean p = (;,t],,Ltz,y3,,L£4,ﬂ5 M(E[X} E[X, _] E[X}LE[X?],E[X, X, In particular, we define -

' the corrrelation coefficient g(1) as

(ths — £y i) '
s f-(';u;)‘l}”%{ua "(yz)”}”z

glu) =
{

Following the definiion (22), we have the minimizex &= (lm et )g(x)+ —m ™, where
/2
g(x)—{xSM(x) } { (xz) } (¥, -%X,),and § >-1/2.
Figute 3 compares the Monte Catlo bias of the standard estimator g(X) with the bias of the superefﬁcmnt
estimator ¢ . The bias of 2(X) can turn out to be preferable. Figure 4 compares the Monte Catlo variance of the

-2

standard estimator g(X) with the Monte Catlo variance of the superefficient estimator £ ;.the variance of & always

outperform the variance of g(X).

‘6.3, The multivariate mean

Following the univariate vatiance exam'pie and the cotrrelation coefficient example in subsections 6.1 and 6.2,
above, we only compated the vatances VAR'[X,]= VAR[,U} with the vardances VAR[X], where the

oY= 1o
superefﬁacent estimator fI, of the mean W, is defined by (27) as fI, = (1—m ? I)x, +-2~m #1 for every

i=1..,k. _ .

- For the univariate variance example in subsection 6.1, we had the differences VAR X, ]-VAR[X,]=-0.214,
VAR (X1~ VAR[XE] =-1.716, VAR [X?]1-VAR[X}] = -20.886. For the correlation coefficient example in \
subsection 6.2, we  had  VAR'[X,]- VAR[X,]=-9.716, VAR [ X}~ VAR X]]= -14.793 \
VAR'[X}]- VAR{X 1=-10.394, VAR'[X]] - VAR{X 1=-15.782, V4R [Xf]—VAR{XIS] = -10.985.

7. CONCLUDING REMARK

1). For the saturation class of the Bernstein polynomials, the proofs in subsections 8.1 and 8.2, of Appendix 7
below, can be substitutued with the proofs that are studied in Lorentz (1986b), chapter 7. '

2). The supefficient estimator & given by (17) and (22) can be written as
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g=(l-m)g+ ;m_zx_i, " | 28)

where §>—1/2, and where g is any sample estimate of the popoulation quantity g(u), such that

§ 2> g{1), as m—> 0. The quantity g can be a U-Statistic, a Von Mises Differtentiable Statistical Function, a
M-Estimate, a L—csitlmate, or a R-Estimate. See Sexfling (1980), chaptexs 5t09, and Sen and Sznge.r {1993). Any
simple point g , that converges to t, in probability, as # —» o0, can define a superefficient estimator § by (28).

3). The set of patameteres @, C © for which the Information inequality does not hold is known to have
Lebesgue measure zero. See LeCam (I953) Bahadur (1964) and Le Cam (1999). The supefficient estimatot g given
by (17) and {22), do not solve such situations, becauqe VAR[g] < VAR[ (55)] and VAR[g] < VAR[g(i)},'aiso for
theset @, O of parameters ' - .

4}. Beyond the domains [0,1] and [0,1]°, more gencral domains can be obtained following the theory f01 the
Bernstein polynomials in Lorentz (1 9864}, chapter 2.

8. APPENDIX

8. sz.rcf'zii:{ conditions
A function g defined on [0,1], g :[0,1] ~> ', satisfies a Lipschitz condition with constant ) and exponent
o , or belongs to the class Lip,ot ,where 0 >0, o > 0,if

| g(x) - g(x)| < 0| x, ~x 1",

for every Xy, X €[0,1]. The class Lip,ar is a linear space. If g € Lip, ot on [0,1], then g is continuous, and
uniformly continuous on [0,11.If g € Lipyor, with ¢ > 1, then g is a constant. If g € Lip, o, and if g hasa

derivative satisfying | g (x)[ <Q,then ge Lip,l.1f @ < B, then Lip,a < LIpQ B . See Davis (1 963} chapter
1, and Lotentz {1986b), chapter 3. :

. ‘ _ . 12 :
We denote by 1 X] , x&[0,1], the Euclidean norm, | X | = {Z (x()f - x.)z} . A function g,
: i=]
[0 ijf - 9?1 satisfies. a Lipsch1t? condition with constant () os belongs to the class Lpo(x where >0,
:a.nd o >0, if ‘

24
|8(x0) =) | < Q] x, ~x[",
for every X4,X €[0,1]*. See Kelley (1999), chaptets 1 and 2, and Cheney and Light (2000), chapter 21,

8.2. Saturation dasses _ ‘
For the Bernstein-type apptoximation B (g;x), given by (1), s >—1/2, x €[0,1], the Lipschitz condition
g'e Lip,1 implies the degree of approximation PP x)=m P x(l-x), s>-1/2, x€[0,1],in (3). We have
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B“)(g,x) g(x) = {g(m (v — x)+x) (x)}[ }x (1=x)""

{ e (t)dt}[ )x (1-x)"

{m m™lv—x)g'(m™ (m™'v - x)+x)}(ir]x"(1—x)’"”"

wher; g"(;c) = (dx)“zdz g(x) ,‘ xe[0,1]. We also have 1 g\t +h)~ g'(;) < Qj'h' ;

. - = ‘ﬁM.,
L = i
: _MS‘ ip= «»"ME LV

LB
<<

iy

|£"(@)| <0, and

| B (g3x) - g(x)| < QE:{ [ —x)dr}[ Jx“a-x)’"“"

I

= -;«Q ;.:m“z" (m"lv - x)2 {TJx”'(-i - x)"
{ ‘

= ‘-Q—Qa'ﬂr"“"1 x(i.— x) .

The converse is valid. The conclusion (3) 1mp§1es that the Lipschitz condition g'e szgl We suppose that
l g'(x) | < @, where (>0 is a finite constant. We have

ol sggm-lxa-@,
where ¢ 2 1, for some i €[0,1], and then
- U e | |
|g‘(x+h)~—-g’(x.)|SQ|.h[(5|h| ‘). _- .o S (29)

Since (29) holds, we have

and thus the Lipschitz condition g'e Lip, 1.

Finally, from {29), it follows that a better degree of appxommauon (D( Nx)=0, s>-1/ 2 x €]0,1], can be
achieved for the lineas functxons g(x)=aq, with detivative g'(x)=0, g(x)=bx, with g'(x)=2>5and
gx)=a+bx,with g (x) b, where x € [0,1].

For the Besnstein- -type approximation B ) (g;%), given by (2), 5 > - -1/ 2, x €[0,11%, the L1psch1t4 condition
gradg(x,,...,x xk Yu e Lip,l 1mphes the degree of approximation (4). We have
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wmoo oy

? (’)(g,X) g(x)}<QZZ Z{J‘ﬂh (m,.v,.-ux,)+x., ,-“x,-)é’f,}

Cdwly=0 w=0

4] i " . _
( l}( k]xlvl(l_xl)miw\,“_xklk(lmxk)mk vy
Vl v, .

=wQZm'2‘ ', (1-x,).

The converse is wvalid The degree of approximation  (4) smplies  that the Lipschitz . condition
grad g(x,,...,%,,...,%, )i € Lip,1. We suppose that igi‘ng(xl,...,x‘,,...,xk)if| £Q, where 0>0 is a
finite constant. We have - ‘ '

Lol <2o% w0,
27 275 _ -

where & =1, for some h & 01

. /2
J (Z f?f J , and then

i

£ ‘ ' ' }
1> {gradg(x, +hy,...,%, + h,...,x, +hk)ﬁ—gradg‘(xl,...,x,,...,xk)ii}

faz] .
1 - - 4 ‘ o
sQ|h|(§|h| '}. : (30)

Since (30). holds, we have

> { grad g(x, thyys X R + R~ grad g(x,,..., %, %, i}

=]

SQ|hI,

and thus the Lipsclﬁti condition gf"ad g(x,,.. WX & LIpQI x € [0,1]F.
Finally, from (30), it follows that a better degme of approximation, @7 (x) =0, § > —I /2, x €[0,1}F, can be

achieved for all the linear functions g of x €[0,17%.

835 upergfficient estimation
Following (3}, for the Bernqtein—type estimator B (g;x), given by (1), s>—1/2, xe[0,1], we can write

e (g(®) <o (g(¥) ~ g(u)), 8 > —1/2, where the degree of approximation 0 (g(X) ~ g(w)) is obtained

as

7?1

o1 (5= £ = Z{_ (m“‘v-—g(f))+g(f)mg(u)}’(’f}gm“a—g("f))’""“
@ U-g@) + @D -gw),

5> —-ll/Z. Since
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(@) do (2() =™ (=25 + 2 (66 54,
() 00 (g =2(1-m™)5 0,

s> -1/2, x €[0,1], the degree o{ approgimation P }( g(x) g()) has a minimizer for

cs>=l 2. Following (11), the vasiance of the estimator § given by (31) is |

VAR[E] = (1-m™" ) VAR[g(%)] |
- (1 _ m—Qs—I)z n_’laz, | . | | ' _ (32)
where §>—1/2, 2nd &? is given by (11). Thus, for § > ~1/2, we have
ég = g(u) + O((l T )nﬁuz )’

as W1 —>» o0 and 11 —> 0,

s ’(1 e T ) g(x) L2 m»&!s-"l‘
It follows that
&=g(®+ O( =),
as JM -3 00, Fmaliy, it also follows that

2 } .

(5 - 800)= (&) - ()= g() + 2m
= (g(®) - () -m g+ 0, *“2))+%m-2“
- O(mwzm )+ -Op (n_—uz )*i* Op (m-zs—zn—wz ),

as MM —> o0 and B —>» 0.

8.4. Superefficient estimation of multivariate means

Followirg (4), for the Bernstein-type estimator BY(g;x), given by (2), s> -1/2, x &[0,1]%, we can

write (X)) <P (X —p), s S ~1/2, whete the deg}_ee of approgimation @7 (X — i) is obtained as

o8 @= = (- 5)+ E - )’

18



s>-1/2. The degtee of approximation @1 (X — 1) has a minimizer for

A (1 m[hl)xl-%;mfz”

a, (I g §)x,c + 2m;2g -1

s>-1/2. Following (13), the variance of the estimator [ given by (33) is

(1-m;7 ) VAR[R, ] oo (1w Y e OV F, 7
VAR|G]= . S \
(1= mP? 1= m> ) COV[%,%,] (1= mp ) vaR[Z, ]
(Iw "ZH) v/ (I——m{“"‘)(l m"?‘“)vlk
=n" . B . _ ' 39
(1 m"z’l)(l m"z”)vkl (l—mk"z""l)zvf
S>-}/2.Thus',forS>—I/2,Wehave
i, = H,'*“O((I m 1) -1/2)’
asm, =0, i=1..,k,and n-—> 0.
Following (13)',‘ the asymptotic vatiance of 1) i(ﬁl, W h)" is

SN IR B B W SRS e
& éj‘h’}z . i 1—m - m, .V,.l,2 ot et where V Z V., can be deduced

PR W ¥ P

from (13), and 5> —1/2,2s m, —> 0, m, . >0, 0yl =1k, and 1 —> 0.
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Applicata all’ Economia — Universita di Pisa

REF T‘R]“NCLS

R.RBAHADUR (1964), On Fisher's bannd for asymptotic variances;* The Annals of Methematical Statistics”, 35, 1545.1552,

N. BALAKRISHNAN, V.B. NEVZOROY (2003), A Primer on Staistical Distributions, Wiley and Sons, New York.

O.L. BARNDORFF-NIELSEN, [3.R, COX (1989), Agpmptotic Technigues for Use in Statistics, Chapman and Mall, London,

R.A. BECKER, 1.M. CHAMBERS, AR WILKS (1988}, The New § Langwage, Wadsworth and Brooks/ Cole, 1’1clﬁc Grove, California.

.. BICKEL, C. AJ. KLAASSEN, Y. RITOV, JA. WELLNER (1 998) Eﬁ' ceent and Adaptive Estineation for Semiparametric Models, Reprint of the
1993 BEdition, Springer-Verlg, New York.

EW. CHENEY (1982), Intredyction fo Approximation Theary, 2nd Edition, AMS Chelsea Publishing, Amerzcan Mathematical Society, Providence,
Rhode Island.

W.CHENEY, W. LIGHT (2006}, .4 Course in Appmmmafzm Theary, Brooks/ Cole Publishing Company, Pacific Grove, California,

B.]. DAVIS (1963}, Tuterpolation and Approximation, Blaisdell Publishing Company, Waltham, Massachusetts.

R.A DEVORE, G.G. LORENTZ (1993), Constructive Approximation, Grundlehren der mqrhemmschcn Wissenschaften 303, Springer- Vexhg,
New York.

19



- W. FELLER (1968),..4n Introduetion to Probability Theoyy and Its Appleations, Volume I, 3rd Edition, Wiley and Sons, New York,

W, FELLER (1971),.4x Introduction to Probabitity Theory and Its Applications, Volume 11, 2nd Edition, Wiley and bons New York,

W, FLEMING (1977), Frnctions of Several Variables, 2nd Edition, Springer-Verlag, New York.

P.HALL (1992}, The Baotstrap and Edgeworth Expansion, Springer-Verlag, New York,

CT.KELLEY (1999), Itenative Methads for Optimization, SLAM, Society for Industrial and Appheci Mathemancs Philadelphia.

P.p. KOROVIKIN (1960), Linear Operators and Approximation Theory, Hindustan Publishing Corporation, Delhi,

L. LECAM (1953), On some agympitotic propertics of macimurs kielihood estinates and related Bayes ostimanss, Univessity of California Publications
in Statistics, ]. Neyman, M. Lo&ve, O. Struve, Eds,, 1, Umvcrsxty of California Press Berkeley and Los Angeles, Cambridge
University Press, London.

L. LECAM (1999), Maxinmm lkelibood: an introdustion, “International Smmnml Review”, 58, 153- E71

EL LEHMANN (1991), Theary of Paint Estimation, Reprint of the 1983 Edition, Wadsworth & Brooks/Cole, Pacific Grove, California.

G.G. LORENTZ (19864}, Bernstein Polynowials, Chelsea Publishing Company, New York,

G.G. LORENTZ {1986B), Approximation of Functions, Chelsea Publishing Company, New York

A.PALLINI (2005), Berustein-type approxination of smooth functions, “Statistica”, 63, 168-191.

G PHILLIPS (2003), Tnterpolation and Approsiviation by Pobwentials, Springer-Verlag, New York.

T, RIVLIN, FLS. SHAPIRO (1961), A nuified approach fo certain problems of approximation mzd minimization, “Ffournal of the Socxery of Iﬂduatml
and Applied Mathematics”, 9, 670-699,

M.]J. SCHERVISH (1995, Thergy of Statistics, Sprlﬂgeercrl”sg, New York.

PR SEN, .M. SINGER (1993), Large Sample Methods in Statisties, C h’lpmﬂﬁ and Ihll New York.

R.J. SERTLING (1980}, Approscimation Theorems of Mathematical Statistizs, Wiley and Sons, New York.

RIASSUNTO

Saturasione ¢ supereflicienza per alune approsssimazioni del lipo di Bernstein

Studiamo il grado di approssimazione ‘ottimo’ ¢ le classi di saturazione pet le approssimazioni del tipo di Bernstein che sono
proposte in- Pallini (2005). Vengono anche studiate situazioni di supesefficienza, pitt precisamente, vengono anche studiati
stimatori supesefficienti per funzioni regolari di medie nella popolazione. Un esperimento di simulazione completa il conteibuto.’

SUMMARY

Saturation and supersfficiency for some approxcimations of the Bernstein type

We study the ‘optimal’ degree of approximation and the saturation ‘classes for the Bernstein-type appmmmations that are
proposed in Pailini (2005). Situations of superefﬂuency, more precisely, superefficient estimators for smooth functions of
population means are also scudied. A simulation experiment completes the contribution.

. . N . .
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