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Abstract

Referring to the Fritz John necessary optimality conditions for &
vector optimization problem, it is crucial to know some regularity con-
ditions ensuring that the multipiiers associated with the objectives are
positive. By means of a suitable separation theorem, we establish a -
necessary and sufficient condition which guarantees the positivity of
such multipliers. Furthermore, some constrainé qualifications involv-
ing generalized convexity at a point ‘are.g;iven.

1 Introduction

As it is well known, constraint qualifications play a fundamental role for both
a scalar and a vector optimization problem, since they guarantee the validity
of the Karush-Kuhn-Tucker necessary optimality conditions, i.e., the posi-
tivity of the multiplier associated with the objective function in Fritz John
conditions. -

In this paper we will establish a new separation theorem between a sub-
space and the Paretian cone, which underlines that the sign of a multiplier
is strictly related to the intersection between a subspace and the boundary
of the Paretian cone. The obtained result will allows us to state a necessary
and sufficient condition for having regularity in a vector extremum problem,
i.e., a necessary and sufficient condition which guarantees the positivity of
the multiplier vector associated with the objective function in Fritz John
conditions.

Furthermore, we would like to point out that, unlike the scalar case {see for all
[1}, and [7]), for a vector problem, only few constraint qualifications involve
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From a geometrical point of view, when W NintR?. = §, the intersection
between the conical extension of W and the nonpositive orthant is a face F
of BP . The relevance of this property is due to the fact that it is possible to
determine a set J of indices corresponding to multipliers which are zero in
all separating hyperplanes and also to establish the existence of a separating
hyperplane having positive multipliers a,ssomafsed with the indices which do
not belong to J.

We recall that a face of B? is a set of the kind

F={z=) v(~¢), %20}

ied

where J is a proper subset of {1,..,p} and €/, j = 1,...,p, denotes the unit
vector having the j-th component equal to one and all the others equal to
zero, By convention F = {0} if J =10.

More precigely we have the foliowing theorem.

Theorem 2.1 Let W be a vector subspace of %P such that W MintR? = @
Then, the following conditions hold:

W NRE is a face F = {2z = S v;(~€f), v = 0}, where J is a proper
. jed ’
subset of the set of indices {1,...,p};

i) if J # 0, then for every separating hyperplane of equation o¥z =0, a>0
we have oy =0, Vj € J. Purthermore, there exisls a separating hyperplane
with o; > 0, Vi & J, .

i) J = 0 if and only if there exists sepa;mtmg hyperplane wzth o >0, for
every t € {1,...,p}.

Proof. i) If W* NRE = {0}, the thesis follows bjf convention, otherwise
there exists z € WNRY, 2 # 0. Since W NintR? = @, z is a boundary point
of R?. and thus there exists a proper subset of indices J, < {1,..,p} such that

7= Z vi(—€l),y; > 0. Taking into account that W* = W -+ 1% is a convex
Jjedy
cone, we have —(z+ }: i ¢') = —e* € W*, for every k € J,. By repeating
JE€Ty. 35k
this process for every element of W MRY, we obtain a subset J = UJ,. Since

W N intR? = 0, J is properly contained in {1,..,p}. Cobsequently, the

intersection W* N RY is given by {# = 3 v (—ef), v = 0}, Le, it is a face
jed

of 3P . '

it} Let al'z = 0, 2 0, be the equation of a hyperplane which separates

W and R from i) of Lemma 2.1, we have oTw > 0, Yw € W*. Since

§ € J implies —e? € W*, it results ol (—e?) = —a; > 0, ie, @ <0, 80
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Theorem 2.2 Let Wy, W, be vector subspaces of ° and K™, respectively.
Then, there exists a hyperplane oTu + fTp =0, with « € mtRY, B € NP,
which separates Wi x Wy and REN{0} x R™ if and only if

(W x W) N (REA\{0} x RT) = 0. (1)

Proof. By setting p = s+ m, the thesis follows from Theorem 2.1 taking
into account that (1) is equivalent to state that W x Wy does not contain
elements of the kind (w!, w?) with w} < 0,4 =1,...,8,w} < 0,7 # ¢, w? <O0.
®

" Remark 2.1 As an application of the previous results, it is possible to derive
some theorems of the alternative. Consider for instance the matrices A and B
of dimension’'s Xn andm xn, respectively and let Wy = {Az, z € R"}, Wy =
{Bz, z € R"}. From Corollary 2.2 we obtain the following Tucker’s theorem
of the alternative: ' '

the system Az € R°\{0},Bz ¢ R™ s impossible if and only zf the’re exist
o € intRs, B e NP, such that T A+ 7B = 0.

When ¢ = 1, 'Fucker s th@orem of the alternative reduces to the well-known
Forkas’ Lemma.

3 A general constraint qu'aliﬁcation

Consider the following vector optimizatior problem

in F(z) |
{x@Sw{?G%’“EG(m)E%Tj} @

where F : B® — R, G : ®® — R™ we denote by f;, i = 1,..,s, and g;
7 =1,..,,m, the components of the functions F and G, respectively. '
We recall that a feasible point zp € S is said to be a local minimum point
or a local efficient point for (P), if there exists a neighborhood I of zg such
that |

F(z) ¢ F(zg) + R\ {0}, vz e SN 1T

Without loss of generality, through the paper we will assume that all the
constraints are binding at g, that is G(zg) = 0.

By assuming that F, (7 are differentiable at the local efficient point g, the
following Fritz John necessary optimality conditions hold:

3o B) € B X RY, (@,8) £ (0,0) : & F(a) + f7C (wo) = 0. (2)



_ which implies {3). While in the scalar case, condition C(S, zo) = T(S, o)’
is a constraint qualification, this does not happen in the vector case, ie.,
C(8,z0) = T(S, o) does not guarantee o € intR7; this is pointed out by the
following example. '

Example 8.1 Consider the problem min f(2129) = (21 — Ta, —(21 — 22)%)
subject to § = {(z1,z2) € R? : @y < 0}. Every feasible point is an efficient
point. In particular zo = (0,0) € S is efficient. Condition i) of Theorem 3.1

T (D)D) ()-(2)

and it is satisfied by a; = 0, ap > 0, § = 0, so that @ = (0, o) ¢ intR2,
Nevertheless TS, z0) = C(S, o) = 5. v

“The above example ‘sugges'ﬁs that in vector optimization, any constraint
qualification has to be a condition involving both the constraint set and the
objective function.:

4 Vector generalized convex functions

In the scalar case several constraint qualifications involve generalized con-
vexity /concavity assumptions. An extension of these results in the vector
case can be found in [4, 5, 6, 8] where generalized convexity/concavity is
required for any components of the objective functions and/or of the binding
constraint functions. | ' o

In order to obtain more general constraint qualifications we will consider a
class of vector pseudoconvex finction at a point (see for istance [3]) and we
will introduce a new class of vector pseudoconcave function at a point. More
precisely we consider the following definitions.

Definition 4.1 Let H = (hy, .., hp) be a vector function defined on an open
conwez set X C R™ and differentioble ot oo € X.

i) H 1is said to be inth® -pseudoconver at zy if the following logical implication
holds: 4 :

z e X, H(z) € H(zo) + inth?. = H'(ze){z — zp) € intR? (4)

LO(8, mg) is the linearizing cone to § at zg: C(S,20) = {d € R" :-Vg} (wg)Td <0,
§=1,.,m} and T(S,z¢) is the Bouligand tangent cone to S at zo:
T(8,z0) = {d € B : Han} C8, 2 — @0, A} — +00: Anlzn — zo) — d}



Consider now the vector function H.; from H = (hy, .., hy) by deleting
the i-th component, i.e., H_; = (1, .., b1, hiq1, .o, hp). This function will be
used in the next section to state a new constraint qualification.

Observe that the intR? -pseudoconvexity of H does not imply necessarily the
pseudoconvexity of H_;, Ve, ag it is shown in the following example.

Example 4.3 Consider agoin H(z) = (21,21 + 23,22}, 2 = (z1,23), at
zo = (0,0). Although H{z) is intR® -pseudoconver (see Ezample 4.1), the
function H_{(z) = (x,+23, Bg) is not int?Ri ~pseudoconver at Ty since we have
H_i(1,-2) = (=7,-2) € intR?, but H' ,(z){1;-2)7 = (1, -2)7 ¢ intR2.

5 Counstraint qualifications and generalized con-
vexity

In this section we will establish some constraint, qualifications involving the
- classes of generalized convex functions introduced before. ‘
Let 2o be a local efficient point for Problem (P) where F and G are dlffer—
.entiable at zy. Consider the following conditions:

s Condition 1. The objective function F and the constraint function
G are reverse pseudoconcave at zg.

¢ Condition 2. Let [ be a proper subset of {1,..,m} and set I* =
{1,..,m}\I. F and Gy are reverse pseudoconcave at £q and there exists
d € R", d 5 0 such that Gy (zo)d € R, Gh(zo)d € itR! F(ze)d €
Re , where | I'|, | I* | denote the cardinality of I, I*, respectively.

o Condition 3. [ is reverse pseudoconcave at ¢ and there exists d € -
™, d 0 such that G'(zp)d € intR™, F'(z0)d € R°.

» Condition 4. G is intR™-pseudoconvex at zg, for every ¢ = 1,.., 8,
F_;is int?Rf’_.“l~pseudoconvex at g, and for every i there exists 79 such
that F_;(z®) € F_i(zg) + intR?, G(2Y) € G(=zp) + intR™.

'The following theorem holds.
Theorem 5.1 Every condition 1-4 is a constraint qualification. -

Proof. Referi"ing to Theorem 3.1, we will give the proof by assuming
that (3) does not hold or, equlva,lently, by assuming the existence of a nonull
vector d such that

Fl(zo)d € R\ {0}, G'(z)d € R™ | (6)
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