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Abstract

We consider an incomplete market model with numeraire assets. Each household faces
an individual constraint on its participation in the asset market. In related literature, the
constraint is described by a function whose sole argument is the asset portfolio. On the contrary,
in our analysis the constraint depends not only on the asset portfolio, but also on asset and
good prices - hence the reference to endogenous (in contrast to ezogenous) in the title. We also
analyze the case in which some household is excluded from the trade of some asset. Existence
results are provided using a homotopy argument.

JEL classification: D50; D52.
Keywords: General equilibrium; Restricted participation; Financial markets; Existence of equi-
libria.

1 Introduction

This paper provides existence results for a pure exchange general equilibrium model with incomplete
markets and endogenous restricted participation. We consider the same model presented in Carosi,
Gori and Villanacci (2009)!. Each household has only partial access, in a personalized manner to
the available set of assets. In related literature, the constraint is described by a function whose sole
argument is the asset portfolio. On the contrary, in our analysis the constraint depends not only
on the asset portfolio, but also on asset and good prices - hence the reference to endogenous (in
contrast to erxogenous) in the title. Each economies is described by endowments of commodities,
utility functions, asset yield matrices, and restriction functions.

Assumptions on restriction functions are a natural generalizations to the endogenous setting of
those used in Cass, Siconolfi and Villanacci (2001) in the exogenous case. It turns out that, in both
mentioned frameworks, those assumptions imply that the admissible portfolio set has nonempty
interior - see Lemma 5 below. Therefore, they do not allow to cover the case in which some
household is excluded from the trade of some asset. Our proposed technique of proof can easily
accomodate that economically meaningful situation.

The paper is organized as follows. In Section 2, we present the setup of the model. In Section 3,
we show existence of equilibria in the case of restriction functions satisfying the proposed, standard
set of assumptions; an homotopy argument is used. Finally, in Section 4, we show existence in the
case of some household asset demand for some asset being forced to be zero.

2 The model

Our model is the by now very standard two-period, pure exchange economy with uncertainty and
both commodities and assets. Spot commodity markets open in the first and second periods, and
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there are C' > 2 types of commodities traded at each spot, denoted by ¢ € C = {1,2,...,C}.
Asset markets open in just the first period, and there are A > 1 (inside) assets traded, denoted
by a € A={1,2,...,A}. We will also denote spots by s € § = {0,1,...,5}, S > 1, where s = 0
corresponds to the first period, today, and s > 1 the possible states of the world in the second
period, tomorrow. Finally, there are H > 2 households, denoted by h € H = {1,2,..., H}.

The time line for this model is as follows: today, households exchange commodities and assets,
and consumption takes place. Then, tomorrow, uncertainty is resolved, households make good on
their liabilities, and households again exchange and then consume commodities.

x5 (s) is the consumption of commodity c in state s by household h, with parallel notation for the
endowment of commodities, ef (s) . Both consumption zj, = (zf,(s),c € C,s € §) and endowment
en = (€5(s),c € C,s € S) are elements of RY, , where G = (S + 1)C is the total number of goods.
Household h’s preferences are represented by a utility function wy, : Rf 4+ — R. As in most of the
literature on smooth economies we will adopt throughout

Assumption u. For all h € H,
ul. u, € C2(RY,);
u2. uy, is differentiably strictly increasing, that is, Duy, (zp) > 0;
u3. wuy, is differentiably strictly quasi-concave, i.e.,
Az #0and Duy, (z,) Az =0 = Az’ D?uy, (x3) Az < 0;

u4. uy, has upper contour sets closed in the standard topology of R, that is, for any z € Rf+,
{z e R, :up (x) > up (z)} is closed in the topology of RY .

The set of utility functions satisfying Assumption u is denoted by U. Define also U = U "

We will also use the following standard notation: p°(s) is the price of commodity ¢ at spot s and
p = (p°(s),c € C,s € §) is the corresponding commodity price vector; ¢* is the price of asset a and
q = (¢*,a € A) is the corresponding asset price vector; y®(s) is the yield in state s of asset a in
units of the numeraire commodity, which, for specificity, we designate to be C, and

yt (1) ooye() oyt
Y= y'(s) 4 (s) yA(s)
SS) .y (S) . yA(S)

is the corresponding yield matrix; y (s) = (y*(s),a € A) is the vector of asset yields in state s; zj!
is the quantity of asset a held by household h, z;, = (2§, a € A) is the corresponding asset portfolio
and z = (z5,h € H) € RAL,

Concerning the financial side of the economy, and consistently with our restricted participation
framework, we assume that

e there exists a given set of assets which, in number and kind, may even be sufficient for complete
markets,

e cach household h has only partial access, in a personalized manner to the available set of
assets.

In other words, while there may be just a “few” or “many” assets, the market imperfection we con-
sider is not incompleteness of numbers of assets, but rather restrictions on households’ opportunities
for transacting in assets.

It greatly simplifies our analysis (but, for the reason just mentioned, is not without loss of generality)
to assume that

Assumption Y. rankY =A< S.



Let Y be the set of S x A matrices satisfying the above assumption.

There are J > 1 potential participation constraints for each household. Let J = {1, ..., J} with
generic element j. Then, the restriction function for household A is

?"h:RAXRf+><RA—>R‘]
(2h,P,9) = T (24,1, q) = (Tfl (2n,0.4) . j € J)
For each nonempty subset 7, C J, denote its cardinality by J;, and let
rh i RA X RG, x R4 — R7»
(zuspr @) = (7 (znsp,0) 5 € )
We now introduce assumptions on restriction functions.

Assumption r.

rl. For all h € H, rj, is C*(R4 x REJF x R4 R7);

r2. Forall he H, j € J, (p,q) € RY, x R4, rfl is quasi-concave in zp;
r3. For all h € H, (p,q) € RS, x R4, 1, (0,p,q) > 0;

rd. For all h € H, (21, p,q) € R x RG, x R4, J), C J such that J, # @,

i (zropyg) =0 = rank Do,y (zn,p,4) = Jii

r5. For all a € A, there exists h € H such that, for every (z,p,q) € R4 x R§+ x R4,
DzﬁTh(Zhapa Q) =0.

Let R be the set of restriction functions satisfying Assumptions r1-r5 above, with generic element
r= (rh)thl. An economy is E = (e,u,Y,r) e R xU x Y x R =E.
For given (p,q, E) € Rf 4L X R# x &, household h € H maximization problem is as follows.

Problem (Ph)

max  up(zp) st
(Th,2zn)

p(0)zy (0) +gzn < p(0)en (0) (1)
p(s)zn (s) —p° (8)y(s)zn <p(s)en(s), se€{l,..S}
n(zn,p,q) = 0
Observe that normalizations of spot by spot prices are not possible because of the dependence
of the restriction functions on (p,q). In fact nominal changes of prices may in general affect the

constraint set of some household maximization problems. Therefore the appropriate definition of
equilibrium is as follows.

Definition 1 ((xh,zh)heH,p, q) € (R$+ X RA)H X R$+ x R4 = © is an equilibrium for the
economy E € & if for each h, (zp,zp) solves Problem (Ph) at (p,q,E) and (z,z) solves market
clearing conditions at e

M=

(Ih - Eh) =0

1 2)
Z zp =0

h=1

h

=]

In the following, for every E € £, we denote by O(FE) C © the set of equilibria for the economy
E and by ©,,(F) the set of normalized equilibria, that is,

0, (E) = { ((@h, 2)perg 1> q) € O(E) : Vs € S,p°(s) = 1}.



3 Existence of normalized equilibria

In this section we prove the following existence theorem.

Theorem 2 For every E € £, 0,,(F) # .

We are going to prove such a result via the system of equations of Kuhn-Tucker conditions

associated with households maximizations problems,

First of all note that in the considered model, S + 1 Walras’ laws do hold. If we define xh(
(x5 (s),c#C), xh = (z,\l( ), S 68) and similarly 62( ) =

and market clearing conditions.

(6. (5), £.C), e = (e)(s

then we can write the significant market clearing conditions at e as

f: (xz —ek) =0,

h=1
H
Z Zh = 0.
h=1
Define also
p\(s) =(p°(s):c#£0C), p\ = (p\(s)7s € 8) ,

and

- _ mGH AH (S+1)H
E=RYY xR x Ry

with generic element

&= (m,z,)\7u,

p(s) = (p\(),1), P=(Bls)s €9),

x RTH x Rf;(sﬂ) x R4,

p\,q)-

Let us consider now E € £. It is immediate to prove that if

((gjhv Zh)he’)—[ D, q) S en(E)

then there exists (An, ftn) ey = (A1) € RS_S_:_DH x R7H such that

€=

solves the system Fg(§) = 0 where
FE =

((Ihv Zh )‘hv /’Lh)he’}—[ ap\7 q)

N ]Rdmﬂ:7

FE ($72,)\,M,p\,q> =

while if

[ (h.l.s) Dy, (syun (xn) — An ()P (s) ]
heH,seS
(2'627«{0) —p(0) (2 (0) — en (0)) — gzn
(h.2.5)  —=p(s) (xn(s) —en(s)) +y(s)zn
heH,seS\{0}
S J o .
(h.3.a) =M (0) g% + XAk (8) y*(s) + 22y, Dagry, (21, D, 9)
heH,ac A 4 ' s=1 j=1
R CRACE )
H
(M.x) hgl (xk - e,\L)
H
(MZ) E Zh
L h=1 i

5 = ((xhwzhm )\hauh)heﬁ up\7q>

solves the system Fg(§) = 0, then

((@h: 2n)per B> 9) € Ou(E).

The above discussion implies that Theorem 2 is a consequence of the following result.

=)



Theorem 3 For every E € &, there exists £ € = such that Fg(§) = 0.

We are going to prove Theorem 3 applying the following well known result?.

Theorem 4 Let M and N be two C? boundaryless manifolds of the same dimension, y € N and
F,G : M — N be continuous functions. Assume that G is C* in an open neighborhood U of G (y),
y is a regular value for G restricted to U, #G~1 (y) is odd and there exists a continuous homotopy
H:M x[0,1] = N from F to G such that H=' (y) is compact. Then F~! (y) # @.

We need also the following proposition.

Proposition 5 For every h € H there exists a continuous function Zp : R§+ x R — RA such
that, for every (p,q) € RS, x R, r,(2(p, q),p, q) > 0.

Proof. Let us fix h € H and define the correspondence ¢y, : ]Rf 4 X RA = R4 as

J

on(p.q) ={zn € RA 7, (20, p, q) > 0} = ﬂ {zh eRA: ri(zh,p,q) > 0}.
j=1

By Assumption r2, for every j € J, the set {zh cRA: r{l(zh,p, q) > 0} is convex and then ¢y is

convex valued. We claim that, for every (p,q) € R$+ x R4, on(p,q) # @. In fact fix (p,q) €
Rer x R4, We know that r1(0,p,q) > 0 and then there exist a partition {J,?, Jhl} of J such that

r1(0,p.q) =0, VjeJTp,
r(0,p,q) >0, VjeJ,.

1
By continuity of r}{h there exists an open neighborhood V(0) € R4 of 0 such that for every
1 0
zn, € V(0), T}?’l (zn,D,q) > 0. Moreover by Assumption r4 we know that ransz;LT}Ly’l 0,p,q) = J}

0
and then we can find z} € V(0) such that r,‘ljh (25,p,q) > 0. Then r, (25, p,q) > 0 and ¢, (p, q) # 2.
Finally by Assumption rl we have that, for every z, € R4,

ont(zn) = {(p,q) € RS, xR : 2 € n(p, @)} = {(p.q) € RS, x R : vy, (21,p,q) > 0}

is open in Rf X RA. Then the desired result follows from Proposition 1.5.1, page 29, in Florenzano

(2003). =m

Proof of Theorem 3. Let F = (e,u,Y,r) € & be fixed. Then it is well known that there
H H

exists a Pareto optimal allocation z* for u such that Y xz; = > e;. Moreover, there exists
h=1 h=1

(x*,7*) € RE, x RS, such that (z*, x*,~7*) is the unique solution to the following system

Xi—1 =0
X Dun (zn) —7* =0
(un (@) —un (24))yy =0 (5)

H
=2 (zn —a}) =
h=1

Set
F(§) = Fgr(§), VEEE,

and consider the system in the unknowns & = (z,\, z, 4, p\, q) € Z and 7 € [0, 1], given by

2See Theorem 57, p. 199, in Villanacci et al. (2002).



(hlS) th(s)uh (le) - )\h (S)ﬁ(s) =0
heMH,s€S

(%20) —P(0) (zn (0) = (1 — 7) en(0) + 727,(0))) — qzn =0

€M
(h25)  —B(s) (on () — (1= 7) enls) + 7a3(s)) + v (s) 2n -0
heH,seS\{0}
S J .

(h3.a) =2 (0) g + 2 An(8)y*(s) + 2oy (1= 7) Degryy (L= 7) 20 + 720(P,0), P 0) =0
heH,ac A s=1 j=1

() min (] (1= 7) 20+ 73 (P.).P )} =0
heH,jeT

H
\ \ *\

M.x zp —|(1—=T)e, + 72 =0
(M.z) i:( (@=ryep+7a3)))

(M.2) >z =0

h=1
(6)
where, for every h € H, the function zj, is defined in Proposition 5.
Define now o
H:Zx[0,1] — RIm=
(&, 7) — left hand side of system (6),
and

G:Z-RIME ¢ H(1).

Observe that
H(£,0)=F().

Let us now verify that Theorem 4 can be applied. F' and G are defined in the same open subset of
RYME take values in RY™E (and those sets are C? boundaryless manifolds of the same dimension)
and are continuous.

Of course H is a continuous homotopy from F' to G. Moreover, Lemmas 6, 7 and 8 prove the
following needed results.

.« GH0) = )
e G is C! in a neighborhood of £* and rank D¢G (£*) = dim E;
e H1(0) is compact.
From Theorem 4, it then follows, as desired, that F~(0) # &. =
Lemma 6 G~!(0) = {¢*} = {(x*,z*,/\*,u*,p\*,q*)} € =, where

*C'
xy =y, )\Z:<7*(S),SES>, zp =0, up=0, VhewH,

Xh




Proof. G71(0) is the set of solutions of system (6) at 7 = 1, that is, the set of solutions of the
system
(h.1.s) Dy, (syun (@n) — An (s)D(s) =0

heH,seS
(ffl{ezﬁo) —p(0) (z1 (0) — 2}, (0)) — gz, =0
(h.2.5) —D(s)(xn(s) — x5 (s)) +y(s)zn =0
heH,seS\{0}
s

(h3.0) M (0)g" + 52 (5)y"(s) =0
heH,acA ] s=1 (7)
(hAj) — pp=0
heH,jeT .

(M.x) hZ::1 (m}l — x2\> =0

H
(MZ) hglzh =0

Using the definition of £*, it is easy to check that £* € G~1(0). Define now E: (55, X, 200, qA),

assume & € G~1(0) and prove €= ¢
Claim 1. = p*. Obvious.
Claim 2. T = z*. Suppose by contradiction & # x*. Consider T = % (Z + z*). Of course it is

S -3 (Lot ont) - 3o ®

h=1 h=1 h=1

Since (x},z;) is feasible for the maximization problem of the h-th household, whose first order
conditions are given by equations (h.1.s), (h.2.0), (h.2.s) and (h.3.a) in (7), it is up(Th) > up(z}).
Moreover, from Assumption u3, we have

Up (5;,) > min{uh (J)Z) 5 uh(ﬁs\h)} = Up (J)Z) Vh € H. (9)
But (8) and (9) contradict the Pareto optimality of x*.
Claim 3. X = X*. Since T = z*, from (h.1.s) in (7) we have in particular

An (8) = Dye (gyun (Bn) = Dyoyun (z3) = N (s), YheH,s€S.
Claim 4. p\ = p\*. ;(From (h.1.s) in (7) and Claims 2 and 3,

Dm s T Dm s 5 _
(S) — h&)uh (l'h) _ h( zuh (mh) _ p* (S) VseS.
Ak (s) A% (5)

iSH

Claim 5. Z = z*. From (h.2.s) s > 1, in (7) and Claim 2, we have in particular,
Y%, =0, VheH.

From Assumption Y, we get that for any h € H, z), =0 = zj.
Claim 6. ¢ = ¢*. From (h.3.a) in (7) and Claims 1 and 3 we get

BRI

>/>
cn
:-*
o;

>/)
O
m*
C>

and the proof is completed. =

Lemma 7 G is C' in a neighborhood of £&* and rank D¢G (£*) = dim E.



Proof. It is immediate to prove that in a suitable small neighborhood of £* we have is

(h.1.5) Dy, (s)un (Tn) — A (5) P (8)

heM,seS

(]}{37'10) =P (0) (zn (0) — 27, (0)) — qzn
(h2s)  —P(s) (an () — 3 (5)) + (5) 2

heH,seS\{0}
5
R Y LR R

(hA4jg)

heH,jE€T

H

H
(MZ) E Zh
h=1

and this is a C! function. The computation of D¢G (£*) is described below

| [ oo | M [ oz [m|p [ q
(h.1) || D?up (a7) | —@ ()" —A;
(h2) || —2(") ¥
—ag* T
(h.3) || X (0)1
) i
(M.x) 1
(M.z) I
where
pt(0) ... p7t(0) 1
®(p) = (10)
pl(S) pC—l(S) 1 (S+1)xG
Iic—1yx(c-1)0
I= (11)
Iic-1yx(c-1)0
[G—(S+1)]xG
and
A4 (0) Ie—a Y€ (0) Io
0 1 0 1
Aj = = — =TI
X X
X, (8) Io " 7O (S) oy h
0 0
(12)

where Ay and I'* have G rows and G — (S + 1) columns and I'* does not depend on h.
Then the above matrix has full rank if and only if the following does:

| L oo [ [ oz [ [ g
(h.1) || D?up (x3) | —@ ()" —A;
(h2) | —2() w

T
(h.3) [‘5 } A, (0)1
(M.x) 1
(M.z) I




Using a standard argument exploiting Assumption u3, the desired result follows®. m

Lemma 8 H~!(0) is compact.

Proof. We want to show that any sequence (5 (K], T[k]) kN included in H~! (0) admits a convergent
subsequence 1n51de that set.

Since {rl* } re [0,1], up to a subsequence, we can assume 7¥] — 7 € [0,1]. Consequently,
defined

el — (1 — T[k]) en + T[k]x;‘“ e, =(1—-7)ep+7x},

el = (1—7M)e4rFg* &= (1-7)e+7a",
we have egf],’e\h € R$+7 Kl & e REJF and

(%]

€, — €n, el
Claim 1. (x[k])keN admits a subsequence converging to T € Rff
It suffices to show that (:U[k])k N

{x (K] } pen S RG §7 is bounded from below from zero. Observing that Walras’ law holds also for the
homotopy system, we have

is contained in a compact subset of REH included in Rff Since

S (o= (1= ™) en 4 7253)) =0

h=1
and then for any ' € H
H
xﬁf,] = Z ((1 — T[k]> [k] + 7kl ) Z xy,
h=1 h#£h!
Therefore, since (e%k]) converges and (m[k]) keN is bounded from below, it is bounded from above
keN

as well. We are left with showing the closedness. Remember that equations (h.1.s), (h.2.0), (h.2.s),
(h.3.a) and (h.4.7) in (6) say that for all k € N, (acglk], z,[l ]) solves the problem

max up(zp) st
(Th,zn

—p*(0) (wn (0) — (1 = 7¥)ep, (0) — 7112 (0)) — ¢!z = 0, (13)

—pt*l (s) (zn(s)— (1 - rl)ey, (5) — T[k]{L‘Z(S)) +y(s)zn =0, se{l,..,5}

(1 — Nz, + 7HZ, (BF], gF), plF q[k]) > 0.
From Assumption u3 and the properties of zj, it is simple to prove that, for all k& € N, we have that
the vector (e%], ) belongs to the constraint set described in (13), and therefore by definition of
.TEL], we have that

up, (gc%“]> > up, (ekk]) B e{ Hilt U{gh}Uh (en) =uy, VkeNheH,

where the minimum is well defined because {ef] }renU{@n} is a compact set. Therefore, {z*]} pen S
{xh € Rer sup (zh) > gh}, which is a closed set in R and contained in Rir from Assumption u4.
Therefore, {x k]} kN is contained in a closed set, too. We can assume then, up to a subsequence

that x H%GR_H_ as k — oo.

. [k] . . N (S+1)H
Claim 2. ()\ )keN admits a subsequence converging to A € Ry .
Since pl¥I€(s) = 1, from (h.1.s) in (6), we have

Dyoyun (2)) = N(s), vhem,ses.

3See Villanacci et al. (2002), Lemma 18, p. 319.



Letting kK — oo in both sides, we get

~

. k . k ~
klggoAL](S) = kli)rgo D, (syun (xg]) = D,c(syun (Tn) = An(s) >0

where the last strict inequality comes from Assumption u2.
Claim 3. (p\[k})keN admits a subsequence converging to p\ € R_C:_T_(S"'l)_

Again from (h.1.s) in (6), Dm\(s)uh (xglk}) _ )\ELk]((s)p\ (s) = 0. Therefore, we get
h

Dx\ s Up (x[f]) Dz\ s Up, (/I\h)
lim p\*l(s) = lim nl )k = ) =p >0
e e ) An(s)

where again the last strict inequality comes from Assumption u2.

Claim 4. (,z[k])oo

AH
o1 R4S,

admits a subsequence converging to z €

From equation (h.2.s) s > 1 in (6), and using the fact that Y has full rank A and the previous

claims, we also get that (z[k]);il converges.

Claim 5. (q[k});il

From the previous claims we know that, up to a subsequence, (z[k], p\[k]) converges to (3, ﬁ\) Let

admits a subsequence converging to ¢ € R,

us fix now a € A and prove ¢°/*! — g% From Assumption r5 there exists h € H such that
(Zhap7Q) GRA XRE-‘- XRA = Dzﬁ""h(thpv(Z) =0

and therefore for every k we get
D (1= 71)20 4 7195, g, 1, g¥) =

Then, (h.3.a) in (6) can be written as

and then
S

[k] 5 <
DA (8)yls) o An(s)y(s)

a[k] — s=1 s=1 a\a

o) An(0)

q

Claim 6. (u[k])keN admits a subsequence converging to i € R7H.

Fix h € H and let {j,?, J,f} be a partition of the set of indexes J such that
g ={ieg:n (1-7%+72(0.5.9) =0}

and . - =
gi={icg:n(0-"5+706.054) >0}

with cardinality J and J}, respectively. If j € J!, if k is large enough it is

rl ((1 _ T[kl) Ayl Gl q[k])vﬁ[k}’q[k]) -0

(%] (%]

which implies ui’ = 0. Then ui’ — 0as k — oo, for all j € J}l.

From Assumption r4,

0 — —_
rank (Dzhr;?h ((1 )2 +75(5.9), B, a)) = JO.

10



Then |detM (zh,p\ q,T )| > 0, where M (zh,p q,7 ) is a well chosen square Jg—dimensional sub-
matrix of

J ~\ A~ A~~~ P NN
D,, " ((1 —7)Zn +721(D, Q) D, q) -

Let M (z}[Lk],p\[k], q[k]m[k]) be the square sub-matrix of

0
Doyt (1= 71) #4471, 6, g), 54, ) (14)

whose columns are the same than the ones of M (Eh, P\, ?) . Of course
(ZLk]’p Mk }) H]\4(3}“5\7(7f);
if k is large enough we have also ’det M ( [k] ,p L glfl R }> ’ > 0 and then
M- ( (K] J\IK] Ikl L ]) RV (,Z\hvﬁ\;(/jv’?)~

Making the needed permutations of rows and columns of (14) in order to have M (z}[f] pALNIGE T[k]>

in the top-left corner we get
J9 A- Jg
P M( K] p\[k] q[k],T[kQ Mo (Z[ I p\IEl g T[k])
J—JP M21( K] p\[k 1,q[k177m) Mm( K] AR gIk] T[k])

—4q

v ]) in order to have

Performing analogous permutation of the components of up and n = (—)\h [
the equalities in equations (h.3.a), of (6) still satisfied we get:

M(Z,[Lkl,p\[k]vq[k}ﬁ[k]) Mg (28 p\W1 gli] 1K)

0,[k]  1,[K] K] _ I,[K] I1,[K]
1 =
[Mh M, } ( T ) My, (Z}[lk]’p\[k]’q[k]vT[k]) Moo Z}[Lk]’p\[k]jq[k]’,r[k] [ 7 n ]

where M?L’[k] c RJ,?, M;lz’[k] c RJ—J27nI,[k] c RJ}37nll,[k] c RA-J%.

L,[k]

Since p;’"" = 0, we have in particular

019 (1= 90 [ar (6, g, 710Y] = g1

W = i g (zgk],p\[’ﬂ,q[’“],v[’“])}_1

— 19 as k — oo because the left hand side does converge. m

and then

which implies u% [k]

4 Existence when some households cannot trade some assets

Let us consider an economy F € £. For every h € H let us define the set A; C A such that, for

every a € Ay,
D.erp(zn,p,q) =0, Y (2n,p,9) € R4 x RS, x R4

Of course it may be A; = @ but, because of Assumption r5, surely we have

A=A

heH

Let us define then the set B(E) C (2A)H as follows.* Given B = (By),en € (QA)H we have
B e B(F)if

4We denote by 24 the power set of A.
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1. for every h € H, By, C Ay,

2. for every a € A, there exists h € H such that a € Ay \ B.

Moreover, for every h € H, let By, = #(By) and B =), 4, Bh.
For given (p,q, F) € R£+ x R4 x € and B € B(E), household h € H maximization problem is
now as follows.

Problem (Ph2)

max  up(xp) st
(Th,zn)

p(0)z, (0) + gzn < p(0)en (0)
p(s)xn(s) —p (s)y(s)zn <p(s)en(s), se{l,..,S}

Th(zhapa Q) Z 0

(15)

2p =0, acB,
Moreover the definition of equilibrium is as follows.
Definition 9 ((xh,zh)heﬂm, q) € (Rf+ X RA)H X Rf+ x RA = © is an equilibrium for the

economy E € & and for B € B(E) if for each h, (xp,z) solves Problem (Ph2) at (p,q,E) and
(z,2) solves market clearing conditions at e

(16)

In the following, for every F € £ and B € B(FE) we denote by ©(E, B) C © the set of equilibria for
the economy E and for B € B(FE) by 0,,(F, B) the set of normalized equilibria, that is,

0, (E,B) = { ((@h, 20)pere 1> q) € O(E,B) : Vs € S,p°(s) = 1}.

The following existence theorem hold.

Theorem 10 For every E € € and for every B € B(E), 0, (F,B) # @.

The proof of Theorem 10 follows the same lines that the one of Theorem 2. In fact for this new
kind of equilibria S + 1 Walras’ laws hold too and then the significant market clearing conditions
are given by (3).

Consider then E € £ and B € B(FE) as fixed and define

E = RGH x RAH x RISHVH ( RIH  RE 5 RGT(SHD g4

with generic element

5 = ((xhazha)\hvﬂhaﬁh)thl 729\161) = (xaszvﬂvﬂJ?\vq) )

where, for every h € H, 3, € RE».
It is immediate to prove that if

((xh; Zh)f;]=1 , D, q) S én(E7 B)
then there exists (A, u, 3) € ]RSFS:UH x R7H x RE such that

f = ((:Ehn Zh, )\h>uh>ﬁh)hH:1 7p\7 q)
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solves the system ﬁ( E.B) (E) = 0 where

(h.1.s)
heH,seS
(h.2.0)
heH
(h.2.5)
heH,s€S\{0}

(h.3.al)
heH,acBy

(h.3.a2)
hE'H,aGA\Bh

(h4.j)
heH,jed
(h.5.a)
heH,aeBy,

while if

F(E,B) : é — RdimE

)

Fipp) (x,zvk,uﬁ,p\,q) =
Dy, (syun (zn) — An (8) D (s)
=P (0) (1 (0) — en (0)) — gzn
D () (zn (s) —en(s)) +y(s)zn

S J . .
“Xn (0)g* + DA (s)y*(s) + ZIM?LDZML (21, D, q) + By

s=1 Jj=

S J . .
—An (0) g + >3- An (s)y(s) + ZluingriL (21, D,9)

s=1 j=

min {ui,ri (21, P, Q)}

solves the system ﬁ(E,B) (E) =0, then

((xhazh)hH:1 N7 Q> € én(EvB)~

Then Theorem 10 is a consequence of the following result.

Theorem 11 For every E € & and B € B(E), there exists £ € Z such that ﬁ(E,B) € =o.

Proof of Theorem 11.

5 = ((xhy Zh, Ahmpfhmﬁh)h)q:l 7p\7 q)

(17)

Let E = (e,u,Y,r) € £ and B € B(FE) be fixed. Then it is well known

that there exists a Pareto optimal allocation z* for u such that > x} = ) ep. Moreover, there

exists (x*,7*) € R, x RY, such that (z*,x*,~7*) is the unique solution to the following system

Define

xi—1 =0

X Dun (zn) — 7" =0

(un (@) —un (24)); =0
H H

>zt Y =0
h=1 h=1

F(€)=FupE) Vée

[
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and consider the system in the unknowns ¢ = (z,\, z, 1, 3,p", q) € Sand T € [0,1] given by

(h.l.s) th(s)uh (xh) — A\ (S)TQ(S) =0
heH,seS
(( (0) + 723,(0))) — qzn =0

(}26279 —D(0) (zn (0) = (L —7)exn
— (I =7)en(s) +7x5(s)) +y(s)z, =0
5 J

(h.2.5) =D (s) (zp ()
heH,seS\{0}
(h-3.a1) =X (0) " + 3 An (5)y*(s) + X (1 = 7)Dar), (1= 7) 2 + 720(P, 9), P, @) + B = 0
heH,aeBy, s=1 j=1
S J X .
(h3a2) *)\h (O) qa + Z)\h (5) ya(S) + Z,Uzil(l - T)Dz}‘:'rj ((1 - 7_) Zh + Tzh(ﬁ? q)aﬁ? q) = 0
heH,ac A\By, s=1 j=1

(h.4.5) min {u{b,ri((l—r) zh+TEh(]3,q),]3,q)} =0

heH,j€T
(h.5.a) zr =0
heH,aeBy,
(N
(M.x) hi_:l (JL‘h - eh> =0
H
(Mz) =0
h=1
(19)
where, for every h € H, the function zj, is defined in Proposition 5.
Define now _ L
H:=x [07 1] N ]Rdnn.:
(E, T) — left hand side of system (19),
and

G:E - RIME EI—)H(E,I).

H(E,O):F(é).

Let us now verify that Theorem 4 can be applied. F' and G are defined in the same open subset of
RYME take values in RY™E (and those sets are C? boundaryless manifolds of the same dimension)
and are continuous.

Of course H is a continuous homotopy from F' to G. Moreover, Lemmas 12, 13 and 14 prove
the following needed results.

e G71(0)= {E*};

Observe that

e G is C! in a neighborhood of §~* and rank DEG (E*) =dim=;
e H~1(0) is compact.

From Theorem 4, it then follows, as desired, that F~1(0) # . m

Lemma 12 G71(0) = {’5*} = {(z*, 2%, A\, pu*, 3%, p\",q*)} € =, where

*C'
o} =}, 2:<”st),s68), 5i=0, p=0, B;=0 VhecH,

h
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Proof. G=1(0) is the set of solutions of system (19) at 7 = 1, that is, the set of solution of the
system

(h.1.s) Dy, syun (xn) — An (s)D(s) =0
heH,seS

(2627-{0) —p(0) (z1 (0) — 23,(0)) —qzn =0
(h.2.5) —D(s)(xp(s) —z5(s))+y(s)zn=0

heH,s€S\{0}

(1) =X 0)¢*+ XM (5)5°(5) + 5 =0

heH,aeBy,
s
(h-3.02) =X (0) "+ Y An(s)y*(s) =0 (20)
heH,acA\By, ‘ s=1
(hAjg)  pj, =0
heH,jeT
(h.5.a) zp =10
heH,a€Bn
H
(M.x) > <:1c,\l — €>L) =0

(M.z) zH:zh =0

Using the definition of E*, it is easy to check that E* € G71(0). Define now E: (aAc, X, ENTR B, P, qA)

and assume EAG G~1(0): we prove 5: E*
Claim 1. i = p*. Obvious.
Claim 2. T = x*. Suppose by contradiction Z # z*. Consider T = % (Z 4 x*). Of course it is

H 1 H H H
> = 5 (Za«h + Z:ﬁ;) => . (21)
h=1 h=1 h=1 h=1

Since (z7}, z;) is feasible for the maximization problem of the h-th household, whose first order
conditions are given by equations (h.1.s), (h.2.0), (h.2.s), (h.3.al), (h.3.a2) and (h.5.a) in (20), it
is up(ZTn) > up(x}). Moreover, from Assumption u3, we have

Up (fh) > min{uh (332) 5 uh(ﬁr\h)} = Up (332) Vh € H. (22)

But (21) and (22) contradict the Pareto optimality of z*.
Claim 3. X = X*. Since = z*, from (h.1.s) in (20) we have in particular

i (5) = Dye(gyun (Bn) = Dyc(gun () = X (s), VheH,s€S.
Claim 4. p\ = p\*. From (h.1.s) in (20) and Claims 2 and 3,

~ D up (Ty) D up (x3)

= zp (s)Wh \Lh zp (s) Wh \Lp —x

p(s)= = = " =p"(s) VseS.
A (s) A (s)

Claim 5. Z = z*. From (h.2.s) s > 1, in (20) and Claim 2, we have in particular,
Yz, =0, VheH.

From Assumption Y, we get that for any h € H, 2, =0 = z;.
Claim 6. q¢ = ¢*. From the assumption on B and (h.3.a2) in (20), for every a € A, there exists

he™H
e () .o
"=y 0" (8)—;1

s=1 "\h

>)

ES; ¥ (s) = q*,

=%

A
A

>
=%

Claim 7. B = B*. From (h.3.al) in (20) and Claims 1 and 6 we get the claim and the proof is now
completed. m

Lemma 13 G is C! in a neighborhood of E* and rank DEG (E*) = dim =.
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Proof. It is immediate to prove that in a suitable small neighborhood of 5* we have

(h.1.5)
heH,seS
(h.2.0)
heH
(h.2.5)
heH,sc5\{0}

(h.3.al)
heH,aEB

(h.3.a2)
heH,ac A\B},

(h.4.5)
heH,jeT
(h.5.a)
heH,acB),

Dy, (syun (zn) — An ()P (s)

—5(0) (21 (0) — 2(0)) — gz
B (s) (wn (s) — 2 (s) +y () 2n
o (0) g+ ixh ()5 (s) + B
—An (0)q* + i:l)\h (s)y®(s)
1

2

H

> (20— )

H

E
h=1

and this is a C' function. The computation of DgG (E*) is described below

|

Tp L x| oz [ B ] p ] q
(h.1) || D2uy, (z3) | —@ (p*)" —A;
(h2) | —2() v

VA ~

(h3 ] I, X (0)1
(h4 I
(h5 i
(M.x) I
(M.z) I

where @ (p), 1, A} are defined in (10), (11) and (12) respectively, and if B, = {b1,

by <...<bp,, then

o ,th’}, with
> i=1,... 1 ifi=0b;
Is, = (yi)oa 4" where 7, = { 0 iti#b,
The above matrix has full rank if and only if the following does:
’ | Tn M | a [ B ] P ] q
(h.1) || D?up (z3) | =@ ()" —Ah
(h.2) | —®(p%) Ry
T
—q* 7 « 23

(n.3) ] I, N1 (23)
(h.5) Igh
(M.z) 1
(M.z) 1

We are going to use a simple modification of the standard argument. Consider a vector

A8 = (A, Az, A, Ap, ABIL,  ApY, Ag)
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and prove that if M Ag = 0 then Ag = 0. Let us explicitly write M Ag = 0 as follows:

(h.1)  D2uy () Azp — @ (7*)T ANy — AF AP\ =0
(h2) —® (@) An,+ [ ] Az =0
AT ~
(h3) [ ] AN+ 5,88 - X, (0)Ag =0
(h.5) If Az, =0 (24)

H
(M.z) > Az) =0
h=1

H
(M.z) > Az, =0
h=1

and remember that, from (20) we have in particular

{ (h.1) Duy (z}) — X @ (p*) = 0

n3) 3] "a =0 (25)

First we claim that if, for every h € H, Axj, = 0 then Ag: 0. In fact if, for every h € H, Az, =0
then, from (h.2) in (24) we have
|:_}g :| Azh = O,
and from Assumption Y we have Az, = 0. From (h.1) in (24) it follows AX, = 0 that implies
Ap\ = 0 as well. From (h.3) in (24) we obtain the equality
thAﬁh = A, (0) Ag.

We know that, for every a € A, there exists h € H such that a € Ay \ Bj,. Then we have that, for
every a € A, Ag® = 0 that is Ag = 0. As a consequence we have that, for every h € H, AB, =0
too and the proof of the claim is complete.

Let us assume now there exists i’ € H such that Az) # 0 and prove that this leads to a
contradiction. First of all let us show that, for every h € H, Duy(x})Azy, = 0. In fact multiplying
(h.1) in (25) by Azp, for every h € H, we obtain

Duy, (z7,) Azp, = N @ (p¥) Az,
From (h.2) in (24) we have

Duy, (z3) Az, = A, {}Z } Az,

and the right hand side is zero because of (h.3) in (25). The claim then follows and since Axp, # 0
and Assumption u3 holds, we have in particular that

H
Z X Az D?up, (x5 Azy, < 0. (26)
h=1

We end the proof of the lemma showing that it has also to be

H
> XAz D?up () Azy =0, (27)
h=1

and then finding a contradiction.
From (h.1) in (24) we have

XiAzy D2 up, (z)Azy, = XAz, ® (5°)" AN, + xEAzZRALAD.

Moreover from (h.2) and (h.3) in (24) we have

AT N
! } AN = Az, (’Y*C(O)Aq - XnIs, Aﬁh) :

GAn® () A = x|
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and by definition of A} and I'* we have

X;‘LAth’;LAp\ = AzpT*Ap\.

Then
H H H N H
> XAz D2up () Az, = (Z Azh> v 0)Ag =D xhAznIn, ABy + (Z Axh> I*Ap.
h=1 h=1 h=1 h=1

We are going to prove (27) showing then the right hand side of the above equality is zero. Of course

by (M.z) in (24) .
(Z Azh> 7€ (0)Aq = 0.
h=1

(zH: Axh> *Ap\ = (é zi: )r Ap\ =0

h=1

Moreover we have

using (M.x) in (24) and the properties of T'*. Finally from (h.5) in (24) we have

H
> XiAzulp, ABy =0
h=1

and the proof is completed. m

Lemma 14 H~'(0) is compact.

Proof. We want to show that any sequence (§ (K], T[k]) kN included in H~! (0) admits a convergent
subsequence inside that set.

Since {T[k]}keN C [0,1], up to a subsequence, we can assume 7(¥/ — 7 € [0,1]. Consequently,
defined

el — (1 — T[k]) en + T[k]l‘;kl, e, =(1—-7)ep +T7x},
M = (1—7M)eq 7 &= (1-7)e+727,
we have eglk],’e\h IS R$+, k] e e REJF and

(k]

e, — én, Ml 52 ask — .

Claim 1. (x[k])keN admits a subsequence converging to T € Rff
It suffices to show that (x[k])keN

{x (K] } keN S RGH is bounded from below from zero. Observing that Walras’ law holds also for the
homotopy system we have

is contained in a compact subset of RE¥ included in Rff . Since

5 (ol = (1= ) en + 7)) =0

h=1
and then for any b’ € ‘H

H

fo,] = Z ((1 — T[k]> K] | [k] *) Z x,

h=1 h£h!

Therefore, since (eE’k])keN converges and (Jc[k]) rEN

as well. We are left with showing the closedness. Remember that equations (h.1.s), (h.2.0), (h.2.s),

is bounded from below, it is bounded from above
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(h.3.al), (h.3.a2), (h.4.5) and (h.5.a) in (19) say that for all k € N, (ka],zi[L ]) solves the problem

max up(zp) St

(h,2n)
9 (0) (2 (0) — (1~ 7¥0)ey (0) — 792 (0)) — gz =0,
—pM (s) (zn () — (1 — 7*)ey, (s) (8) +y(s)zn =0, s=1,...,8 (28)

rh ((1 — 7))z, + T[k]gh@[k]’ q[k])vﬁ[k]vq[ ]) 0

Z}C{:O, a € By

From Assumption u3 and the properties of zj, it is simple to prove that, for all k£ € N, we have that
the vector (eL , ) belongs to the constraint defined by (28), and therefore by definition of a:[h ], we

have that

(k] > (K] > i = , VkeNheH,
Up, (xh ) Up (eh ) eh,e{eﬁfﬁl]iNU{éh}Uh (en) = wy,

where the minimum is well defined because {eELk] }wenU{@r} is a compact set. Therefore, {z*} pen S
{xh c REJF sup (xg) > gh}, which is a closed set in RS and contained in Rf+ from Assumption u4.
Therefore, {x ’“]} keN is contained in a closed set, too. We can assume then, up to a subsequence
that ¥ —>x€Rf+ as k — oo.

Claim 2. ()\[k})k Ny admits a subsequence converging to e R(SH)

See Claim 2 of the proof of Lemma 8.

Claim. 3. (P\W)k N admits a subsequence converging to p\ e RG (5+1).

See Claim 3 of the proof of Lemma 8.

Claim 4. (z[k]):;l admits a subsequence converging to 2 € RAH
See Claim 4 of the proof of Lemma 8.

Claim 5. (q[k]):il admits a subsequence converging to § € RA.
From the previous claims we know that, up to a subsequence, (z[k]7 p\[k]) converges to (37 ﬁ\) Let

us fix now a € A and prove ¢**! — g%, From Assumption r5 and the properties of B we know there
exists h € H such that a € A, \ By, and therefore, for every k, we get

D.or, ((1 — kMl Gk gl }),ﬁ[kqu[k]) -0

Then, (h.3.a2) in (19) can be written as

and then

h
qa[k] — s=1 s=1 é\a

Claim 6. (/ﬂk])keN admits a subsequence converging to i € R7H.
See Claim 6 of the proof of Lemma 8.

Claim 7. (ﬁ[k])keN admits a subsequence converging to ,@ € RB,
It immediately follows from (h.3.al) in (19) and the already proved claims. The proof of the lemma
is then completed. m
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