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Abstract

Gain-loss ratio is known to enjoy very good properties from a normative point of
view. As a confirmation, we prove a dual representation of the best market gain-loss
in the presence of a random endowment for general probability spaces. The dual
representation is then the key to show best gain-loss is an acceptability index.

However, gain-loss ratio was designed for and works best only for finite Q. In
most general 2, and continuous time models best gain-loss is either infinite or fails
to be attained. In addition, it displays an odd behaviour in a risk neutral situation
due to scale invariance, which does not seem desirable in a portfolio optimization
context. Such weaknesses definitely prove best gain-loss is a poor performance mea-

surement.
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1 Introduction

Gain-loss ratio was introduced by Bernardo and Ledoit [3] to provide a novel asset pricing
criterion and an alternative to the traditional Sharpe Ratio in portfolio performance eval-
nation. In fact, the Sharpe Ratio (SR) has a number of drawbacks: it is not monotone,
thus violating a basic axiom in theory of choice; moreover, it is the target of serious objec-
tion from the asset pricing theory approach based on no-good deals. A classic reference on

good deals is Cochrane and Saa-Requejo [11]. In brief, a good deal is a portfolio whose SR.
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i.e. that the market best ratio is always attained. This is true only if €1 is finite.

Against this background, the present paper develops an analysis of the gain-loss ratio
for general probability spaces. The rest of the paper is organized as follows. In Section 2
we show the above equivalence i) <= 1ii) in the presence of a continuous time market for
general 0. The duality technique employed here extends also Pinar’s treatment [17, 18].
The assumptions made on the market model are quite general, as we do not require the
process of the underlyings S to be neither a continuous diffusion, nor locally bounded.

The duality formula for o* is correctly reformulated as sup--- = min--- and a simple
counterexample where the supremum «o*, though finite, is not attained is provided in the
Examples Section 2.4.

In Section 2.3 pros and cons of gain-loss are analyzed. While in discrete time models
there is a full characterization of models with finite best gain-loss ratio, in continuous
time the situation is hopeless. In most commonly used models o* = +o00 as any pricing
kernel is unbounded as shown in detail in Example 2.7. Finally, in Section 2.5 a dual
representation is provided for the best gain loss o*(B) in the presence of random endow-
ment B. The results there also highlight gain-loss drawbacks. In particular, the scale
invariance property does not seem desirable at all in the presence of random endowment.
If P is already a pricing kernel, it implies that either the best gain-loss is infinite if B has
positive expectation or it is optimal to take infinite risk in order to off-set the negative
expectation of B, which is economically unreasonable.

Finally, the dual representation of o*(B) is the key to the result in Section 3. There,
after some preliminaries on risk measures and acceptability indexes, the market best gain-
loss ratio o*(B) is described as an acceptability index on the space L'(P) of integrable

random variables as a function of the random endowment B.

2 The market best gain-loss o* and its dual represen-

tation

2.1 The market model

Let (2, (Ft)icpo,r), P) be a continuous time stochastic basis satisfying the usual assump-
tions. S is an R?-valued semimartingale on this basis and models the (discounted) time
evolution of d underlyings up to the finite horizon T'. A strategy £ is predictable, S in-
tegrable process and the stochastic integral £ - S is the corresponding gain process. Now,
some integrability condition must be imposed on S in order to ensure the presence of
strategies £ with well defined gain-loss ratio. In some cases in fact it may happen that
every non null terminal gain K = £- Sy verifies E[K | = E[K~] = +00, see the Examples
Section for a simple one period model of such extreme situation.

The following is thus the integrability assumption on S which holds throughout the
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To characterize o and to link it to a no-arbitrage type result, we rely on auxiliary

maximization problems with piecewise linear utility Ul:
Us(z) =2t — Ar™.

The convex conjugate of Uy, Vi(y) = sup,(Ux(x) — xy) is simply the functional indicator
of the interval [1, A]:
y 0 ifl1<y<a
W(y) = N
+o0o  otherwise.
By mere definition of the conjugate, the Fenchel inequality holds:
Ux(x) = zy < Vi(y) forall z,y € R. (1)

The next definition is understood as follows. The market is gain-loss free at a certain
level A if not only there is no gain with o > A, but also A cannot be approximated
arbitrarily well with gains in .

DEFINITION 2.2 For a given A € (1, +0oc|, the market is A gain-loss free if a* < \.

Theorem 2.4 below, first shown by Bernardo and Ledoit in a two periods setup, states
exactly the equivalence between absence of A gain-losses and existence of a martingale
measure with a density satisfying precise bounds.

Some notation first. Let C = {X € L' | X < K for some K € K} denote the set
(convex cone) of claims which are super replicable at zero cost, and consider its polar set
C'={Zel*|E[ZX]<0forall X eC}. AsC D —L%, C° C LY. CYis a convex cone
and thus not empty as 0 € C°.

However, C° may be trivially {0}, i.e. its basis C} = {Z € C° | E£[Z] = 1} may be
empty. This may happen in common models as the Black Scholes model, see Remark 2.3
and Example 2.7 for a discussion and more details. The basis C? however is important for
gain-loss analysis. The following Lemma in fact proves that C? is the set of bounded mar-
tingale probability densities, which in turn appear in the characterization of the market
best gain-loss in Theorem 2.4.

LEMMA 2.3 Z € CY if and only if it is a bounded martingale density.

Proof. It Z € C}, it is bounded nonnegative and integrates to 1, so it is a probability
density of a Q@ <« P. Moreover, £14(S; — 5;) € C, for all A € F,,s < t, so that
E[Z14(S; — Ss)] = 0, which precisely means Eq[S; | Fs] = Ss. Conversely, if @ is a
martingale probability for S, with bounded density Z, then

St € LY(P) € LY(Q).

(1]
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In particular the infimum in the dual is attained by a Y* € C% Therefore 1 < Y* <y =
o’ < A and its scaling Z* = Y™*/E[Y "] is a martingale density with the property required
in (2).

Suppose now any of the two conditions above holds true. Then, the proof of the arrow
b) = a) actually shows

. E[KT) - ess sup (1)
of = sup e < inf ——— ¢
KEK,E% EIK~] 7 @QeMw essinf Z

and the proof of the arrow a) = b) shows that the infimum is attained by Z* and there

is no duality gap. N/
The next Corollary immediately follows.

COROLLARY 2.5 o < 400 iff My # 0.

2.3 Pros and cons of gain-loss ratio

The requirement of gain-loss free market can thus be seen as a result d-la Fundamental
Theorem of Asset Pricing also in general probability spaces. A comprehensive survey of
No-Arbitrage concepts and result is the reference book [12]. If compared to those theo-
rems, the above proof looks surprisingly easy. Of course, there is a (twofold) reason. First,
there is an integrability condition on S; secondly, and most importantly, the assumption
of A gain-loss free market is much stronger than absence of arbitrage (or absence of free
lunch with vanishing risk).

The stronger requirement of absence of A gain-loss arbitrage allows a straightforward
reformulation in terms of a standard utility maximization problem. This reformulation
as such is not possible for the general FTAP case. The reader is however referred to [21]
for a proof of the FTAP in discrete time based on a technique which relies in part on the
ideas of utility maximization.

In discrete time trading there is a full characterization of the models which have
finite best gain-loss ratio. On one side, the Dalang-Morton-Willinger Theorem ensures
that under No Arbitrage condition there always exists a bounded pricing kernel. Such
kernel is not necessarily bounded away from 0. On the other side, the characterization of
arbitrage free markets which admit pricing kernels satisfying prescribed lower bounds is
provided by [22].

Concerning practical application, in continuous time o* is very likely to be infinite,
sce Example 2.7 for an illustration in the Black-Scholes model. And even if it is finite,
the supremum may not be attained. This is not due to our specific assumptions, i.e.
restriction to bounded strategies in Z. In general the market best gain-loss is intrinsically

not attained, due to the nature of the functional considered. As it is scale invariant,
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Let b, = E[ZY,] be the cost of Y,. Then, 1 > b, > %9 As before, C, := Y, — b, and
its opposite K, are gains. The gain-loss ratio of K, is then

EIK'  b(l—q) 1-g

EK]  (1=b)a <

which also tends to +oo as ¢ | 0.

The two items together show better why in a gain-loss free market there must be a

pricing kernel bounded above and hounded away from 0. The strategies that lead to the
digital gains X, — ¢, and Y, — b, are not bounded. However stochastic integration theory,
see e.g. the book [15, Chapter 3], ensures they can be approximated arbitrarily well by
simple bounded strategies with L? convergence of the terminal gains, so the approximating
strategies are in = and their gain-loss ratio blows up.
Example 2.8. The market best gain-loss may not be attained. Here the model can be
seen as a countable collection of one-step binomial trees, with initial uncertainty on the
particular tree we are in. The odds and underlying are such that the best gain-loss in a
given one-step binomial tree is less than the best gain-loss of the following binomial tree.
Therefore, an optimal strategy fails to exist.

Let (€2, Fy, P) be the natural, non null, numbers ) = N, with sigma algebra F, =
P(Np) and let p(k) = 5. Take as initial Fy = o({2n —1,2n} | n > 1) the sigma algebra
generated by the minimal "bricks” of two elements {1,2},{3,4},{5,6}.... Let A* be a
fixed real number bigger than v/2; Sy = 0; in the n-th "brick” {2n — 1,2n}, let S1(2n—1)
be A'n and 51(2n) = —(n + 1), so that conditional on this brick, we have a one period
binomial model.

It is straightforward to see that Sy € L'(P), so Assumption 2.1 is satisfied; there is no
arbitrage and, moreover, M., # 0. Here a strategy £ can be identified with the sequence
(§n)n of its values on {2n — 1,2n},n € Ny. For the purpose of this example only, let us
work with all terminal wealths £ 3 K = £-8 e L e

*n 71 +1
Z 1€al( ST 5o —=—) < +00 or, in short Z lfn an < 400

n>1 n>l

That is, we do not impose boundedness on £. The results are

&

]

for every non null K € £ | EJT% < 2\*

o EIKY oy«
b- but o* = SUP K kx0 BRT] = 2A%,
As K is the largest conceivable set of gains in gain-loss maximization, this shows that
the best gain-loss is intrinsically not attained. Namely, it is not a matter of strategy
restrictions (boundedness or similar).
An intuitive explanation on why a) and b) above hold is: since A* is big enough, being

long on S gives a better gain-loss ratio than being short and from such gains the ratio is

9
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Note a*(0) = o and therefore the results in this Section are the generalization of the case
B = 0. As shown below, if the world is not risk neutral possessing a claim whatsoever

does not reduce the best gain-loss ratio o*(0).
LEMMA 2.9 Suppose P is not a martingale measure. Then o*(B) > «*(0) > 1.

Proof. Since P is not a martingale measure, there is a gain K with non null expectation.
Then, either K or — K have positive expectation. Say o(K) > 1. For any ¢ > 0, the scale

invariance property of « gives
. B
aB+tK) = (:y(fz + K).

An application of dominated convergence gives, when ¢ T 400, (% - K) — oK) > 1.
The conclusion follows by taking the supremum over Ks. 0
Remark 2.10. The proof of the previous Lemma shows in fact the scale invariance property
is not so desirable in the presence of a random endowment. In fact, it rather “kills” the

contribution of the endowment!

Define for a shorthand Q, = {Q probab. | 3y > 0, E[Vy(y32)] < +o0} to be the set

of probabilities with finite V} entropy.
THEOREM 2.11 Fiz a random endowment B € L' which is not replicable, i.e. B ¢ K.

a) Case P is not a martingale measure or E[B] > 0. Then, «*(B) > 1 and the
following conditions are equivalent:
i) a*(B) < 400
i) Eg|B] =0 for some Q € M.

If any of the two conditions i), ii) is satisfied, «* has the dual representation

) ess sup Z
a"(B) = min e
QEM,Eq(Bl=0 ess inf Z

b) Case P is a martingale measure and E[B] < 0. Then, o*(B) = 1.

Proof. a) In this case «*(B) > 1. In fact, if P is not a martingale measure o*(B) > 1
follows from Lemma 2.9. Else if E[B] > 0 then trivially o*(B) > a(B) > 1. The
rest of the proof is similar to that of Theorem 2.4:

1)=>1i) Set b = o*(B). Then b € (1,+00) and in particular (B + K)~ is always non
null. So,
. EU,(B + K))
0=a"(B)—b=sup —————-=2.
&) xew E[(B+K) ]

11
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constant, the optimal solution is simply not to invest in the market. This is due to risk

aversion and mathematically it is a consequence of Jensen’s inequality:
E[U(m + K)] <U(m+ E[K]) =U(m).

On the contrary, when m < 0, while o(m) = 0 the market optimized o*(m) = 1.

3 Best gain loss is an acceptability index

3.1 From the family of risks associated to & to the market mod-
ified family of risks
Cherny and Madan introduced the concept of acceptability index for bounded claims from

an analysis of the properties a performance measure should possess. Let us recall their

definition, here restated in the more general case of maps defined on LP.

DEFINITION 3.1 An acceptability index 5 on LP is a nonnegative map salisfying: quasi-
concavity; (non decreasing) monotonicity, scale invariance; and the Fatou property, i.e.

if (X)), s a dominated sequence in LP and X, — X a.s. then
A(X) > limsup 5(X,,).

As shown by [10], an acceptability index can be characterized via an associated family

of coherent risks (p, )., indexed on a positive real interval and increasing in x:
B(X) =sup{z | p.(X) <0}

The gain loss ratio « is easily seen to possess all the properties but global quasi concavity,
see [10] for the proofs where the authors define gain-loss ratio for X as E[X|/E[X ], ie.
our a{ X))~ 1. Even if it is not quasi concave on L', gain loss ratio becomes quasi concave

if restricted to the positions with nonnegative expectation. In other terms,

- X) i EX|>0
a(X) = a(X) it £l ]
1 otherwise,
is an acceptability index. Therefore
a(X) =sup{A > 1| pr(X) < 0},

where
pa(X) = inf{m | X +m € Ay},

in which the acceptance set is defined as the convex cone of claims with nonnegative
Uy-expected utility:
Ay ={X e L' | E[U\(X)] = 0},

13
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where M are the all the martingale probabilities, i.e. modulo a sign it is the support
Junction of the set QN M.

Proof. (A sketch). Step 1: p is well defined and finite over L'. For a fixed integrable
r.v. Y the function m — E[U\(m + Y')] is continuous, increasing and has infinite limits
when = — 400, hence there is a unique m s.t. E[Uy(m + Y)] = 0. Therefore, the risk

measure can be re-written:
pA(X) = inf{m | 3¢ € Hs.t. E[U\(m +€ - Sp+ X)] =0}.

Now, pick a martingale measure ) € Q,, which exists by Theorem 2.4 and let Z be its

density. Fix any couple (m, ) with E[Uy(m + ¢ - Sy + X)] = 0. Fenchel inequality gives

Z

Ux(m+&- Sr+ X) - ess inf Z

(m+&- S+ X) <Vy(

ess inf Z ) =0.

Taking expectations and rearranging
+o0 >m > Eg[—X] > —

Step 2: regularity. The Extended Namioka Theorem for convex monotone functionals
applies, in the version stated by [16] or [5]. p3’ is automatically norm continuous on
L' and subdifferentiable. This, together with normalization and translation invariance
properties, gives a dual representation over probabilities with density in L*> as

My nl -
X) = max Eo|-X].
PA (X)) = max Eq[—X]

As all risk measures on L', it has the Fatou property, see [5].

Step 3: identification of @*. The line is identical to [1]. pi! is obtained by taking the
so-called inf-convolution of py and of dx, the functional indicator of the set of replicable
claims:

pa (X)) = Inf py (€ Sr+X)= b (pa(X - X') + k(X))

where the last equality holds since K is a vector space. Now, recalling that pyor is a

neutral element in the inf-convolution O, and that this operation is associative,

M N M
Py = <f)/\D(5}C)D Pworst = P/\D (O)CDpurorst) - P,\DV s

M

that is, py' is the inf-convolution of p) and the market risk measure v

. Therefore, its
minimal penalty function is the sum of the two respective minimal penalty functions,
that is the sum of the two deltas, dg, and 4, which amounts to dg,naq (the proofs in [1,
Section 3] for bounded risks go through in the same way).

Finally a combination of the results in item 1 and 2 above gives the desired relation
(6). O
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is closed in L'(P) and Q° ¢ W. An application of Hahn-Banach Theorem gives a B € L>®

such that

Ep[Bl <0, E[YB] >0 VY €W or, equivalently, Eo[B] >0 YQ € Q, 1 M

which at the same time gives a*(B) < X and a*(B) > A, a contradiction. O
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