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ON THE ASYMPTOTIC ERROR OF THE BERNSTEIN-TYPE APPROXIMATIONS BASED ON
THE BETA-BINOMIAL DISTRIBUTION

Andrea Pallini

1. INTRODUCTION

The Bernstein polynomials are a relevant tool in approximation theory. They are famous for the
proof of their uniform convergence, in the sense of Welerstrass. The Bernstein polynomials are clegant
linear positive operators. The Betnstein polynomials of order m are defined by the binomial disttibution
p(kit), for k=0l..,m, where t€[0,1] is the domain of g. The convergence of the Bemstein
polynomials to g is uniform, as m —> ©. See Kotovkin (1960), chaptet 1, Davis (1963), chapter 6, Feller
(1968), chapter 6, Feller (1971), chapter 7, Rivlin (1981), chapter 1, Cheney (1982), Chapters 1 to 4,
Lotentz {1986), DeVote and Lorentz (1993), chapter 10, Phillips (2003), chapter 7.

The result of Voronovskaya on the asymptotic etror of Bemnstein polynomials is specifically
televant. See Davis (1963), chaptet 6, and Phillips (2003), chapter 7.

Recently, Pallini (2007) has proposed the Bemstein-type approximations based on the beta
binomial disttibution. See Wilcox (1981), for the beta-binomial model, and Johnson, Kemp and Kotz
(2005), chapter 6, for the beta-binomial distribution. In Pallini (2007), it is shown the uniform
convergence of the Bemstein-type approximations based on the beta-binomial distribution. Here, we want
to prove the Voronovskaya tesult for the Berstein-type approximations based on the beta-binomial
distribution.

In section 2, we overview the Bernstein polynomials. In section 3, we discuss the beta-binomial
distribution. In section 4, we recall the Bemnstein-type approximations based on the beta-binomial
distribution. In section 5, we obtain the Voronovskaya result for the Bernstein-type approximations based
on the beta-binomial disttibution.

2. BERNSTEIN POLYNOMIALS

Let g be a bounded and real-valued function defined on the closed interval [0,1]. The Bernstein
polynomial B, (g;x) of order m for the functon g is defined as

B (g;x)= Zﬂj: g(m'lk) [:} xF(1-x)"",
€y

where m is a positive integer number, and x €[0,1]. See Lorentz (1986), chapter 1, and DeVore and
Lorentz (1993), chapter 10. Point x in (1) works as a probability, in the binomial distribution, where
x €[0,1}. If g(x) is continuous on x & [0,1], then we have that B, (g;x)~> g(x), as m —> o, uniformly



at any point x € [0,1]. The basic proofs of this uniform convergence (2) are detailed in Rivlin (1981),

chapter 1, and Lorentz (1986), chapter 1. See also Korovkin (1960), chapters 1 to 4, Davis (1963),
chapter 6, Feller (1971), chapter 7, and Cheney (1982), chapters 1 to 4, DeVore and Lorentz (1993),
chapter 10, Phillips (2003), chapter 7.

The asymptotic error of Bernstein polynomials (1) was established by Voronovskaya as
follows.

Theorem 1 (Voronovskaya).

Let g(x) be bounded on [0,1]. Then, for any x €[0,1] at which f"'(x) exists

lim m| B, (g;%)~ g(x)}~—-x(1 x)g" ().

M3 6Q

See Davis (1963), chapter 6, and Phillips (2003), chapter 7.
We want to show the same result for the Bernstein-type approximations based on the beta-
binomial distribution proposed in Pallini (2007).

3. THE BETA-BINOMIAL DISTRIBUTION

More accurate versions of the Bernstein polynomials B, (g;x) defined by (1), x€ (0,1}, can be
obtained by the beta-binomial disttibution, that is studied in Johnson, Kemp and Kotz {2005), chapter 6.

We recall that the complete gamma function I'(a) is defined as ['(a)= fta_‘e"'df, whete

a >0, and the complete beta function B(e, f) is defined as B(ex, f) = .Et““; (1-"dt, whete a >0
and B>0. The factorial @, where & is a positive integer number is denoted by @l and is defined as
al=ala—1)--1. We have T{a+D) =al(a), and I'(@)=(a~1)!, factodal (@ —1), whereas & is a
positive integer number, and B(a, B) = (T(a + ﬁ))wlf‘(a)f’(ﬂ). Finally, the standard beta distribution,
with  patameters «a>0 and  B>0, has probability density funcdon (p.df)
plta, )= {B(a, AV (1 -7, where t € (0,]). See Balakrishnan and Nevzotov (2003), chapters 16

and 20.
The beta-binomial random variable (tv.) Y, with parameters m, ¢ 20 and f20, has p.df

Pn(kse, B) = Pr[Y = k], that is defined as
i

Ptk B)= | ( ]t (=" B, B2 -0t

0
[’Z} Ba.pf [ -, @



for every k=0,1,...,m. In particular, pm(k;a,ﬁ):[ZJ{B(a,ﬂ)}"IB(a+k,m—k+ﬁ), for every

k=0L...,m. Wehave Y p,(ka,B)=1,with p,(ka,B)20, for every k=0,1,....m
Fews(}
We can rewrtite the definiton (2) as p, (k)= {B(a . ﬁ)}_1 Jj P, ()t (1 - )7 dt | whese

p, (k)= (f:]tk (1~5)"", whete (]ZJ = (k!(m - k)!)_lm! , is the binomial p.d.f., with parameters m and

x, te (0,1}, for every k=0,1,...,m. Moments of the beta-binomial r.v. ¥, are obtained by integrating
the moments of the binomial p.df. p,(k;2), te(0,1), k=0l...,m, that are functions of £, 1€ (0,1},
through the definition (2) of the beta-bincmial p.d.f. p,(k;e, £, k=01,...,m. The first two moments
about the otigin, A, (a, ) and A,{(a, ), of the beta p.d.f. p(f;c, ), with values £ € (0,1), are

A (@, ) ={B(e. )" Bla+1./)
=(@+p)’'a, ®

M, B) =+ Ba+B+Df  ala+1). (@

See Balakrishnan and Nevzorov (2003), chapters 5 and 16, and Johnson, Kemp and Kotz (2005), chapter
3.
Values of the patametets & and £ that determine a small quantity

i@, By~ (e, By ={(a+ B (a+ B+ ap, 5)

whete A (e, F) and A,(a,fF) ate given by (3) and (4), can be regarded as constructive. The quantity
Ala, B)—A(a, ), given by (5), cortesponds to the beta integral of f(1-¢), f€[0,l], from the
definition of variance for the binomial distribution. More precisely, constructive values of @ and £ can

directly help to improve the performance of the Betnstein- -type approximations of section 4, by lowering
their asymptotic errors, as M ~> 00,

Examples of beta-binomial p.df’s are plotted in figure 1, for different sets of values for the
parameters & and £, The beta-binomial p.d.f. can be symmetric or exhibit a certain skewness.
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Figure 1: the beta-binomial p.df. p, (k;a, B) given by (3), with m =20, for every k=01,....m
a=35 and f=3.5 (panel @); p,(kia,f) with @=9 and F=2.5 (panel (O); p, ke, ) with
@ =35 and B=8 (panel ()); p,(k;a,p) with =6 and F=6 (panel (d)); p,(k;, fF) with =15
and B=22 (panel (e)); p,(k;a, B) with & =4.1 and F=15 (panel (£)).



4, BERNSTEIN-TYPE APPROXIMATION

Let g be a bounded and real-valued function defined on the closed interval DcR'. The
(s}

Bernstein-type approximation C,,

(g;x,&, ) of order m for the function g(x) is defined as
iom

CO(gsx,a.f) = (BB [ D gln(m™ -1) +x)(’;‘}r““‘" (=0 dr, ©
0 k=G

where § > —1/2 is fixed, m is 2 positive integer number, and x € . See Pallini (2007).
The proof of the uniform convergence of the Bermstein-type approximation CW(gx,a,8).
xe D, definedin (6), is provided in Pallini (2007).

5. ASYMPTOTIC ERROR
Following Davis (1963), chaptet 6, we can state the following preliminary result.
Lermma 1.

There is a constant C independent of m such that for all 7 €{0,1],

i

Z ( ]tk(l_r)mwk < Cm—ﬁm—BJ‘Z .
1??2‘"(#!"’0”1)] am-l.'d k

Proof. Let us consider the sums
% n m k ek
S, =Y (k—mi) ( ]: (1—-0"*, 0
k=0 k
Tt is easy to see that Sy (1} =1, §,(# =0, §,(#) = mt(1-1) . Differentiating (7), we have

S (= i (k ~ mt)™ (’:]t’” (=" —mnt (1) +(k —mt)*]

Sn+1 (t)

=-mnS, _{1)+ -0

Hence,

8,0 ) =1 (1= 0[5, +mnS, ()],



We may conclude from the recurtence that each sum §,(f) is a polynomial in ¢ and m, t€[0,1]. Tn
particular, S;(f) is of Ist, S,(f) is of 2nd, S§,(r) is of 2nd, S;(f) is of 3rd degree in m. It follows
that, for some constant C, ]S6 (Z)I <Cm’ for tel0]].

1 k~mt

5 3
§ mM

(k —mn)® S

e
7

Moteover, | m™ (m™'k — t)l =m, 21, implies that 1,

m

m tic (1 " t)m--k < m~6sm~9."2 Z (k _ mr)(’: m ffc(I _ t)mmk
k =0 k

— m—ﬁsm—9f256 (t) < meﬁsmwi'!fil ,

[ (7 -0)| 2

forall £e[0,1].

By Lemma 1, we can obtain the asymptotic error for the Bernstein-type approximation
Cg:x,a,B), x€ D, definedin (6).

Theorem 2 (Voronovskaya).

Let g(x) be bounded in D and let x, be a point of D at which g''(x,) exists. Then,

lim 7> [C9 (g3, 0, )~ g5)] = %g”(xo){& (@ B)~ 4, (e, B} 8

=0

Proof. By Taylot expanding, we have
1 i
g(x)= g(x0)+g'(x0)(x—xo}+v2-g (g )(x = xg)° +s(x)(x—x,)°,

whete lim s(x) = 0. Set x =m™ (m" k~£)+x,.

x=3¥g

gl ok =)+ x, )= grg) + 8 (o) ™ (= 1) 1, 3y )
g ) ™ (k=) = |

+S(m“’(m"§k—t)+x9)(m”(m”ikwr)+x0 mxﬂ). (9)

m
Multiplying both sides of (9) by (k]t‘”k“l (-7 summing from k=0 to k =m, integrating ,

t €[0,1], we have

Ci (g3 %0500 B) = g(x,) +"’lig”(xe)m"“"l CACH IRV NCN)



B

1
+]
‘0

We denote by § the third term of (10). Let & >0 be given. We can find m sufficiently large that

m™ (m™ k~1) <m ™" implies . s(m"" (m™'k—1)+x, )i < &. Hence,

k

i

0

sl o7k — 1)+ 3, )™ (e — 1) [?]r“*""‘ A-n""ldr. - (10)

m

isrs’fl 5

0 m (n er) i <m e
1

+]
0|

s(m"9 (m™k—1)+x, )l (m”"' (m 'k~ t))z [

}t.a-l-kwl (1 - t) LBrm—k-1 dt

R—ﬂ

m

| sfm™ (k=1 + 3, )| (™ (k1) ( £ (] )Pl g

e
~—

w7 et l 21l

Thus,

k

f

J‘ Z (’:Jtm—k—l (1~1) prm=kt gy ’

0 [ m (m“‘k—!}lzm"’ 14

1
I S l <g J.(mﬂ‘»‘ (m-—‘lk _ r))?. (m]tawwl (I _ I) ﬂwnwp'cmidt
4]
+M

whete M = sups(x){(x~x, ). By Lemma 1, we obtain

xebD

|S|<em™ A, B) - Ay (a, B+ M Cm ™ m™7.

It follows from (10) that

O g, ) )] 80 A0 B) = e )

=|m*" S| < &{ 4 (a, )~ A (a, B+ MC ™ m™2.

Since & is arbitrary, we can obtain {8).
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RIASSUNTO

Sull’errore asintotico delle approssimazioni del tipo di Bernstein basate sulla sulla distribuzione beta-
binomiale

Viene dimostrato il risultato di Voronovskaya sull’ertore asintotico per le approssimazions del tipo
di Bernstein basate sulla distibuzione beta-binomiale, seguendo le dimostrazioni per i polinomi di
Bernstein.
SUMMARY

On the asymptotic error of the Berastein-type approximations based on the beta-binomial distribution

The result of Voronovskaya on the asymptotic error for the Bernstein-type approximations based
on the beta-binomial distribution, following the proofs for the Bernstein polynomials.
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139 Alessandro Valentini, L'applicazione del modeilo muttiregionaie-multistato alla popolaziona in falia mediante 'itiEzzo del Lipro: procedura di
adattamento dei dati e parlicciarita tecniche del programma.

140 .M Stancu-Minasian, opllma fity conditions and duality in fractional programmmg»mvolvmg semilocally preinvex and related functions,
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dei risultati @ confrento con metodologie di stima alternative.

142 Laura Carosi, Competitive equilibria with money and restricted partecipation.
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174 P Maniredi, A Bonaccorsi, A Secshi, Social Heterogeneities in Classical New Product Diffusion Modeis. I “Extemar® and "Intemal” Models.
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and related amount of needed eradication efforts {and the "EURO" conjecture}
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244 Riccardo Cambini - Laura Carosi, Mixed Type Dualily for Multiobjective Optimization Problems with set constraints

242 O',Barsott%. L.Lecchini, F.Benassi, Foreigners from central and eastern European countries in Italy: current and future parspectives of eu
enlargement ‘

243 A. Cambini - L. Martein - S, Schaible, Pseudoconvexity under the Chames-Cooper transformation

244 Eugene M. Cleur, Piero Manfredi, and John R. W%Iham The pre-and post-\accination regional dynamtcs of measles in ltaly: lnsughts from fime
series analysis

Anno: 2004

On
CCin
n.
Fln.
[mER

{In.
Fn.
On.

Hn.
in.
[ln.
[dn.
- O

n.
n.
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264 Matco Bottai - Annalisa Lazzini - Nicota Satvali, Le proiezioni demografiche. Pisa 2003/2032
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