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Abstract

In this paper we will characterize the maximal domains of pseudoconvexity of
the ratio between a quadratic function and an affine one. Furthermore, motivated
by the fact that in optimization problems the decision variables are often required to
be nonnegative, we will specialize the obtained results in order to achieve conditions
which guarantee that the nonnegative orthant is contained in the maximal domains

of pseudoconvexity of the function.
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1 Introduction

As it is well known, generalized convexity plays an important role both in mathematics
and in economics. Starting from the pioneer work of Arrow-Enthoven (2], several classes

of generalized convex functions have been introduced and studied. Among them, the one
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of pseudoconvex functions occupies a leading position in Optimization since for this kind
of functions a critical point, as well as a local minimum, is a global minimum.

Despite of the relevance of pseudoconvexity, it is not easy in general to find classes of
functions which are pseudoconvex.

Pioneer works in this direction are given by Martos [10] and by Schaible [1] related to linear
fractional functions, to generalized Cobb-Douglas functions and to quadratic functions.
In this paper we will focus our attention to the study of pseudoconvexity of a function f
which is the ratio between a quadratic function and an affine one. Starting from the results
given in [3], in Section 2 we will determine the maximal domains of pseudoconvexity of
f which will allow us, in Sections 3-4, to characterize the pseudoconvexity of f on R

Finally, in Section 5 we specialize the obtained results to the three-dimensional space.

2 Maximal domains of pseudoconvexity

Consider the following quadratic fractional function:

%$TQ$+QT$+QO
dTﬂf+d0

flx) = xe€D={zeR": d"r+dy> 0} (2.1)

where @ is an » x n symmetric matrix, ¢, d € R", d #0, qo, dy € R, dy # 0.

In [3], the pseudoconvexity of f has been characterized on the half-space D, nevertheless,
f may be pseudoconvex on an open convex set S contained properly in D but not pseu-'
doconvex on the whole half-space. From this point of view, the results given in [3] appear
only as a sufficient but not necessary condition for the pseudoconvexity on S.

In order to find the maximal domains of pseudoconvexity of function f, we will suggest a
different approach from the one proposed in [3]; such an approach is based on the char-
acterization of the maximal domains of pseudoconvexity of a quadratic form (see [1, 4])

“and on the following result.

Theorem 2.1 Let ) be an n x n symmetric matriz with v_(Q) =1, and let
A={yeR": weR", WwQy=0 = w'Qu>0},B={yecR": y'Qy < 0}.
Then, A = B.
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Proof Consider the set Z = {z € R\ {0} : Jw such that »Tw = 0, w'Qw < 0}. The
following property holds (see Lemma 6.2.3 in [4]):

¥y such that y"Qy > 0, then Qy € Z. (2.2)

Note that A and B are closed sets. Firstly, we prove that A C B.

Let y € A;if y ¢ B, e, yTQy > 0, then, from (2.2), Qu € Z, so that there exists w such
that w”Qy = 0, w"Qw < 0 and this is a contradiction.

For the converse statement, taking into account that B verifies the property cl(intB) = B
since it is the union of two convex cones €y, Cy with ntCy NintCy = @ (see [4]), it is
sufficient to prove that ‘z'ntB C A.

Let y € intB and assume that y ¢ A, then y”"Qy < 0 and there exists w € K" \ {0} such
that w!'Qy = 0, wTQw < 0. Tt follows that @ has at least two negative eigenvalues (see
Lemma 6.2.1 in [4] and [8]), and this is a contradiction; consequently intB C A and the

proof is complete. 0

Regarding to the gradient V f(z) and to the Hessian matrix V2 f(z), we have:

V() (Qr +q — f(2)d), 23

- dTz -+ do
. 1
7 2000\ 4T T
(00 d)V2F(2) = Q + e 2/ (2)dd” = (Qu + )" —d(Qz +q)T).  (2.4)
The following theorem states a necessary and sufficient condition for the pseudoconvexity

of f on an arbitrary open convex set contained in D.

Theorem 2.2 Consider the quadratic fractional function f(x), = € D, where the matriz
Q) s not positive semidefinite. Then, [ is pseudoconvex on an open convex set S C D if
and onlyA if the following conditions hold:

)r(Q) =1;

i) there exist s and T such that Qs = —q and QT =d;

ii) for every x € S, withx — 5 — f(2)T ¢ KerQ, we have

dTEf*(x) + 2(d"s + do) f(x) + sTQs — 2g5 < 0 (2.5)

where KerQ = {x € R" : Qz = 0}.



Proof In [3] it has been proved that ) and i) are necessary conditions for the pseudocon-
vexity of f. Consequently, it remains to prove, assuming the validity of i) and i), that f
is pseudoconvex on S if and only if #ii) holds.

We recall (see for instance [4]) that f is pseudoconvex on S if and only if the following
conditions hold:

a)z €S, u€ R, uIVf(r)=0 = u"V2f(z)u > 0;

b) If 25 € S is a critical point for f, then xq is a local minimum point for f on S.

Taking into account of (2.3) and of (2.4), it is easy to verify that b) is equivalent to
reS ueR, W'Vix)=0 = u"Qu> 0. ’ (2.6)

Moreover, if z, is a critical point, then u?'Qu > 0, Vu € R"; consequently, since ) is not
positive semidefinite, then f is pseudoconvex on S if and only if (2.6) holds and there do
not exist critical points in S.

From ii) we have Vf(x) = 0 if and dnly if Q(x —s— f(x)z) = 0. Consequently, the non-
existence of critical points in S is equivalent to state that z — s — f(x)T ¢ KerQ, Vx € S.

Setting 2 = r — s — f(z)Z, condition (2.6) can be re-written as
w'Qz=0 = u"Qu >0 (2.7)

From Theorem 2.1, (2.7) is equivalent to z7Qz < 0, consequently, (2.6) holds if and only
if

(x—s—f(£)3)"Qz— s — f(x)T) <0, Vo € S (2.8)
Since 2" Qu = 2f(x)(d"z + dy) — 2¢Tx — 2q9, (2.8) is equivalent to (2.5) and the proof is

complete. ’ 0

Taking into account of ii) of the previous Theorem, it is easy to verify that the condition
¢ —s— f(r)x ¢ KerQ, Yz € S, holds if and only if Vf(r) # 0, Vo € S. Consequently,
in order to determine the maximal domains of pseudoconvexity of f, we must study the
inequality (2.5) and find the critical points of f.

Obviously, the inequality (2.5) is strictly related to the roots of the following second order



equation

d"za® + 2(d"s + do)a+ T Qs —2go = 0 (2.9)

The next theorem points out that there is a relationship between the solutions of the

inequality (2.5) and the sign of the quadratic function '
Qra) = (r — (s + a2))TQ(x — (s + a)) (2.10)
where « is a root of (2.9).

Theorem 2.3 Consider function f with v_(Q) = 1. Assume the existence of s and 7
such that Qs = —q, Q& = d, and the existence of a root o of (2.9).
Then, {r€ D: f(z)Sal={z€D: Qz,qa) = 0}.

Proof We have

2TQr +2(q — ad)Tx + 2(qp — ady)  27Qz — 2(s + aF)TQx + 2(q0 — ady)
f(T) “= Q(dT."E -+ d()) B Q(dTIII + dg) ’
On the other hand, since « is a root of (2.9), we obtain

2(q0 — ado) = dT2a® +20d" s+ 57 Qs = a?3TQF + 20T QT + 5T Qs = (s + af)"Q(s+az).

r— (e T _ =
Consequently, f(r) —a = (z - (s + 322£Ci<20) (s + a2)) and the thesis follows. O]

With respect to the critical points of the function f, setting D* = {zx € D : d"z+d, # 0},

we have the following result.

Theorem 2.4 Consider function f with v_ (Q) =1 and assume the existence of s and T
such that Qs = —q, Q% = d. Then, f has some critical points in D* if and only if the
second-order equation (2.9) has a solution. Furthermore, the set of critical points of f

corresponding to a root a of (2.9) is H(o) = {r € D*: 2 =s+af+w, we KerQ@}.

Proof If z* € D* be a critical point of £, from (2.3) we have z* — (s4+ f(z*) = w € KerQ;
furthermore, 0 = w"Quw = [.T‘* — (s + f(z")D)]"Qlz* — (s + f(z*)7)], ie., a* = f(z*) is a
root of (2.9). Consequently, z* € H(a*).

Conversely, let a* be a root of (2.9) and let 2* = s 4+ o*F + w* € H{a*). We have
Q(z*,a*) = 0 so that, from Theorem 2.3, f(z*) = o*. Tt results

Qle* ~(s+£(2)7)] = Qs+ a"Fw—(s+(2)2)] = QLo E—f(+*)3)] = (" — F(a*))d = 0.

S



Consequently, ** is a critical point of f.

The proof is complete. 0

As a direct consequence of Theorem 2.4, we get the following results.

Corollary 2.1 Consider function f withv_(Q) = 1 and assume the existence of s and T
such that Qs = —q, Q& = d. Then, the following conditions hold:

i) f does not have critical points in D* if and only if the second-order equation (2.9) does
not have solutions;

i) the set of all critical points of f is H = H(c,) U H(aw), where cy, o, are the roots of

(2.9) not necessarily distinct from each other.

Remark 2.1 It is important to note that a critical point of f, if one erists, belongs
to the boundary of the cone {x € R : Q(z,a) < 0} or to the boundary of the cone
{r € " Qz,a) > 0}. Consequently, f does not have critical points on every open
conver set S contained in the interior of one of the two cones. It follows that in iii) of

Theorem 2.2, condition x — s — f(x)j ¢ Ker(), x € S, can be omitted.

Now we are able to state the main result related to the pseudoconvexity of f on an open
convex set contained in D.

With this aim, we introduce the following notations:
o A= (d"s+dy)? — d"z(s"Qs — 2qp) is the discriminant of (2.9);

® aj, az, with o < ay, denote the real roots of (2.9), when A > 0;

2qp — sT ‘ - '
e &= H is the real root of (2.9), when A = 0 or when d”'% = 0, d7s+d, # 0;

e S(a)={r€D:Q(r,a) <0}; ST(a)={x€ D:Q(z,a) >0}

Theorem 2.5 Consider function f with v_(Q) = 1 and assume the existence of s and T
such that Qs = —q, QT = d.
i) If A" = 0, and d¥s +dy > 0, then f is pseudoconvex on every open convexr set

S C S (a),



@) If 'z = 0, and dTs + dy < 0, then f is pseudoconvexr on every open conver set
S C St(a);

w) Ifd'z =0, d¥s +dy = 0, and sTQs — 2qy < 0, then f is pseudoconvexr on every open
convex set S C D;

w) IfdTs < 0, and A <0, then f is pseudoconver on every open convex set S C D;

v) If d¥3 < 0, and A > 0, then f is pseudoconvex on every open convex set S C S~ (o) 7
or S C St (as);

vi) If d*& > 0, and A > 0, then f is pseudoconvexr on every open conver set

S C S () NS ().

In any other case f is not pseudoconvex on S C D whatever the open convex set S be.

APmof Referring to Theorem 2.2 we must find the set of z € S verifying (2.5).

Note that when d”z = 0, (2.5) reduces to the inequality 2(d” s +do) f(2)+sTQs —2qy < 0
so that f(r) < a = %{;é% or f(z) > @& according to the sign of d's + dy. From
Theorem 2.3, i) and i) follow.

If d"z = 0, andd"s + dy = 0, then (2.5) reduces to the inequality s?Qs — 2¢, < 0, so that
2i7) follows.

Taking into account Theorem 2.3, conditions iv), v), vi), can be deduced directly by study-

ing the sign of the second order inequality (2.5). 0

Let us note that f is pseudoconvex on the whole domain D if and only if iii) or iv)
of Theorem 2.5 holds, so that by means of the suggested approach we have extended the
results given in [3].

In order to clarify how Theorem 2.5 works, in the following example we will find the

maximal domains of pseudoconvexity of a quadratic fractional function.

2 2
Ty — Iy

To+4

Example 2.1 Consider the function f(xy,zs) =
D = {(x1,22) € R*: 20 + 4> 0}.

, defined on the half-space

It is easy to verify that the critical point & = (0,0)T € D is not a minimum point for f,
so that the function is not pseudoconvex on D.

On the other hand, we have T = (O,—%)T, s = (0,0)7, d'z = —%, d's +dy = 4,
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ay = 0, ap = 16, so that, from v) of Theorem 2.5, f is pseudoconver on every open
conver set S contained in S”(0) = {(x1,z2) € N2 : 22 — 22 <0, 1o > —4} or in

ST(16) = {(x1,72) € R 1 2} — (22 +8)2 > 0, w5 > —4}.

At last, we point out that, by means of Theorem 2.5, it is possible to get the results
given in [4] related to the characterization of the maximal domains of pseudoconvexity of

a function which is the sum of a linear and a linear fractional function.

3 Pseudoconvexity on the nonnegative orthant

Motivated by the fact that in many real problems the decision variables are required to
be nonnegative, in this section we will analyze the pseudoconvexity of function f on the
nonnegative orthant 7.

In order to guarantee that R" is contained in the domain D of f, from now on we will
assume d € 2\ {0}, and dy > 0.

Note that the results established in the previous section are related to the pseudoconvexity
on an open convex set; with respect to a closed convex set X, we recall that a function
is pseudoconvex on X if and only if it is pseudoconvex on the interior of X and there do
not exist critical points on the boundary of X or they are minimum points.

With respect to the pseudoconvexity of f on intR?, taking into account Theorem 2.5,
we must find conditions which ensure that intR? C S~ (a), or it C ST(a). In order
to characterize the first inclusion, we will use some results (see [1, 4, 10]) related to the
pseudoconvexity of a quadratic function which are summarized in the following theorem,

where A < 0 means that all the elements of matrix A are nonpositive.

Theorem 3.1 Consider the quadratic function A(z) = 32T Ax+a"x, where A is am xn
matriz with with v_(A) = 1, and assume the existence of v € R" such that Av = —a.
Then, the following conditions hold:

i) the function A(x) is pseudoconver on every open conver set contained in the cone
{reR": (x —v)TA(z —v) <0},

it) A(x) is pseudoconver on intRY if and only if A <0,a € R*,aTv > 0.



The following theorem holds.

" Theorem 3.2 Consider function f with v_(Q) = 1, and assume the existence of s and

T such that Qs = —q, Q% = d. Then, intR" C S~(«) if and only if
Q <0, g—adeR", gy—ady <0 (3.11)
where o is a root of (2.9).

Proof Assume intR} C S~ (a) and consider the function g(z) = 127 Qz+(g—ad)"z. Since
v-(Q) =1, and Q(s+ aZ) = —(¢— ad), taking into account Theorem 3.1, g(:z:) is pseudo-
convex on int, so that Q <0, g—ad € R*, (¢—ad)T(s+«Z) > 0. On the other hand,
since a 1s aroot of (2.9), we have (¢—ad)” (s+az) = —sTQs—2dTsa—d"7a? = 2(dya—qq).
Consequently, (¢ — ad)”(s+ aZ) > 0 if and only if gy — dya < 0 and (3.11) holds. Vicev-
ersa, since S™(a) = {z € D : 327Qx + (¢ — ad) "z + g0 — ady < 0}, the validity of (3.11)
implies intRT C S~ (a).

The proof is complete. 0

Note that the approa(rzhvused for characterizing the inclusion intR? C S~(«) (based on
the pseudoconvexity of a suitable quadratic function) cannot be applied in finding condi-
tions which ensure intR”? C S*(a). Furthermore, the symmetric conditions of (3.11), i.e.,
@20, q—ade RNy, q— ady > 0 is only sufficient for the validity of intR C SH{a).
All this points out that the characterization of the last inclusion in terms of the data
Q, q— ad, g — ady, is not easy to carry on.

Obviously, we have intR? C S*(«a) if and only if there exists the minimum of Q(z,a) on
F’. and the minimum value is nonnegative. This remark allows us to state the following
fundamental theorem related to the characterization of the pseudoconvexity of f on the
nonnegative orthant.

A necessary and sufficient condition for the existence of the minimum of Q(x,«) will be

stated in Section 4.

Theorem 3.3 Consider function f where v_(Q) = 1. Then, f is pseudoconvezr on R

if and only if there exist s and T such that Qs = —q, Q% = d and one of the following

9



conditions holds:

) d"t=0,d"s+dy >0, Q <0, qg—ad e R\ {0}, go — ady < 0;

i) dT'E - 0, d's + d, < 0, and the minimum value of Q(x,&) on R is nonnegative;

i) d¥E =0, d¥s +dy =0, sTQs — 2gy < 0; |

w)d's <0, A <0;

v) d'z < 0, A>0, and Q <0, ¢—ayd € R*\ {0}, qo — a1dy < 0, or the minimum value

of Q(x, ay) on N} is nonnegative.

Proof Referring to Theorem 2.5, it is sufficient to note that, when d7Z > 0 and A > 0,
f is pseudoconvex on intR7 if and only if Q = 0 and‘this contradicts the assumption
v-(Q) = 1. Consequently, case vi) of Theorem 2.5 cannot occur, so that f is pseudoconvex
on intRY if and only if one of the conditions i) — vk) holds.
Note that in cases i71) and iv), the function is pseudoconvex on D and, in particular, on
intf’} . In the other cases, the thesis will be achieved by proving that there do not exist
critical points belonging to the boundary of R'.
Corresponding to a root a of (2.9), the critical points of f are of the kind ¥ = s;l—ait +w,
w € Ker(, so that

d'zt =d"s+ ad"E : (3.12)

Qg = —(q — ad) (3.13)

It g —ad e R\ {0} and @ < 0, then, from (3.13), we have Qz, € R \ {0} so that
If d"z =0, d"s +dy < 0, then d”s < 0 and, from (3.12), we have dTzy = d¥'s < 0;

consequently x} ¢ R”.

~ d¥s +d
If d¥2 < 0, A > 0, taking into account (2.9), we have oy + o = —2%@, and
T

. . dTS + do

since a; < o, it results ay > ————— On the other hand, from (3.12), we have

Ty
dTzr —dTs d'z* d :

gy = -———%—— so that dT—;‘:u > —a—%, ie, d'zf, < —dy < 0. Thus, we have

xy, ¢ RN, and the proof is complete. : O

When one of the two roots of equation (2.9) is equal to zero, it is possible to obtain

10



sufficient conditions for the pseudoconvexity of the function f, expressed in terms of the

data. More exactly we have the following corollary.

Corollary 3.1 Consider the function f where v_(Q) = 1 and assume the existence of s
and T such that Qs = —q, Qt = d, sT7Qs = 2qy. Then, f is pseudoconver on R if one
of the follownng conditions holds:

) dTE <0, d"s+dy >0, Q <0, g€ R\ {0}, g <0y

i) dT"T <0, d"s +dy <0, 27Qr +2¢"x + 2¢0 > 0, Yz € R?;

i) dTz < 0, A <0

Remark 3.1 Note that if Q < 0, ¢ € R \ {0}, g0 < 0, then the numerator of f,
%LETQ.T +q" x5+ qo, is pseudoconvez on R (see [10]), so that condition i) of Corollary 3.1
can be interpreted as a sufficient condition for the pseudoconvexity of the ratio between a
pseudoconvexr quadratic function and an affine one. The following example show that the

ratio between a pseudoconvex function and an affine one is not in general pseudoconvexz.

Example 3.1 Consider the function
(—-.’EQ - 4(L'1I2 - 3I2) — Iy — 2LE2 -1
f(z1,20) = . , 2 2
ry +xo+ do
where D = {(x1,x9) : &1 + 29 + dy > 0}.

B2 |—

J(x1,29) € D

The quadratic function 5(—x} — dryxy — 323) — 21 + 225 — 3 is pseudoconver on R2.
We have &= (1,-1)T, s = (=1,0)7, sTQs — 2q5 = 0, dT5 = 0, d¥s + do = —1 + do.

If dy < 1, then f is pseudoconvex on every convex set contained in D* = {(x,,25) € D :
(214 372+ 1)(2) + 22 + 1) < 0} but it is not pseudoconvex on R ¢ D*.

Note that when dy = 1, then f is pseudoconvezr on the whole half-space D, while dy > 1
implies the pseudoconvezity of f on the mazimal domain {(zy,z3) € D : —(x1 + 35 +
1)(z1 + 22 +1) <0} containing R3.

—z% - 2zy

r+3y+3
that d*z = % > 0. From vi) of Theorem 2.2, the function is pseudoconver on every open

Example 3.2 Consider the function f(x,y) = It results T = (—3,1), so

conver set contained in {(z,y) : f(z,y) > a1 = =4} N {(z,y): f(z,y) < ag = 0}, but

not on B3\ {0} even if the function —z* — 2xy is pseudoconver on R2 \ {0}.

11



When the vector ¢ is the null vector or when it is proportional to vector d, the character-
ization of pseudoconvexity assumes a simpler form since the case intR} C S5 does not
occur.

12TQx + g ‘
Ld—Tm‘g where do ?é O, l/_(Q) = 1.

Then, f s pseudoconvéaz on R if and only if there exists T such that QT = d, and one

Theorem 3.4 Consider the function f(x) =

of the following conditions holds:

i) dTz=0,Q <0, q>0;

i) 72 <0, A>0,Q<0,a10>0,q —ardo <0;
iii) dTE < 0, d3 + 2¢od"z < 0.

Proof Referring to Theore 3.3, the assumption ¢ = 0 implies the existence of s € R
such that Qs = 0; consequently, ds = #7Qs = 0 and the quadratic function Q(r,a)

becomes
Qr,a) = $TQ£E‘—- 20dz + &*3 QT = a:TQx —2adTz +o*d"z
where « is a root of the equation
dT'z o + 2dgar — 2qo = 0.

Note that 4i) and i) of Theorem 3.3 éannot oceur since d¥'s + dg = dy > 0, while condi-
tions i) and i) are equivalent to conditions i) and iv) of Theorem 3.3, respectively.

If dT7 < 0, A = d? + 2god”Z > 0, then ay > 0, so that Q(0,a2) = a?d¥# < 0, and thus,
by continuity, Q(z, a2) assumes some negative values on intR7. Consequently, condition

v) of Theorem 3.3 reduces to ii), and the proof is complete. 0

%ITQ.’E
dTz + do
D and, since the origin is a critical point, f is not pseudoconvex on . Nevertheless we

When gy = 0, the function f(z) is never pseudoconvex on the whole domain

have the following result.

N 1 ere v ? 1

pseudoconvex on R\ {KerQ} if and only if Q <0 and there exists T such that QT = d
and dTz < 0.

Theorem 3.5 Consider the function f(x)



Proof Equation (2.9) reduces to d'% o + 2dga = 0. When d7& < 0, we have a; = 0 and
y :

ay = —2——2= > 0. Since Q(0, as) = a?d"i < 0, the case intR? C ST(a) does not occur.
d’'z

Corresponding to the root a = 0, we have Q(z,0) = 2T Qxz so that Q(x,0) <0 Vz € R

if and only if Q) < 0.

At last, note that the set of all critical points of f coincides with K er. The proof is

complete. 0

4 On the existence of the minimum of Q(z,a) on R

As it has been stated in the previous section, the study of the sign of the quadratic func-
tion Q(z,«) plays a crucial role in characterizing the pseudoconvexity of f on R". In
particular, in order to guarantee the inclusion RY C ST, in Theorem 3.3 we have im-
plicitely assumed that the infimum of the quadratic function Q(z, @) on R is attained
as a minimun. In this section, we will give a necessary and sufficient condition for the
existence of the minimum of Q(z, o). Successively, when the minimum value is nonneg-
ative, we will prove the existence of a minimum point belonging to a k-diniensional face
of ¥, with & <n — 2. This last property will allow us to characterize, in Section 5, the

pseudoconvexity of f in terms of the data Q, ¢, qo, in the three dimensional case.

Theorem 4.1 Consider function f where v_(Q) = 1 and assume the existence of s and

T such that Qs = —q, QT = d. Consider the quadratic function Q(x, ), where o is a root
of (2.9). ’
We have inf Q(z,a) = mgen Q(z, ) if and only if the following conditions hold:

TERY rERT

i) 2"Qu >0, Vo € RY;
i) ve Ry, vIQu=0= (¢ —ad)Tv>0.

Proof Firstly, we prove that ) and 7i) are necessary conditions for having in f Qlxr,a) =
TeERY

/mgen Q(z,a). 1f i) and/or ii) does not hold, then there exists v € 7 such that vT Qv < 0
zeRT

or v7Qu = 0 and (¢ — ad)"v < 0. In both cases we have Q(tv,a) = t2TQu + 2t(q —

ad)v +2(qo — ady) — —oo when ¢ — +00, and this is a contradiction since the infimum
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is not attained. ~ -

It remains to prove the sufficiency of i) and #). Assume, by contradiction, that the
infimum ¢ = zzg seji Q(r, ) is’not attained. Then, there exists a sequence {z,} C R}, such
that || z, ||— +ot> and Q(zp, @) — £.

For every n, consider the problem:

min Q(x,a), Z(n) =f{z e R : ez <e'z,}
reZ(n)

“where ¢ is the vector having all its components equal té 1.

Since Z(n) is a compact set, the problem has an optimal solution y,,. The sequence {yn}
is such that Q(y,, @) < Q(zn, @), so that Q(yn, (y) — ¢; furthermore, {y,} is unbounded,
otherwise, for the continuity of the function, the infimum is attained.

We have {y,} C intR? or, there exists a subsequence of {y,}, which without loss of
generality we can assume the same sequence, contained in the relative interior of a k
dimensional face I'. With the convention [' = int®R"; when {y, } C intR’;, the problem

Wg;i(n)Q(x,a), Y(n)={zel: ez < elyn}
rEY (n

has the property that , is an optimal solution binding to the constraint e’z < eyy.

Set ¢* = ¢ — ad. By means of the Karush-Kuhn-Tucker conditions, for every n, we have
QYn +q" = Ane, An < 0. (4.14)

Assume the exisﬁence of 7 such that A\; = 0, or, equivalently, that y; is a critical point.
The quadratic form of the restriction of Q(z,«) on I' is positive semidefinite or it has
a negative eigenvalue p. In the first case, yz is a global minimum of Q(z,«) on I' and,
consequently, on R, and this is a contradiction. In the second case, let w € [' be an
eigenvalue associated to y; the point y; is a strict local maximum for the restriction
o(t) = Qys + tw, ) and this absurd since ys is the minimum point of Q(z, @) on Y'(n).
It follows that in (4.14), A, <0, Vn.

P * An ] *
From (4.14), we have () Yn + 7 _ - e. Since lim @ Yn + 7 __ Qu,
' Fyall - Nyl Y l n—too ([ yn | I un |l
with v € R, || v ||= 1, then the sequence ﬁ converges to a nonpositive value 3, so
Un
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that Qu = fe. From i) we have vTQu > 0, so that v"Quv = BeTv holds if and only if
B = 0 and thus Qu = 0. From (4.14), we have v Qu, + ¢*Tv = M\eTv, ie., ¢Tv = \eTo,
so that the sequence {A,} is constant; consequently ¢*”v < 0 and this contradicts ).

The proof is complete. - 0

The following theorem is related to the location of a minimum point of the quadratic

function Q(x, o) in the case intR} C S*t(a).

Theorem 4.2 Consider function f where v_(Q) = 1. ff there exist s and T such that
Qs = —q, Q% = d and ;g%in(a", @) = ;Z;%ZL Q(z,a) > 0, then there exists a minimum
pownt which belongs to a k—d;mensional face of R with k <n — 2.

Proof Note that a minimum point of Q(x, ) on R cannot belongs to intR", because of
the condition v_(Q) = 1.

Assume the existence of a minimum point z* belonging to the relative interior of a (n— 1)-
dimensional face F' of R}, say z* = (23, ...,25_,,0)T, 2 > 0,i # n, and consider the
hyperplane I' of equation z,, = 0.

We will analyze the two exaustive cases Q(z*, &) = 0, Q(z*, @) > 0.

case Q(z*, a) = 0.

Consider the line r of equation x = 2* + (& — z*),t € R, where & = s + aZ. From (2.10)
We have Q(z,0) = (1 —)?Q(z*, @) = 0, V& € R. We have r N intR? = @ because of
the condition v_(Q) = 1. Since z* € 7 is an interior point of F, any point of r N F is a
minimum for Q(z,«) on R} . Taking into account that r N F inter~sects a k-dimensional
face of R with k < n — 1, the thesis is achieved.

case Q(z*, «) > 0.

Since I' O F, z* is a local minimum for the restriction g of Q(z, ) on T', so that Q is
positive semidefinite on I', and, consequently, z* is a global minimum for the restriction qg.
From (2.10) we have Q(i+tw,a) = 0, ¥t € RVw e W = {w € R" : w # 0, wTQu = 0}.
Then, §:+tu) gé [, Vi € R,Vw € W and this implies 7, % 0 and w,, = 0. It follows W C T,
i.e., Q is positive semidefinite (not definite) on I'. Consequently, there exists at least a

line s of minimum points for g on I" passing trough z*, which intersects a k-dimensional
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face of R} with k < n — 1. The proof is complete. ]

In the next section, we will see how the obtained results will allow us to characterize
the inclusion S*(a) C intR" in the case n = 3, n = 2. Unfortunately, when n > 3, it is
not possible, in general, to know a priori the dimension of the face on which the minimum

point is located, as it is shown in the following example.

s2TQr + ¢"r + qo

Example 4:1 Consider the function {(aj) - T ,x €D
3 1 0 1
1 2 1 0
where () = L q=(14,-2,—4,-2)T g0 = 30,d = (2,0,0,0)7,
0 1 1 1
1 0 1 2

dy =3, D z_{a: = (21, &2, 23, 2q) : 21} ji— 3> 0}.

We have v_(Q) =1, T = (0,1,-2,1)", s = (=2, -4,12, =4)T, s7Qs — 2qo = 0, d¥% = 0,
dTs +dy = —1, so that f is pseudoconvex on every conver subset of S*(0) = {x € D :
QUe,0) = 5o7Qu 4+ q"x + 40 > 0},

Since Q > 0,q; > 0,i = 1,...,4, it results {z € R : 27 Qx = 0} = {0}; consequently, the
quadratic function Q(x,0) assume its minimum value on R

It is easy to verify that do not exist minimum points of Q(x,0) belonging to the relative
interior of a three-dimensional face of R4. With respect to the two-dimensional faces, we
have a unique minimum point given by x'V = (0,1,0, )T, with Q(zV,0) = 58; neverthe-

less, m;’g@(z, 0) = Q(2?,0) = 44, where 2 = (0,0,4,0).
ze

+

5 The three-dimensional case

As pointed out in Section 3, the problem of finding necessary and sufficient conditions
which ensure S*(a) C intR? in terms of the structure of @ is not easy to carry on. An
effort in this direction is given in this section which is devoted to give a complete charac-

terization of the above inclusion in the case where matrix @ is of order 3.
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In what follows we will use the following notations:
| A | denotes the determinant of a square matrix A;

Q;; is the submatrix of @ obtained by deleting the i-th row and column.

Theorem 5.1 Let Q = (q;;), 4,7 € {1,2,3}, be a symmetric matriz with v_(Q) = 1.
Then, x7Qx > 0, Yz € R if and only if the following conditions hold:

i) g >0, 1=1,2,3;

i) for every q;; < 0 we have | Qi |> 0, k54,3,

i) if there exist two negative elements, say qij, Qir, then q;quw — Gugie < 0.

Proof Assume that «7Qx > 0, Vo € R3. Setting x; = 0,Vj # i, we have gz} > 0, so
that ¢; > 0, i =1,..,3, and %) holds.

In what follows the restriction of 27 Qx obtained by setting x; = 0, will be denoted with
9; (i, Tk).

Suppose the existence of one negative element ¢;; and consider the restriction gi(;, r;) =
Qiix? + 2q52 52 +qjj;1:]2-. If ¢;; = 0 or g;; = 0, then gi(x;, z;) < 0 for suitable positive values
of z;, x;, so that ¢;; > 0 and ¢;; > 0. Furthermore, the discriminant A = qu — QiG55 =
— | Qux | must be nonpositive otherwise, once again, gk(x;, ;) < 0 for suitable positive
values of z;, x;. Consequently, i) holds.

Assume now the existence of two negative elements g;;, gix; we must prove that g;qix —
qiq;x < 0. By considering the restrictions gi(z;, 7;), g;(x:, zi), it easy to prove that

g > 0,Vi € {1,2,3}. We can express the quadratic form zT'Qz as follows:

@ir: + 2(qi; i + quTr) T + qjj:z§ ‘+ 24k Tk + QrrTr- (5.15)
Since ¢;;x; + qure < 0, Va;, x> 0, the discriminant‘ A of the trinomial (5.15) must be
nonpositive. By simple calculations we obtain

A=—1Qy | f?* | Qrk | T} + 2(qijqik — Giajn)T; k-

From i) we have | Qj; |> 0,] Qe [> 0. If | Qj; [=] Qi [= 0, then A < 0 if and only if
G50k — G < 0. Assume, without loss of generality, that | @;; |> 0. The discriminant

of A is equal to —g;; 0 | 22 and, for every 0, it is positive since v._ =1
k
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implies | @ |< 0. It follows that A < 0, Vz;, z; > 0, if and only if Qi ik — Qugix < 0.
Consequently, #i) is proven. |

Note that we cannot have q;; < 0, ¢ < 0,¢;x < 0, otherwise it results %qik — iqk > 0,
so that A assumes positive values for some z;, z; > 0, contradicting the assumption
Qx> 0, Yz € R3.

Assume now that conditions i) — 7i7) hold.

If ¢;; > 0, Vi, j, then obviously we have x7Qx > 0, Vz € %i

If there exists only one negative element, say g;i, then from #i) the submatrix Qy; is pos-
itive semidefinite, so that from (5.15), we have x7Qxz > 0, Vz € R

If there exist two negative elements, say g;;, gir, from i) we have | Q;; [> 0,| Qe |> 0,
so that q; > 0,7 = 1,2, 3. Taking into account of #ii), we have that the discriminant A of
(5.15) is nonpositive, so that z7Qz > 0, Vr € R3.

The proof is complete. O

Remark 5.1 Regarding the structure of the matriz Q, from Theorem 5.1, in order to
have Qx> 0, Yz € R, the following conditions must be verified:

e () cannot have three negative elements;

o if g =0, then q;; > 0, Vj # i,

o if | Qi |[< 0, then qjx > 0,5,k #1i and j # k.

Denoting by ¢;, d; the i-th component of ¢, d, respectively, we have the following theorem.

‘Theorem 5.2 Consider function f where v_(Q) =1, d € R3\ {0}, dy > 0. If there exist
s and T such that Qs = —q, QT = d, then intR3. C S* () if and only if 27Qx > 0, Va €
intRy and the following conditions hold:

i) If there exists an index i such that q; = 0, then q; — ad; > 0;

if there exists q;; < O such that qu = Quqj;, then (g — ady)\/G; + (q; — od;) /G > 0.

i) there not exist a unique minimum point belonging to the relative interior of a two-

o )2
M——,I:{i:

dimensional face; furthermore, qo — ady > 0, and 2(qo — ady) > max
1€ Qi

¢ — ad; < 0}, where a is a root of (2.9).
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Proof The inclusion intR3 C S*(«) holds if and only if inf Q(z, ) = min Q(z,a) > 0.
IQSRi_ .TG%

Taking into account Theorem 4.1, firstly we prove that i) is equivalent to ii) of Theorem
4.1.

Assume the validity of the implication: v € R, vTQuv =0 = (¢ — ad)Tv > 0.

If ¢; = 0, we have (/)T Qe! = ¢;; = 0 so that (¢— ad)Te’ = (¢ —ad;) > 0, whre €' denotes
the vector having its i-th component equal to 1 and all others equal to zero.

- The existence of ¢;; < 0 with qu = uq;;, together with the assumption 27 Qz > 0, Vz €
intR?, implies ¢; > 0,¢;; > 0. We have @i + 2qixx; + qjjz,' = (V@uTi — \/Ej—m]) ,
so that v = (/Z57, v/qu, 0)" verifies the equality v" Qv = 0. It follows that (¢ — ad)’v =
(¢ — adi) \/G@j; + (g7 — ady) /@i > 0.

Assume now that i) holds and let v # 0 such that v?Quv = 0. Since w'Quw > 0, Vw €
intR%, than v belongs to the boundary of R, so that the following exaustive cases occur:
v is of the kind v = ke, k > 0, or v is of the kind v = (¥;,7;,0)",5; > 0,0; > 0. In the
first case we have (e1)TQe! = q; = 0, so that i) implies (¢; — ad;) = (g — ad)Te’ > 0, and
thus (¢ — ad)Tv = (¢ — ad)Tke! > 0. '

In the second case consider the restriction g of the quadratic form 27Qz on = = 0, k #
i, g, e, gr(Ts25) = qurl + 2q;mx; + a5, Since gi(zy, 25) > 0,V(z;,z;) € R and
9k(7;,7;) = 0, the matrix Qg is positive semidefinite and qu — giiqj; = 0.

If ¢;; < 0, then gy UL,U]) (V@0 — J/Tj;05)%, so that §; = k. /55,05 = ky/qu, k > 0; it
follows (g — ad)™v =k [(¢; — ad;)\/T5; + (¢; — ad;j) /G| > 0.

If ¢;; = 0, then g4(7;,7;) = 0 implies ¢;; = ¢;; = 0 so that ¢ — ad; > 0, ¢; —ad; > 0 and
thus (¢ — ad)"v = (¢ — ad)0; + (q; — ad;)T; > 0.

It remains to prove that the minimum value of Q(z, ) on R2 is nonnegative if and only
if 4¢) holds.

If mwdz Q(z,a) > 0, then Theorem 4.2 implies the existence of a minimum point zy which
TERY
is the origin or which belongs to an edge s* of R If 29 =0, then ] = @ and go — ady > 0.

—(gx — adi)?® + 2(q0 — ado) gr

If o € s*, then k € I and min Q(I ) = > 0. Conse-
1‘63? kk
Ak el qii

Assume now that 42) holds. If there exists a minimum point which belongs to a two-
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dimensional face, then there exists a line r of equation & = o + tu,t € R such that

Q(z,a) = Q(xg, ), Yz € r and which intersect at least one edge of R3 . The assumptions

—ad;)?

go — ady > 0, and 2(go — ady) > malx(—qz————a——)——, I = {i: q — ad; <0}, imply that
€ i

mi r,a) = 0.

i Qo) 2 |

The proof is complete. ‘ O

The obtained results can be specialized to the two-dimensional case.

Theorem 5.3 Consider function f where Q = (qi3), i,j = 1,2, v_(Q) = 1, d € R7\ {0},
do > 0. If there exist s and T such that Qs = —q, QT = d, then intR? C ST () if and
only if g >0, i=1,2, g2 >0, ¢ —ad; 20, i=1,2, go = ady 2 0.

Proof Applying Theorem 5.1 to the symmetric matrix of order 3 obtained by () adding a

‘null row and a null column we have 2TQr > 0, Vo € R? if and only if ¢ > 0, i = 1,2,

q12 > 0. The thesis is achieved taking into account # of Theorem 5.2. , 0
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