Universita di Pisa
Dipartimento di Statistica e Matematica
Applicata alP’Economia

Report n. 351

A note on scalar "generalized" invexity.

Riccardo Cambini end Laura Carosi

Pisa, 07 febbraio 2012
- Stampato in Proprio —

Via Cosimo Ridolfi, 10 - 56124 PISA - Tel. Segr. Amm. 050 2216231 Segr. Stud. 050 2216317 Fax 050 2216375
Cod. Fisc. 80003670504 - P. IVA 00286820501 - Web http://statmat.ec.unipi.it/



A note on scalar “generalized” invexity

Riccardo Cambini and Laura Carosi*

Abstract

The aim of this paper is to study the notion of invexity and of some “generalized” invexity
properties for both smooth and nonsmooth scalar functions. In particular, it is studied how
far “generalized” invex properties are different from invexity and it is established whether or
not the use of more and more parameters and functionals in the definitions is really effective
and helpful. As a conclusion, it is proved that several “generalized” invexity properties are
actually equivalent to invexity. In other words, the introduction of parameters in defining
“generalized” invexity properties does not yield “a priori” any kind of generalization.

Key words: Generalized convexity, generalized invexity.
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1 Introduction

As it is very well known, invexity guarantees that critical points are global minimum points, Fritz-
John conditions are sufficient optimality conditions and weak and strong duality results hold. In
order to get larger and larger classes of functions which verify those nice properties, a huge amount
of research papers provides many different generalizations of invexity. Even an hasty and superficial
reading of the most recent contributions tells us that many different definitions of generalized invex
functions are obtained by weakening the differentiable assumption and by introducing more and
more parameters and/or functionals which are required to verify some nice conditions (see for
example [8, 17] and reference therein). Unfortunately, the proposed definitions are not often so
easy to be verified and in many cases it is impossible to find examples guaranteeing that these
classes of functions are true generalizations of some other existing classes of generalized convex
functions. Therefore two main questions arise: are all the introduced parameters really useful?
Are these classes really different? Some other papers appeared in the literature sharing the same
eritical view, such as the ones by Craven and Glover [7], by Caprary [4] and by Mititelu [14], where
equivalences among some generalized invexity properties are proved (}). Moreover, Zilinescu in {18]
offers a critical review of some generalized invexity concepts and shows that the use of parameters
in some generalized invexity definitions is not always correct from a mathematical point of view.

Our paper aims to strenghten the results by Caprari [4] and to go further in showing that various
“generalized” invexity properties are not actually true generalizations of the class of scalar invex
functions. This is proved both for smooth and nonsmooth functions. More precisely, we first
describe several different conditions and we prove the equivalence among all of them (see Theorem
1 and Corollary 1). At a first sight, the introduced properties do not seem related with invexity
and “generalized” invexity, but as soon as we properly specify them we are able to recognize many
of the definition proposed in the literature of generalized invexity. For the sake of clearness, let us
consider a function f: X — R, X € R", and a set valued function K : X — R" such that K(x)
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is a nonempty convex and compact set for all x € X. In Theorem 1 function f is said to verify
condition BI) if there exists n: (X x X} — R" such that:

flxy) = flog) > €Tn(xy, m0)  VE € K(x3), Vo, 12 € X.

If we assume f to be differentiable and we take K(z) = {Vf(z)} Vo € X, condition BI) is
nothing but invexity. In a similar way, starting from the other conditions presented in Theo-
rem 1 and Corollary 1 we are able, for example, to recover the definition of pseudoinvexity, F-
convexity, F-pseudoconvexity, strong pseudoinvexity, strong F-pseudoconvexity, up to the notion
of (3., b, ¢, p, 0)-univexity used by Zalmai in [19] for n-set functions.

Therefore, by proving the equivalence of all the properties given in Thereom 1 and Corollary 1 we
show that all the above mentioned generalized invexity properties coincide with invexity. Thanks
to their very general formulations, Theorem 1 and Corollary 1 allow to obtain the same equivalence
results even in the nondifferentiable case. Moreover, Theorem 1 and Corollary 1 allow to determine
other kinds of generalized invexity properties by means of suitable specifications of the set valued
function K and of the other parameters.

Furthermore, condition 4) in Theorem 1 does not use any kind of parameters or functionals and
it is in turn equivalent to the other listed properties. As a direct consequence of Theorem 1 and
Corollary 1 we come at the conclusion that the use of parameters and or functionals in defining
“generalized” invexity properties does not yield “a priori” any kind of generalization.

The paper is organized as follows. In Section 2 several properties are introduced and their equiva-
lence is proved. These equivalences results are used in Section 3 in order to obtain the equivalence
among somme “generalized” invexity properties for both smooth and non-smooth scalar functions.

2 Preliminary equivalences

Various general equivalences are proved in the following Theorem 1 and Corollary 1. These results
will be the key tool for studying the relationships existing among the various generalized invexity-
type properties proposed in the literature.

Theorem 1 Let f: X — R, X CR™, be a scalar function and let K : X — R" be a set valued
function such that K(x) is a nonempty conver and compact set for all x € X. The following
properties A), B1)-B6), C1)-C6), are all equivalent:

A) it holds:
flo) < flzg) =>€#0 V€& K(a), Vor, 20 € X

B1) there exists 1 : (X x X)) — R" such that:
flan) = flas) > €M nlxr, 02) V€ € K(r), Yoy, 00 € X
B2) there exists n: (X x X) - R™ such that:
flzy) < flze) = £Tn(ry,20) <0 Y€ € K(xa), V1,20 € X

- B3) there exists n: (X x X) — R™, there exists 0 : (X x X)) — R", there exists p € R, p > 0,
such that:

flzy) = flzg) > €Tn(ay, x0) + ;)]]19(1'1.;59)H2 VE € K(:rg’), Yoy, x0 € X

BY) there exists n 1 (X x X) — R™, there exists ¥ : (X x X) — R™, there exists p € R, p > 0,
such that:

flx) < flas) = Tnlxr, x0) < —pl|d(x1, 22)|? VEE K(z2), Va1, 22 € X



B5) for every ¥ : (X x X) — R there exists n: (X x X) — R™ and there exists p € R, p > 0,
such that:

Flzy) = flas) = EMnlay. ) + pl|d(ey, w)||* VE € K(xa), Vo, 2 € X

B6) for every 9 1 (X x X)) — R"™ there exists n: (X x X) — R" and there exists p € R, p > 0,
such that:

flzy) < flzg) = eMn(zy, x0) < —pld(x, 22)||* V€€ K(xq), Va1, 20 € X

C1) there exists F - (X x X xR") — R, with F(zy,20,0) > 0V, 20 € X, there exists ¢ : R? — R,
with ¥y, y2) < 0 Yy, y2 € R such that yy < ya, there exists b 1 (X x X) — R, with
by, x0) > 0 Vo, 29 € X, such that:

O(f(x1), f(xa)) = Flay, xe,blay, 22)§) VE € K(xz), V20 € X

C2) there exists F': (X x X xR") — R, with F(x1,22,0) > 0Vry, 20 € X, there exists i : R2 — R,
with vy, y2) < 0 Vyy,y2 € R such that y1 < ya, there exists b : (X x X) — R, with
ey, x0) > 0 Vi, 29 € X, such that:

Y flx), flm2)) < 0 == Foy,x2,b(x1,22)8) < 0 V¢ € K(xg), Vrr, 20 € X

C3) there exists F: (X x X xR") —% R, with F(xy,22,0) > 0V, 10 € X, there exists 1 : R2 — R,
with ¥(yr, y2) < 0 Vyi,y2 € R such that y, < ya, there exists ¥ 1 (X x X) — R", there exists
pER, p>0, there exists b: (X x X) — R, with b(xy,x9) > 0 Vay, 20 € X, such that:

O(flxy), flae)) = Flay, zo, bz, 22)€) + plld(xy, 22)||* VE € K(aa), Yy, 20 € X

C4) there exists F o (X x X xXR™) — R, with F(xy,2,,0) > 0Ve, 20 € X, there exists R? —» R,
with (Y1, y2) < 0 Yy, y2 € R such that yy < ya, there exists U : (X x X) — R", there exists
pER, p>0, there exists b: (X x X) = R, with b{x,xz2) > 0 Vry, 22 € X, such that:

W(flxy), f(ze)) <0 == F(x,ze,b{x1,22)E) < —pld(xy, w)||* VE € K(xg), Yai, 00 € X

C5) for every ¥ : (X x X) — R there ewists F': (X x X x R") — R, with F(xy,22,0) > 0
Yoy, xe € X, there exists i : R2 — R, with ¥(y1,y2) < 0 Yy, y2 € R such that yi < y2, and
there exists p € R, p > 0, there exists b: (X x X) — R, with b(zy,22) > 0 Vo, 20 € X, such
that:

G(f(xr)s fx)) > Flay,wo, blay, 22)€) + plld(xy, 22)||7 VE € K(x9), Vri, 12 € X

C6) for every ¢ : (X x X) — R™ there exists F : (X x X x R") —» R, with F(z1,22,0) > 0
Yy, w9 € X, there exists 1 : R2 — R, with ¥(y1,y2) < 0 Yyi,y2 € R such that y; < ya, and
there exists p € R, p > 0, there exists b: (X x X) — R, with b(zy,22) > 0 Vay, 20 € X, such
that:

D(f(xr), fx2)) < 0= F(xy, 20, b(x1,22)E) < —plld(xy, 20)||> VE € K(xy), Vi, 22 € X
Proof 1t is first worth recalling that being K () a nonempty convex and compact set then there

exists an unique element &(xr) € K(x) such that ||£(x)]] < [|¢]] V€ € K(z), and that it results
E(x)Te(x) < €T¢(x) V€ € K(x).



A)=>B1). Let us define the following functional:

1(r, o) = { Wf‘(‘;gb)) Ex) 0 ¢ K(x), flar) < flxa)

otherwise

In the case 0 & K(xa), flz1) < f(xg), for all £ € K(xg) it is:

ey, a0) = (flxy) — fla)) {IWE(") < fler) — f(xa)
£(x)TE(x)
since (f{xy) — f(x2)) < 0 and % > 1. In the case 0 € K(xy) property A0) implies f(x) >

flzo) and hence for all £ € K(z2) it is EMp(xy,29) = 0 < f(x1) — f(z2); the same happens also in
the case 0 ¢ K(x3), f(xy) > f(xs). The whole result is then proved.

B1)=+B2), B3)=>B/), B5)=B6). Follows trivially just assuming f(x1) < f(xa).

B1)=B3), B2)=>B4). Just choose d(x,xq) = 0 Vo, 29 € X.

A)=>B5). Let us define the following functional where p is fixed to any positive value while 0
is not fixed:

flx) ﬂ;{z)}lgi(]f)(n zo)fi? Q’(;L‘) if O Q I{(ZEQ), f(L]) < f(Lg)

tworim - S

n(xy, x2) =
otherwise

In the case 0 ¢ K (x2), flz1) < f(zz), for all £ € K(z9) it is:

) = (Fo) = f(os) — ploan, ) |P) 2
e e e
< flen) = flxa) = pllo(xr, w0)|
since (f(x1) — f(z2) ~ pd(x1.22)||?) <0 and E%"F)'gr‘g(),_; > 1. In the case 0 € K (x2) property A0)
implies f(x1) > f(z2) and hence for all £ € K(x2) it is
) + ol 2l = pldGerz)P (1~ 2ol <0 < fay) - i
ECnlxy, xg) + pll0(xq, 22)||° = plldzy, 2 1- o <0< fxy) — flas
il wo) + plldzy, w2) |7 = pl|0(wy, 22) ( f(x)rf(:c)) [y 2)
since p||d(x1, z2)]|* > 0 and g(‘g—)%% > 1; the same happens also in the case 0 ¢ K(x9), f(x1) >
f(x2). The whole result is then proved. )
Bi)=Ci), i € {1,...,6}. Just choose F(xy,19,8) = €Mn(xy,m2), ¥y, y2) = y1 — Yo

b(J 1 .Lf_)) = 1.
C1)=C2), C3)=C4), C5)=>C6). Follows trivially just assuming (f(x1), f(xz)) <0
C1)=C3), C2)=>C4). Just choose ¥z, 29) =0 Ve, 29 € X.
Cl)=A), C6)=A). Assuming f(xy) < f(x2) it follows that ¥(f(x1), f(x2)) < 0 and hence for
all € € K(xq) it is:
Flay, 2o, 0(x1,19)€) < wpﬂﬁ(wl,;l;g)ﬂz <0

Being F(xy, 29, bz, x2)€) < 0 it follows b(xy,22)€ # 0 so that £ # 0 and the result is proved. [

In other words, the previous theorem shows that the use of parameter functionals in properties
B1)-B6) and C'1)-C6) is useless since they are equivalent to property 4) which has no parameter
functionals at all.

It is worth noticing that many other properties can be obtained from C1)-C6) by properly
fixing some of the parameters. It is important to point out that the properties obtained in this
way are not more restrictive than the original ones, they are actually equivalent to 4), BI)-B6)
and C1)-C6), as it is stated in the following corollary.



Corollary 1 Let f: X — R, X CR", be a scalar function and let K : X — R" be a set valued
function such that K () is a nonempty convex and compact set for allz € X . Let P be any property
obtained from C1)-C6) in Theorem 1 by assuming one or more of the following conditions:

i) P(f(z), flza)) = flay) = fla2),
i) p(f(xy), flag)) = o(f(x1) — fla2)) for a suitable ¢ : R — R, with p(y) <0 Vy <0,
iii) F(xy,x0,€) = ETnlxy, 20) for a suitable n: (X x X) — R™,
w) blwy,zp) = 1.
Then, P is equivalent to properties A), B1)-B6), C1)-C6), in Theorem 1.

Proof First note that conditions i)-iv) verify the assumptions of properties C1)-C6) in Theorem
1. Let P be obtained from property Ci), with i € {1,...,6}, by assuming one or more of conditions
i)-iw). The result then follows from Theorem 1 by noticing that property Bi) implies P and that
property P itself implies Cf%). 0]

3 “Generalized” invexity for scalar functions

The equivalences discussed in Section 2 seem not necessarily related to invexity and optimality
conditions. Neverthless, some “generalized” invexity properties for scalar functions can be recog-
nized in Theorem 1 and Corollary 1 by properly specifying the set valued function K and the other

parameters.

3.1 'The differentiable case

The aim of this subsection is to point out the use of Theorem 1 and Corollary 1 in studying
“generalized” invexity properties for differentiable scalar functions. In particular, f is assumed
to be differentiable and K(z) = {Vf(z)}, so that £ € K(x2) is replaced by V f(xs). Under such
assumptions, it is very easy to recognize in property B1) the very well known concept of invexity, in
property B2) the concept of pseudoinvexity and in property 4) the semi-pseudoconvexity concept
considered in [3]. For the sake of completeness, let us explicitly recall that a differentiable scalar
function f: X — R, with X C R" open convex set, is said to be :

o inver in X if there exists a function 7 : (X x X)) — R such that for all 21,29 € X it holds:
F(ar) = flaa) = Vf(xa) ner, x2)

o pseudoinver in X if there exists a function 7 : (X x X) — R"™ such that for all 2,2, € X it
holds:

flx) < flze) = V(e nle;,xe) <0

o semi-pseudoconver in X if for all x1, 22 € X it holds:
flxy) < flra) = Vf(z2) #0

Even if no kind of parameter is involved in the definition of semi-pseudoconvexity, Theorem 1
shows that this property is actually equivalent to both invexity and pseudoinvexity. For the sake
of completeness, it is worth recalling that the equivalence between the semi-pseudoconvexity and
the global optimality of critical points have been shown in [3], and that the equivalence between

[z



invexity, pseudoinvexity and the global optimality of critical points have been given by Craven and
Glover in [7] (?).

Starting from the concepts of invex and convex functions, many generalizations have been
proposed in the last decades literature. New classes have been introduced in order to derive more
general optimality conditions and to deepen on the study of duality for both scalar and vector
optimization problems (see for all [8, 9, 17] and reference therein). It is impossible to take into
account of all the various proposed definitions, hence for the sake of convenience just the most used
will be considered in the rest of this paper. These definitions share the same approach, that is the
use of parameters and functionals aimed to weaken the invexity property. As an example, just take
a look at the paper by Zalmai [19] who proposes for n-set functions the notions of (F.b, ¢, p,¥)-
univexity and (F, b, @, p,9)-pseudounivexity (*), where four functions and one real value are used as
parameters. For the sake of completeness, here below we recall that a differ entldble scalar function
f:X — R, with X C R™ open convex set, is said to be :

o F-conver if there exists a functional F' 1 (X x X xR") — R, with F(zy, 25,0) = 0Vr, 20 € X,

such that

Flzy) = flze) + Fley, 22, Vf(2e)) Vo,ree X

o F-pseudoconver if there exists a functional F': (X x X x R") — R, with F(x;,22,0) = 0
Vi, xe € X, such that

flzy) < flag) == Flry,29,Vf(z)) <0 Yay,m€X

e strong pseudoinver if for every ¥ : (X x X) — R" there exists 7 : (X x X) — R" and there

exists p € R, p > 0, such that
f(;m) < flxg) = Vf(;’zrg)Tn(;z:l,;r;g) < w/)[il‘)(:z:l,:x?g)]iz Yy, 20 € X

o strong F-pseudoconves if for every o : (X x X) — R" there exists a functional F': (X x X x
R™) — R, with F(xy,22,0) > 0 Vo, zg € X, and there exists p € R, p > 0, such that

Floy) < floe) == F(ry,z, V() < —pld(x,20)|* Yay,z2€ X

o (F.b,,p,0)-univez if there exists F : (X x X x R") — R, with F(x;,29,0) > 0Vr;, 23 € X,
there exists ¢ : ® — R, with p(z) < 0 Vz € R such that z < 0, there exists b: (X x X) = R,
with b(xy, x2) > 0 Vg, 20 € X, such that:

e(flxy) — flre)) > Fay,z2,b(xy, 22)V flae)) Vrp,re € X

o (F,b,p, p,0)-pseudounivex if there exists F' : (X x X x R") — R, with F(x1,22,0) > 0
Yay, e € X, there exists ¢ : B — R, with ¢(z) < 0 Vz € R such that z < 0, there exists
b: (X x X)— R, with b(zy,29) > 0V, 22 € X, such that:

\,9 l])‘ (Ig))<0::>F(I‘1 o, b(!l,Lg)Vf(l‘)))<0 Ve, 29 € X

o strong (F,b,, p,0)-univez if there exists F : (X x X x R") — R, with F(zy,29,0) >
" W,z € X, there exists ¢ : ® — R, with ©(2) < 0 Vz € R such that z < 0, there ex1sts
01 (X x X) — R", there exists p € R, p > 0, there exists b: (X x X) — R, with b(z;,22) >0
Vi, 9 € X, such that:

N / 02
o(flxy) — fxa)) > Flxy, xe,b(xy, 20)V fxa)) + pl|0(xy, x2)||” Ve, 22 € X
28ee also the simpler proof given by Ben-Israel and Mond in [13] and for a wider discussion on this topic the

book by Giorgi and Mishra [8].
3In the definition by Zalmai [19] the parameter p is not limited in sign.




o strong (F, b, o, p, ) -pseudouniver if there exists F : (X x X x R") — R, with F(zy,22,0) > 0
Yy, 22 € X, there exists ¢ 1 R — R, with ¢(z) < 0 ¥z € R such that z < 0, there exists
J: (X x X) = R", there exists p € R, p > 0, there exists b: (X x X)) — R, with b(xy,22) >0
Vay, g € X, such that:

o(f(x)) = flxa)) < 0 = F(ay, xo.b(xy,22)V f{x2)) < —pld(z1,22)||* V20 X

The F-convex functions have been introduced by Hanson and Mond in [11] and for this very
reason they are also called Hanson and Mond functions; Craven and Glover in [7] prove that this
class of function is nothing but the class of invex function. Furthermore, Caprari [4] proves the
equivalence between the strong F-convexity and the strong pseudoinvexity.

Referring again to Theorem 1 and Corollary 1, strong pseudoinvex is nothing but a particular
case of property B6) (let us recall to see £ € K(xq) as V f{zy)), while F-convex comes from
C1) by replacing ¢ € K{x3) with Vf(x2) and by setting ¢(f(x1), f(z2)) = f(zy) — flx2) and
b(xy,z2) = 1. Analogously, F-pseudoconvex and strong F-pseudoconvex are particular cases of
properties C2) and C6), respectively (let £ € K{(x2) be V f(xa), ¥(f(x1), f(x2)) = flz)~ f(x2) and
by, xg) = 1). Finally, (F,b, p, p. 9)-univexity, (F. b, ¢, p,V)-pseudounivexity, strong (F, b, ¢, p, v}~
univexity and strong {F, b, p, p, 9)-pseudounivexity can be obtained from C1), C2), C8) and C4),
respectively, by setting ©(f(xz1), f(x2)) = p(f(x1) — f(z2)).

Therefore, we are able to extend the analysis started first by Craven and Glover and later
by Caprari. As a trivial consequence of Theorem 1 and Corollary 1 we show that F-convexity
coincides with both F-pseudoconvexity, strong pseudoinvexity and (F, b, ¢, p, ¥)-pseudounivexity.
Hence, all the previously recalled classes coincide with the invex one.

Theorem 2 Let f : X — R be a differentiable scalar function on the open conver set X C R™.
The following conditions are equivalent:

i) [ is semi-pseudoconvex;

i) [ is invex;

iii) f is pseudoinvern;

w) [ is F-convex;

v) [ is F-pseudoconver;

vi) f is strong pseudoinvex;

vii) [ is strong F-pseudoconver:;
viig) f is (F, b‘,fp, p, ) -unives;

ix) fis (F, b, @, p, 3)-pseudounive;

x) [ is strong (F,b, @, p,9)-univer;
at) f is strong (F, b, ¢, p, 'f))—p.s:e‘ujdovwn,ive:c.

Deeply speaking, some of the definitions presented in the recent literature with the aim to
generalize the concept of invexity do not provide actually any kind of generalization (along this
line see also [4, 8, 18]). Moreover, the use of parameter functions aimed to look for invexity
generalizations is useless, since those class of functions coincides with the one of semi-pseudoconvex
functions which is related only to the hehavior of the gradient of function f and does not involve
any kind of parameter functions.



Remark 1 It is worth noticing that in the recent literature different concepts of inverity have been
introduced by means of a different use of the parameter function n{xy,x2). Concepts stronger than
the ones previously recalled have been proposed by requiring the parameter function n{xy,x9) to be
“o priori” fized [12]:

e given a function 17: (X x X) — R", f is said to be n-invex if the following property holds

flxy) = flzn) > V(o) (e, a0) Yoy, 20 € X

o given a function n: (X x X) — R", [ is said to be n-pseudoinvex if the following property
holds
fley) < flzg) == Vf(:l:-z)l iz, xe) <0 Ve, 20 € X

These properties hold for a specific parameter function n(xy, x2) and for this very reason the classes
of n-invex and of n-pseudoinver functions are strictly contained in the ones of invex and of pseu-
doinvex functions, respectively. As a consequences, the concept of semi-pseudoconvezity (based on
no parameter functions) generalizes both n-invexity and n-pseudoinverity (based on the parameter
Junction y(xy,x2)). For an exhaustive discussion about the use of parameter n(xy,z5) see [8].

3.2 The nondifferentiable case

Invexity properties have been extended in the non differentiable case following various approaches,
such as using Dini derivatives [9, 15] or Clarke’s subdifferential [4, 7, 8]. The latter one has been
the most used and will be analyzed in this subsection. Specifically speaking, invexity properties
can be extended to the nondifferentiable case by assuming function f to be locally Lipschitz and
by using the Clarke’s subdifferential of f at x, denoted with 9¢f(x), which results to be nonempty,
convex and compact due to the local Lipschitzianity of f. In this light, some of the “generalized”
invexity properties discussed so far can be rewritten as follows:

o invexity : there exists a function 7 : (X x X) — R™ such that
flzy) — f(xe) = 57‘1](931,:):2) VE € 9°f(x9), Vo, 206 X
o pseudoinvezity : there exists a function 7 : (X x X) - R™ such that
flaxy) < flze) = fT'Y](;'IIl,JIQ) <0 V€€ df(xg), Vo, 29 € X
o semi-pseudoconvexity : it holds:
flz) < flwe) = £#£0 VE€If(ry), Vo, 20 € X

e F-convewity : there exists a functional F : (X x X x R") — R, with F(r;,22,0) = 0
Vi, 29 € X, such that

flzy) 2 flae) + Frr,20,8) VE€ O°f(xa), Vo, 290 € X

e F-pseudoconverity : there exists a functional F': (X x X x R") — R, with F(z,22,0) =0
Yay, 9 € X, such that

fley) < flag) == F(ri,22,8) <0 VE€ I flxg), Vo, 29 € X

e strong pseudoinverity : for every ¥ : (X x X) — R” there exists 7 : (X x X) — %" and there
exists p € R, p > 0, such that

Wz, 20| VE € O°f(xa), Vo, an e X

flzy) < flze) = (1, 20) < —p

8



o strong F-pseudoconvexity : for every ¢ : (X x X) — R" there exists a functional F :
(X x X x R™) — R, with F(z;,22,0) = 0 Vry, 22 € X, and there exists p € R, p >0, such

that
Flay) < flag) == F(ry,e0,8) < —pld(x1.22)l|* VEE O flr), Vo, 20 € X
o (F.b,p, p,¥)-univexity : there exists F': (X x X x ®R") — R, with F(z,22,0) 2 0Vr, 10 €
X, there exists ¢ : R — R, with () < 0Vz € R such that z < 0, there exists b: (X x X) —
R, with b(zy,29) >0 ‘v’.Ll,,Lg ¢ X, such that:

o(f(x1) = flx2)) = Flzy,x0,blxy, x0)€) VE € O°f(x2), Yo, 02 € X

o (F.b, ¢, p,0)-pseudouniverity : there exists F': (X x X x R") — R, with F(z1,22,0) = 0
Vry, w2 € X, there exists @ : B — R, with @(2) < 0 Vz € R such that z < 0, there exists
b: (X x X)— R, with b(zy,z2) > 0 Vi, zo € X, such that:

o(f(xy) — flra)) <0 == F(xy, 22, b(x, 22)&) <0 Y €0 frg), Var,z2€ X

e strong (F,b, @, p,¥)-univexity : there exists F : (X x X x R") — R, with F(xy,22,0) = 0
\‘/n 19 € X, there exists v : R — R, with p(z) < 0 ¥z € R such that z < 0, there exists
(X x X) — R", there exists p € R, p > 0, there exists b : (X x X) — R, with b(zy,z2) >0

V.Ll, x9 € X, such that:

o(flxy) — fla2)) = Fay, xo,b(xy, 22)€) + pld(xy, x) > VE € O°f(xa), Yoy, x2 € X

o strong (F.,b,p, p,0)-pseudounivezity : there exists F': (X x X xR") — R, with Fay,xe,0) =
0V, o € X, there exists o : B — R, with p(z) < 0 V2 € R such that z < 0, there exists
¥ (X x X) — R", there exxsts p € R, p >0, there exists b: (X x X) — R, with by, x2) >0
Vi, ry € X, such that:

flay) = fza)) <0 = F(ry,z9,b{x,22)§) < —pll 0wy, 20)||* VE € O°f(22), Yoy, 20 € X

By assuming K (z) = 0°f(z) in Theorem 1 and in Corollary 1 it is then trivial to prove that
all the equivalences given in Theorem 2 hold in the nondifferentiable case too.

Theorem 3 Let f: X — R, with X C R™ open and convex set, be locally Lipschitz and let 0° f(x)
be the Clarke’s subdifferential of f at x. Then, conditions i)-xi) given in Theorem 2 are equivalent.

4 Conclusions

In this paper we prove the equivalence of various classes of “generalized” invex functions pointing
out that the use of parameters and functionals does not yield “a priori” any kind of generalization.
This has been shown in both the differentiable case and the nondifferentiable one. In this latter
case locally Lipschitz functions are considered as well as their Clarke’s subdifferential.

Looking at further classes of generalized invex functions, Mititelu [14] shows preinvexity and
prepseudoinvexity are equivalent to invexity and pseudoinvexity respectively. Therefore, taking
into account our equivalence results we get that even prepseudoinvexity coincides with invexity.
It is worth noticing that we just consider differentiable functions on an open set, while Mititelu
[14] and Mititelu and Postoloache {15] deal with non-smooth functions on arbitrary set by using
the upper Dini derivatives. A possible extension of our analysis is to consider invexity properties
based on the use of upper Dini derivatives.



It is worth noticing that the general formulation of Theorem 1 and Corollary 1 could suggest
further equivalence results among other classes of “generalized” invex functions the interested
reader can find in the huge literature on this topic.

Regarding vector valued functions, in [6] Craven presents various inclusions among different
classes of generalized invexity. Following his lines and taking into account our equivalence results
it could be interesting analyzing how they can be extended to the vector case.
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